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L’occidentalo-centrisme nous situe sur le tréne de la rationali-
sation et nous donne l'illusion d’étre dans 'universel. Ainsi, ce
n’est pas seulement notre ignorance, c’est aussi notre connais-
sance qui nous aveugle.

Edgard Morin
La Voie

Il ne fait pas de doute que I’homme doive, jour aprés jour, tendre
vers le haut, c’est le vrai sens de la vie. Cependant, il ne faut pas
oublier que le “haut” est défini par et pour soi et non en fonction
des autres et en relation de compétition avec I'extérieur.

Nobuyoshi Tamura Sensei
Son Message, son héritage
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CHAPITRE 1

Introduction

Connaitre et penser, ce n’est pas arriver a une vérité absolument
certaine, c’est dialoguer avec l'incertitude.

Edgard Morin
La méthode (volume 6) : l’éthique

Sommaire
1.1 Cadregénéral. . . . ... . . . i i i i i eeenn
1.2 Géométriedessurfaces . . ... ... ... ... ... ...
1.3 Topologie et homologie algorithmique . ... ... ... ...

1.4 “Géomeétriser” la topologie . . . . ... ... ... ... ...

N O O =

1.5 Organisation du manuscrit . . . . .. ... ... ........

1.1 Cadre général

Avec la généralisation de 'outil informatique dans tous les domaines de la société
civile, la modélisation géométrique est devenue une plaque tournante incontournable.
Pour expliquer son essor, commengons peut-étre par une tentative de définition :

La modélisation géométrique, a la croisée des Mathématiques et de I’In-
formatique Graphique, a pour but de construire et analyser des modéles
virtuels d’objets réels ou virtuels.

Différents facteurs ont contribué a élargir le statut de la modélisation géométrique
pour le faire passer de discipline relativement académique & celui d’outil applicatif
indispensable :

— d’une part, l'essor des modéles virtuels comme outils (la conception assis-
tée par ordinateur est devenue un passage obligé dans tous les domaines de
I'industrie et du design),

— d’autre part, celui des méthodes de télédétection (que ce soit dans le médical,
physique, chimie, génétique urbanisme, archéologie, géologie, aéronautique,
étude de 'univers, de la terre, du sous-sol, des environnements naturels ou
marins ...),
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— enfin avec la confirmation de la loi de Moore, les capacités de traitement des
ordinateurs ont atteint une développement suffisant pour permettre 'applica-
tion d’algorithmes jusque-la inaccessibles sur les masses de données générées
par les moyens de télédétection modernes.

La topologie, quant a elle, étudiant “les propriétés invariantes sous l'effet de trans-
formations biunivoques continues” (Riemann), est longtemps restée un domaine de
recherche purement mathématique. Cependant, avec le développement de 'informa-
tique et de la recherche informatique, cette frontiére a rapidement fissuré, ouvrant
le pas a I'étude algorithmique de la topologie des objets discrets. La topologie algé-
brique, branche de la topologie générale, vit ainsi naitre son pendant numérique : la
topologie algébrique algorithmique.

La figure 1.1 synthétise ces travaux et leurs liens, qui seront détaillés dans la
suite de ce chapitre puis de ce document.

Apreés une thése de doctorat portant sur la logique linéaire et plus particulié-
rement sur la sémantique de la logique linéaire du second ordre (logique linéaire
indexée du second ordre), j'ai été recrutée en tant que Maitre de Conférences a
I’école d’ingénieurs Polytech Marseille. Suite & quoi, j’ai choisi en 2004 d’effectuer
une reconversion thématique vers la modélisation géométrique et d’intégrer I’équipe
G-MOD du LSIS dirigée par Marc Daniel.

Ce document se concentrera sur les travaux postérieurs & ma thése qui sont donc
centrés autour de deux poles contigués et complémentaires :

1. la géométrie (principalement la géométrie des surfaces)
2. la topologie algorithmique (et plus particuliérement ’homologie algorith-
mique)

Ces travaux comportent de larges composantes dans chacun de ces domaines et un
fil conducteur de convergence entre eux. Cette convergence, déja présente dans la
définition d’une notion de mesure géométrique associée aux trous topologiques, est
du reste un élément de mes perspectives de recherche.

Les résultats présentés dans ce document sont bien entendu,
pour la plupart, le fruit de collaborations, dans le cadre de
théses ou de travaux de Master. La présentation est volontaire-
ment synthétique et plus de détails pourront étre trouvés dans

les articles joints en annexe.

Pour rester encore un temps dans une vision générale de ces travaux, pointons
également qu’'une de leur particularité est Particulation théorie/application qui les
traverse : chacune des branches de travail (que ce soit la géométrie ou la topologie)
procéde par allers-retours entre théorie et application. Les domaines applicatifs ap-
portant & la théorie, cette derniére permet en retour de structurer les questions a
un autre niveau conceptuel.
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1.2 Géométrie des surfaces

La modélisation géométrique des courbes et des surfaces est un domaine mainte-
nant relativement ancien. La premiére référence aux splines date de 1946 ot Schoen-
berg introduisit pour la premiére fois les notions d’approximation lisse et polyno-
miale par morceaux. Mais il faudra attendre les années 1960 pour leur naissance
en tant que domaine de recherche a part entiére, avec les travaux de P. Béziers,
P. De Casteljau et S. Coons sur la modélisation paramétrique des courbes et sur-
faces. A partir de ces travaux initiaux, I'utilisation des splines et B-splines a permis
d’étendre et accélérer la recherche dans les années 1970 avec les travaux de cher-
cheurs comme C. De Boor ou M. Cox, mettant en place des algorithmes de calcul
efficaces. La conception assistée par ordinateur devenait atteignable. Depuis ces tra-
vaux pioniers, le panorama de la modélisation géométrique s’est largement étendu :
modeéles, théorie, algorithmique, questions abordées, domaines d’application.

La figure 1.2 présente une synthése schématique de ce panorama permettant de
situer mes travaux. Ceux-ci portent essentiellement sur deux axes : celui de la géo-
métrie du modele (en particulier pour les maillages) et celui de I’analyse de données
(tout particuliérement pour I’étude de nuages de points denses non structurés).

FIGURE 1.2 — Représentation schématique du contexte : (haut) les grands domaines
de la modélisation géométrique, (bas) les grandes classes de modéles leur servant de
socle (les modéles analytiques sont parfois appelés “modéles continus” au sens du
passage analytique du discret (maillages) au continu).
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Plus précisément, comme le schéma 1.2 le suggére, le modéle peut étre considéré
sous deux angles différents et complémentaires. D’une part, comme objet d’étude
a part entiére (géométrie du modéle); on s’attachera alors a étudier ou ajuster
ses propriétés géométriques (normales, courbure, continuité ou présence de trous
et algorithmes associés de lissage, remplissage ...). C’est un axe de recherche par-
ticuliérement important pour les maillages. D’autre part, comme vecteur de sens :
le mode¢le est alors utilisé pour segmenter, reconstruire, analyser des données, a la
maniére d’une pierre de touche en quelque sorte.

Ce volet de mes travaux s’inscrit donc dans une premiére vision :

Un objet peut étre compris par sa géométrie et 1’étude de cette
derniére.

1.3 Topologie et homologie algorithmique

On considére souvent que la topologie est née en 1736 avec les travaux de L. Euler
sur le probléme de sept ponts de Konigsberg, résultat géométrique ne dépendant
pourtant d’aucune métrique. Mais c¢’est bien Henry Poincaré qui, en définissant les
notions d’homologie et d’homotopie en 1895, ouvre la voie a la topologie moderne.
Cette derniére se structure certainement de maniére plus profonde quand dans les
années 1920, est enfin définie la notion d’espace topologique, qui permet enfin de
formaliser les notions topologiques indépendamment d’un cadre métrique.

Puisqu’il sera largement question d’homologie dans ce manuscrit, commencons
par la situer briévement :

L’homologie est une théorie algébrique permettant d’associer a toute va-
riété S de dimension n et pour tout entier d < n un groupe abélien Hy(S)
(déme groupe d’homologie) mesurant la “complexité topologique” de S en
dimension d).

Intuitivement (en l'absence de torsion), chaque groupe d’homologie est
isomorphe & un groupe libre de la forme ZPa. Le nombre Bq est appelé

déme nombre de Betti et caractérise le nombre de “trous” en dimension
d.

Dans le panorama de la topologie contemporaine, la théorie de Morse constitue
un point saillant (pour ne pas dire un puit sans fond). L’idée en est pourtant intui-
tivement relativement simple : étant donnée une variété différentielle S (imaginons
par exemple une surface plongée dans R? et une fonction différentiable sur S (tou-
jours a titre d’exemple on peut imaginer la fonction hauteur). L’étude des points
critiques des lignes de gradient (dans notre cas, les lignes de niveau) permet d’obte-
nir une décomposition des variétés compactes et en retour, aboutit & des résultats
topologiques fondamentaux comme les inégalités de Morse (borne sur les nombres
de Betti).

Jeune héritiére de ce passé Mathématique, la topologie algorithmique a pour
but de développer un traitement informatique de la topologie. Pour cela, il est
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nécessaire de pouvoir décrire les objets de maniére discréte et combinatoire (ie.
des espaces topologiques décrits par une représentation finie, ce qui est le cas des
complexes cubiques et simpliciaux). Dans ce contexte, ’homologie est calculable et le
premier algorithme de calcul a en fait été donné par Poincaré en 1900, se basant sur
des travaux antérieurs de Smith (forme normale de Smith, similaire & 1’élimination
Gaussienne). La complexité exponentielle de cet algorithme initial a pu étre ramenée
a une complexité super-cubique grace aux travaux ultérieurs, mais 'approche reste
purement algébrique, donc sans aucune intuition combinatoire (nous dirons qu’elle
n’a pas de “support géométrique”), et sa complexité reste rédhibitoire pour des objets
volumineux.

Introduite en 1992 par Francis Sergeraert, ’homologie effective s’appuie sur des
applications linéaires appelées réductions permettant de réduire 'objet a un objet
plus petit de méme topologie. Cette approche n’apporte cependant pas plus de
support combinatoire et I’encodage des réductions peut étre trés lourd.

La théorie de Morse discréte, introduite par Robin Forman & la fin des années
1990 constitue un pendant discret a la théorie de Morse continue. Et si tout comme sa
parente, elle ne fournit que des inégalités majorant les nombres de Betti, elle présente
I’avantage de pouvoir s’exprimer de maniére combinatoire, par des graphes construits
sur les objets discrets. Construit & partir du complexe de Morse, le complexe de
Morse itéré permet bien de calculer 'homologie, le prix & payer étant de perdre une
nouvelle fois le support combinatoire (graphe sur 'objet initial).

Mes travaux dans ce domaine portent essentiellement sur deux axes. Le premier
constitue le coeur du travail et consiste en une “extension” de la théorie de Morse
discréte permettant d’obtenir I’homologie tout en conservant les avantages de cette
derniére, a savoir, un support géométrique. Nous avons ainsi défini les HDVF (Homo-
logical Discrete Vector Fields). Le second axe, concernant le calcul des nombres de
Betti, a abouti a un algorithme en moyenne 100 fois plus rapide que les algorithmes
existants.

La ligne directrice de I’ensemble de ces travaux s’ancre dans la volonté de “géo-
métriser” la topologie : a la fois pour permettre une utilisation effective de cet outil
dans ’analyse de données et de modéles, mais aussi pour ancrer la vision de la to-
pologie dans la géométrie des objets. Ainsi, on pourrait cette fois dire que ce volet
de mes travaux s’inscrit dans une seconde vision :

Un objet peut étre compris par sa topologie et ’étude de cette
derniére.

1.4 “Géométriser” la topologie

Le dernier axe de travail se concentre sur 'interface entre géométrie et topologie.
C’est le volet le plus récent de mes recherches et en méme temps un élément impor-
tant de mes perspectives de travail, cette piste s’ancrant a la fois dans des travaux
théoriques et appliqués.

L’un des résultats théoriques majeurs d’ores et déja obtenu porte sur la définition
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d’une mesure géométrique des trous (topologiques). Le propre de ’homologie est de
fournir des invariants caractérisant la similarité de surfaces & déformation preés. Ainsi
les nombres de Betti correspondent intuitivement au nombre de “trous en dimension
d’ et sont par nature topologiques, c’est-a-dire indépendants de toute géométrie.
Il n’en reste pas moins que les trous d’un objet sont nécessairement localisés (géo-
métriquement) dans cet objet. La mesure géométrique des trous, s’appuyant sur la
théorie de la persistance homologique, permet de capturer une synthése de cette
information géométrique et s’avére conduire & de multiples résultats corollaires.

Dans cette perspective, il nous parait également intéressant d’utiliser la topologie
comme outil d’analyse de données (tout comme la géométrie). Cette idée a déja
donné lieu & une collaboration dans le domaine de la géologie, mais différentes pistes
sont déja a ’étude.

1.5 Organisation du manuscrit

La suite du manuscrit suivra le plan suggéré dans cette introduction :

— Le chapitre 2 portera sur mes travaux sur la géométrie des surfaces.

— Puis, le chapitre 3 portera sur mes travaux sur la topologie et l'interface
géométrie-topologie.

— Au chapitre 4 nous élargirons cette synthése aux perspectives prolongeant
ces travaux.

— Au chapitre 5 je présenterai mon expérience d’enseignement et mes travaux
en matiére de pédagogie.

— L’annexe A présente un CV détaillé.

— Puis l'annexe B détaille mes publications (par théme ou catégorie) et mes
encadrements (théses et niveau Master).

— L’annexe C détaille mes collaborations internationales.

— Et enfin 'annexe D comprend les articles annexés a ce mémoire.






CHAPITRE 2

(Géométrie des surfaces

Les petits détails jugés sans importance doivent étre retenus; un
petit geste, un petit mouvement renferment I’Essence. Le sens
caché des choses est enfoui dans ces riens.

Nobuyoshi Tamura Sensei

Aikido
Sommaire

2.1 Cadre . .. . i i i e e e e e e e e e e e e e e e 9

2.2 Données structurées : des maillages surfaciques aux nuages
de points structurés . . . . . . ... 00000 e e e e e . 11
2.2.1 Maillages surfaciques : données et enjeux . . . .. ... ... 11
2.2.2  Objectifs et organisation des travaux . . . . . ... ... ... 14
2.2.3 Simplification anisotrope du maillage . . . . . . .. ... ... 17
2.2.4  Détection et remplissage de trous . . . . . . .. ... ... .. 20
2.2.5 Conclusion . . . . ... ... ... e 27
2.3 Données non structurées : nuages de points LIDAR . . . . . 27
2.3.1 Généralités et contexte . . . . . . . ..o 27
2.3.2 Nuages de points : données et enjeux . . . . . . . .. .. ... 28
2.3.3 Extraction du modéle numérique de terrain . . . . . .. ... 38

2.3.4 Détection/reconstruction de formes tubulaires dans des nuages
de points denses . . . . . ... o o 43

2.3.5 Reconstruction de Poisson basée sur un modéle CSRBF pour
données largement occluses . . . . . . .. ... Lo 51
2.3.6 Conclusion . . . . ... .. ... 53

2.1 Cadre

Cette premiére partie décrit mes travaux dans le domaine de la modélisation
géométrique (et en particulier celle des surfaces 3D). Avec I’émergence des techno-
logies de numeérisation, de visualisation, de rendu et leurs applications croissantes

dans tous les domaines de notre vie (vie courante, jeu et cinéma, médecine, indus-

trie, robotique, environnement ...), la modélisation géométrique (des courbes, des

surfaces, des volumes) est devenue un enjeu majeur de notre société numérique.

Représenter et modéliser des objets, les décrire, les reconnaitre, les classifier sont
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autant de facettes de la modélisation géométrique. Ces problématiques conduisent
a des questions a la fois théoriques (Mathématiques appliquées) et algorithmiques.

Les modéles géométriques de surfaces peuvent grossiérement étre répartis en
quatre catégories dépendant des outils mathématiques utilisés pour formaliser le
modeéle (voir figure 2.1) :

FIGURE 2.1 — [llustration de trois types de modéles surfaciques : a) maillage, b) mo-
délisation paramétrique, ¢) modélisation implicite (la valeur de la fonction implicite
f : R? — R est représentée en coupe pour plus de clarté, par une échelle de couleurs ;
la surface elle-méme correspond & la ligne de niveau zéro de cette fonction).

e modélisation a partir de primitives géométriques simples (cubes, cy-
lindres, sphéres) et d’opérations booléennes (union, intersection ...) entre ces
objets. Ces modéles sont largement utilisés dans le cadre de la reconnaissance
de formes et de la conception assistée par ordinateur, mais sont rarement suf-
fisants pour représenter des objets complexes (détails fins, topologie complexe
etc.).

e les maillages (triangulaires, quadrangulaires, polygonaux), modéles discrets,
composés de faces reliées par leur bord. Les maillages ont connu un essor trés
important & partir des années 90 par la combinaison de souplesse, d’expres-
sivité et d’efficacité (entre autre pour leur rendu) qu’ils offrent. Par ailleurs
les maillages triangulaires et cubiques trouvent leurs racines dans la topologie
algébrique (complexes simpliciaux et cubiques).

e les courbes et surfaces paramétriques, modéles analytiques (ou “conti-
nus”, par opposition aux modéles discrets) ont constitué le modele de prédi-
lection des premiers travaux de modélisation géométrique (avec les travaux,
entre autres, de P. Béziers, P. De Casteljau, S. Coons dans les années 70).
Les modéles paramétriques offrent une bonne expressivité tout en assurant,
par nature, que les surfaces modélisées sont lisses (ce qui peut néanmoins étre
un handicap pour représenter des lignes saillantes). En revanche, la néces-
sité de définir un domaine de paramétrisation et la nature des équations des
modeles paramétriques rendent certaines opérations complexes (intersections,
déformations, modification locale des surfaces ...)

e les surfaces implicites, modéles analytiques également, constituent un do-
maine déja ancien en Mathématiques et Mathématiques appliquées. Cepen-
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dant l’émergence des techniques de numérisation (scanners Laser, stéréo-
photogramétrie, IRM ...) a ramené ces modéles sur le devant de la scéne,
en particulier en termes de reconstruction a partir de nuages de points. Les
modéles implicites échappent & la contrainte de la paramétrisation et offrent
des garanties de continuité géométrique de par leur nature méme. En re-
vanche, ces avantages constituent également des inconvénients : rendu non
trivial, sur-lissage (et donc difficulté a modéliser des lignes saillantes).

Mes travaux sur la géométrie des surfaces s’appuient essentiellement sur les
maillages et sur les surfaces implicites, ainsi que sur les primitives géométriques
simples (& travers des travaux portant sur la reconnaissance de formes et la seg-
mentation de nuages de points). J’ai contribué & des travaux sur la modélisation
déclarative des surfaces ((GRECA 2005), (GRECA 2006)). Le lecteur pourra se re-
porter a ces articles pour plus de détails.

Une autre loupe permettant de structurer ces travaux est celle des données :
une partie de mes travaux porte sur des maillages triangulaires et inclut d’une part
un travail algorithmique sur les maillages surfaciques et d’autre part un travail sur la
géométrie de ces modeéles (courbures discrétes et classification locale au moyen de ces
courbures) ; la seconde partie s’appuie quant a elle sur des nuages de points denses
et volumineux (les approches et méthodes sont donc de nature trés différentes).

Enfin, les travaux sur la géométrie des surfaces s’articulent entre résultats fon-
damentaux (nouveaux schémas de minimisation d’énergie, transformée de Hough
sur points et normales, modéles déformables (snakes) généralisés et ouverts) et ré-
sultats algorithmiques (application & la modélisation de réservoirs pétroliers, de
données LiDAR en environnement forestier).

Compte-tenu de I'imbrication de tous ces aspects, j’ai volontairement choisi de
structurer la présentation des travaux liés a la géométrie des surfaces en suivant
un ordre lié au type de données manipulées (qui correspond également & un ordre
chronologique des travaux); donc en présentant tout d’abord les travaux liés aux
données structurées (maillages triangulaires, puis briévement ceux portant sur des
nuages de points peu denses structurés en voxels) et enfin ceux portant sur des
nuages de points denses non structurés.

2.2 Données structurées : des maillages surfaciques aux
nuages de points structurés

2.2.1 Maillages surfaciques : données et enjeux

Les maillages sont devenus un domaine clé en modélisation géométrique. Que
ce soit comme outil de modélisation direct (en CAQO, animation, segmentation ...)
ou comme modéle intermédiaire permettant le rendu, les maillages sont aujourd’hui
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incontournables (toutes les cartes graphiques implémentent de maniére directe leur
gestion ainsi que leur rendu; les bibliothéques graphiques les plus utilisées de nos
jours telles OpenGL et Direct3D en ont fait leur coeur).

Informellement, un maillage est un ensemble de primitives géométriques élé-
mentaires sans intersection et reliées par leur bord. Ainsi, un maillage triangulaire
surfacique est une collection de sommets, arétes et triangles (on parlera du reste de
maillages 2,5D pour des surfaces de I’espace 3D par opposition aux maillages 2D
du plan); un maillage cubique volumique est quant & lui composé de cubes (alors
appelés voxels), de faces carrées, d’arétes et de sommets.

Mes travaux portent principalement sur les maillages triangulaires surfaciques
(donc 2,5D) et ont été guidés par des questions relatives a la modélisation de ré-
servoirs pétroliers. Les questions traitées concernent la simplification anisotrope de
maillages, la détection et le remplissage de trous ainsi que la détection de ruptures
dans des surfaces maillées.

2.2.1.1 Modélisations de réservoirs : problémes et enjeux d’un point de
vue géométrique

La modélisation des réservoirs pétroliers est évidemment un enjeu majeur de nos
jours. Le temps est bel et bien révolu ou ’on forait un peu au hasard en espérant le
jaillissement du pétrole et ot, une fois ce “geyser” épuisé, on se contentait de pros-
pecter un peu plus loin. De nos jours, le pétrole contenu dans un réservoir est extrait
dans sa quasi-totalité par récupération secondaire voire tertiaire, c’est-a-dire par in-
jection d’eau ou de gaz inerte sous pression (voir figure 2.2). La modélisation fine
des couches géologiques et des réseaux de failles est donc un élément indispensable
aux simulations d’écoulement dans les réservoirs.

Par ailleurs, depuis le début des années 2010, I'idée du stockage COq2 (voir fi-
gure 2.2) dans les gisements pétroliers épuisés ou les aquiféres profonds a émergé
comme une solution possible pour la réduction des gaz a effet de serre. Dans ce do-
maine également, la modélisation précise des réservoirs est indispensable et critique.

(a) (b) ()

FIGURE 2.2 — (a) Acquisition de données sismiques, (b) extraction pétroliére (récu-
pération secondaire), (c) Stockage COq
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Les données de sous-sol sont essentiellement acquises par des méthodes sismiques
(voir figure 2.2, une onde sonore est émise et ses échos sont enregistrés par des sé-
ries de récepteurs). Cette technique fournit des nuages de points peu denses, non
homogenes (la répartition des points est largement affectée par le trajet décrit par
I’émetteur : la direction de déplacement y est donc sur-représentée) volumineux, par-
tiellement occlus (dans certaines zones le signal sonore est absorbé par les couches
géologiques) et bruités (la figure 2.3 illustre les problémes typiques rencontrés avec
ce type de données). A partir de ces données, un enjeu important est alors de recons-
truire les surfaces d’horizons (limites entre les couches géologiques) et des surfaces de
failles cohérents. Par ailleurs, la qualité des maillages (régularité, homogénéité) est
un probléme crucial puisqu’il conditionne la convergence des méthodes numériques
de simulation d’écoulement.

FIGURE 2.3 — Exemples de données de réservoir (travaux de 2008, chaque horizon
contient environ 25000 points).

Dans un tel contexte, les problémes majeurs sont donc liés & des questions d’ana-
lyse et de traitement des surfaces maillées : homogénéisation et décimation aniso-
trope des données, détection et remplissage de trous respectant la géométrie locale,
détection des lignes saillantes et reconstruction des surfaces de faille. Ce contexte
correspond & une premiére direction de travail, qui a abouti a la thése de doctorat
de Nam Van Tran ((Tran 2008)).

2.2.1.2 Des données en informatique graphique

Qu’il s’agisse d’orienter des travaux théoriques ou des travaux algorithmiques,
la nature des données (et donc des objets considérés) est une question centrale en
informatique graphique. Et cette nature (maillages, nuages de points non structurés,
ou objets binaires 2D ou 3D (images et volumes binaires)) influence bien entendu
les problématiques abordées et les méthodes utilisées.

Mais ces travaux conduisent en retour & un questionnement sur l'intérét et I'im-
pact d’une meilleure intégration des connaissances métiers sur les données. Fn effet,
si le processus de modélisation a souvent tendance a ramener les données aux formats
standards de l'informatique graphique, les données 3D sont généralement obtenues
suite & un long processus de traitement partant de mesures physiques (temps de
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retour d’ondes sonores ou lumineuses, photos multiples ...). Or les informations ex-
traites des données brutes sont généralement partielles et de multiples informations
ont été perdues (direction du faisceau lumineux, intensité du signal ...).

Cette piste de travaux a été abordée dans le cadre de la reconstruction de modéles
de réservoir, permettant de constater que les nuages de points sont en fait structurés
par des voxels. Une approche de la simplification des nuages de points tenant compte
de cette particularité a ainsi été explorée, tout comme une piste de maillage de
Delaunay rapide (voir la thése de (Nguyen 2013a)).

2.2.2 Objectifs et organisation des travaux

FIGURE 2.4 — Synthése des travaux portant sur les maillages surfaciques.

Si une part importante de mes travaux se place dans un cadre fondamental,
ils n’en ont pas moins été motivés par un domaine applicatif concret : celui de la
modélisation de réservoirs. La figure 2.4 illustre le champ de ces travaux et leurs
inter-relations. L’approche repose globalement sur plusieurs a priori.

Tout d’abord, le cadre des maillages constituait un point de départ pour moi,
ayant débuté mes travaux en modélisation géométrique par une collaboration avec
Marc Daniel et Jean-Louis Maltret portant sur les courbures discrétes sur les
maillages ((Bac 2005)). Cependant le choix des maillages triangulaires comme cadre
de modélisation des surfaces de réservoirs dans la premiére partie des travaux était
orienté par des considérations plus précises. Comme nous 'avons déja évoqué, les
données initiales se présentaient sous forme de nuages de points non structurés peu
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denses. Il était par ailleurs important de pouvoir assurer un controle local sur les
modéles (permettant de les recaler aisément sur des données ponctuelles de forage
plus précises ou tout simplement sur le nuage de points d’origine). Enfin, la modéli-
sation devait permettre de préserver les lignes saillantes (et donc ne pas lisser trop
fortement les données). Pour ces raisons, les modéles paramétriques et implicites ont
été écartés.

Ensuite, puisque les données sont systématiquement acquises au moyen de dif-
férentes techniques de télédétection, force est de constater qu’elles n’ont qu’une
précision relative. Le bruit associé & la mesure, les occlusions, la non-uniformité de
I’échantillonnage sont autant de parameétres qui contribuent & cette relativité. Simul-
tanément, le traitement de ces données (segmentation, reconnaissance de formes, mo-
délisation) est une opération coiiteuse en termes de temps de calcul et de mémoire.
On constate aujourd’hui que derriére I'engouement de nombreux secteurs pour la
télédétection (géologie, écologie, archéologie, données urbaines ...), une grande par-
tie des nuages de points acquis sont aujourd’hui en attente d’exploitation faute de
méthodes applicables. Par conséquent, si les moyens technologiques fournissent des
échantillonnages toujours plus denses, on peut s’interroger sur la pertinence de ces
volumes de données au cours du processus de traitement. Notre approche mise sur
le fait que 'exploitation des données (segmentation, modélisation, reconnaissance
de formes) sera d’autant plus pertinente que les données auront été pré-traitées.
C’est la raison pour laquelle nous avons développé une méthode de décimation ani-
sotrope des maillages puis un algorithme de restauration des surfaces (détection et
remplissage des trous).

Cette stratégie s’est avérée payante : une fois les surfaces maillées ainsi pré-
traitées, leur nombre de points est réduit au strict nécessaire pour préserver 'infor-
mation, et la distribution des points et des triangles est homogénéisée. Il est donc
possible d’exploiter ces données (segmentation, reconnaissance de formes, de lignes
saillantes, etc.) de maniére beaucoup plus efficace. Nous avons ainsi jeté les bases
d’un algorithme de détection et reconstruction de surfaces de failles dans des modéles
de réservoirs, et les surfaces ainsi maillées se sont avérées tout & fait satisfaisantes
dans le contexte applicatif de la simulation d’écoulement.

Enfin, la derniére partie de nos travaux repose sur l'idée développée dans la
section 2.2.1.2 : les mesures physiques a partir desquelles les nuages de points sont
calculés peuvent en fait offrir plus d’informations, pour peu que 'on s’intéresse a
leurs particularités. Dans le cadre de données obtenues & partir de mesures sismiques,
les surfaces sont en fait systématiquement d’élévation (sans replis, car ces derniers
sont transformés en surfaces distinctes par le processus d’interprétation des mesures
physiques) et les points sont par ailleurs organisés de maniére réguliére (en voxels).
Ces informations supplémentaires sont importantes, car en permettant de mieux
comprendre les données, elles ouvrent aussi la porte a des approches plus efficaces.
Nous avons donc développé une approche de simplification anisotrope d’un tel nuage
de points préservant son bord (alors que la plupart des algorithmes ont tendance a
produire un rétrécissement de la surface) et assurant une régularité du nuage (et donc
du maillage final). Par ailleurs, cette information supplémentaire doit permettre une
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triangulation de Delaunay beaucoup plus rapide du nuage; nous n’avons pu que
commencer & explorer cette piste.

Ces travaux ont donné lieu aux publications suivantes :

Travaux préliminaires

Courbures discrétes et classification des sommets d’un maillage

(Bac 2005) Alexandra Bac, Marc Daniel et Jean-louis MALTRET. 3D modeling and
segmentation with discrete curvatures. Journal of Medical Informatics and Techno-
logy, vol. 9, pages 13-24, 2005

Courbures discrétes et applications

(Bac 2016b) Alexandra Bac et Jean-Luc Mari, editeurs. Computational Topology

in Image Context, volume 9667 of Lecture Notes in Computer Science, Marseille,
France, Juin 2016. Springer

Travaux sur les maillages ‘

Simplification anisotrope de maillages

(Bac 2007) Alexandra Bac, Van TRAN NAM et Marc Daniel. A hybrid simplification
algorithm for triangular meshes. In GraphiCon’2007, pages 17-24, Moscou, Unknown
or Invalid Region, 2007

Voir annexe D.1

Remplissage de trous et restauration de maillage

(Bac 2008a) Alexandra Bac, Van TRAN NAM et Marc Daniel. A multistep approach
to restoration of locally undersampled meshes. In GMP, Langzhou, China, Avril 2008
(Bac 2008b) Alexandra Bac, Van TRAN NAM et Marc Daniel. A Multistep Approach
to Restoration of Locally Undersampled Meshes. In F. Chen et B. Jiittler, editeurs,
Advances in Geometric Modeling and Applications, pages 272—-289. 2008

Voir annexe D.2

Application de cette approche a la reconstruction de surfaces de réservoir
(Bac 2009) Alexandra Bac, Marc Daniel, RAINAUD J.F. et Van TRAN NAM. Sur-
face Improvement for Reservoir Modelling. In MAMERN 2009, pages 163-167, Unk-
nown, Unknown or Invalid Region, 2009

(Bac 2013a) Alexandra Bac, Marc Daniel et Van TRAN NAM. Individual surface
representations and optimization. In Editions Technip, editeur, Shared Earth Mode-

ling: Knowledge driven solutions for building and managing subsurface 3D geological
models, pages 95-113. 2013

Courbures discrétes et leurs applications

(Bac 2013b) Alexandra Bac, Jean-Luc MARI, Dimitri KUDELSKI, Van TRAN

NAM, Sophie Viseur et Marc Daniel. Application of discrete curvatures to surface

mesh simplification and feature line extraction. In Discrete Curvature - Theory and
Applications, a colloquium on discrete curvature, Marseille, France, Novembre 2013




2.2. Données structurées : des maillages surfaciques aux nuages de
points structurés 17

’ Travaux sur les nuages de points structurés

Simplification anisotrope de surfaces nuages structurés avec préservation
du bord

(NGUYEN 2013b) Van-Sinh NGUYEN, Alexandra Bac et Marc Daniel. Simpli-
fication of 3D point clouds sampled from elevation surfaces. In 21th International
Conference on Computer Graphics, Visualization and Computer Vision, WSCG2013,
volume 21 of ISBN 978-80-86943-75-6, pages 60-69, Plenz, Czech Republic, 2013

Maillage rapide d’un nuage de points structuré

(NGUYEN 2014) Van-Sinh NGUYEN, Alexandra Bac et Marc Daniel. Triangulation
of an elevation surface structured by a sparse 3D grid. In The Fifth IEEE Internatio-
nal Conference on Communications and Electronics IEEE ICCE 2014, pages 464—469,
DaNang, Vietnam, 2014

Nous avons choisi de développer ici I'algorithme de simplification anisotrope de
maillage ainsi que notre approche du remplissage de trous (zone localement sous-
échantillonnée) et restauration de maillages. En effet, ces deux algorithmes consti-
tuent le coeur de notre travail sur les maillages et nous souhaitons en montrer la
complémentarité. Le lecteur pourra se reporter aux publications annexées (D.1, D.2)
pour plus de précisions sur ces travaux.

2.2.3 Simplification anisotrope du maillage

Les nuages de points acquis par les moyens de télédétection actuels offrent une
description & une précision jusqu’ici inégalée des objets étudiés. En particulier, les
données sismiques permettent de cartographier le sous-sol et d’identifier les couches
géologiques, en particulier au fond des océans, jusqu'a des profondeurs d’environ
5000 m voire 7000m dans le sol (grace a des ondes de pressions P et S se propageant
a 10 Hz, donc a trés basse fréquence). Les nuages de points résultants sont peu
denses mais trés inhomogenes (les directions de mesure y sont sur-représentées), de
nombreuses zones sont occluses et bruitées, et enfin le volume des données peut
atteindre des dizaines de milliards de points.

Or le traitement de telles données (détection et remplissage des occlusions, détec-
tion des failles, simulation d’écoulement dans les modéles de réservoirs) est cotiteux
tant en termes de temps de calcul que d’espace mémoire. Par ailleurs la conver-
gence des modéles numériques de simulation d’écoulement n’est garantie que sous
certaines conditions sur les modéles géométriques. Les maillages doivent étre régu-
liers (tailles et formes des triangles, densité des points) et les surfaces “lisses” sans
pour autant perdre les lignes saillantes (qui sont au contraire nécessaires puisqu’elles
correspondent a des failles).

Motivés par ce contexte applicatif, nous avons donc développé un algorithme
permettant de simplifier efficacement un maillage (potentiellement volumineux) de
maniére anisotrope tout en préservant les lignes saillantes.
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(a) (b)

FIGURE 2.5 — Résultat de l'algorithme de simplification sur le modéle classique
du “bunny” (modéle fourni par I'Université de Stanford). (a) Modéle initial (34k
sommets), (b) modéle simplifié (3k sommets).

Les approches de simplification de maillage peuvent globalement étre groupées
en deux grandes familles : par regroupement de sommets ou par contraction d’arétes.
La premiére famille, parfois aussi baptisée décimation, a pour objectif de simplifier
rapidement des maillages trés volumineux. Les sommets (ou les mailles) sont re-
groupés de maniére adaptative (généralement via des critéres de courbure locale),
puis chaque groupe de sommets est remplacé par un unique sommet et une topo-
logie, c’est-a-dire le maillage, est calculée & partir de la relation de voisinage des
faces initiales. Les travaux les plus reconnus au moment de nos travaux étaient sans
conteste ceux de Lindstrom (Lindstrom 2000) puis Brodsky et Watson avec 'algo-
rithme R-simp ((Brodsky 2000)). Cependant ces approches privilégient inévitable-
ment les temps de calcul au détriment de la qualité de la simplification (malgré une
subdivision adaptative, des ensembles complets de sommets sont remplacés par un
unique représentant et la topologie ne peut étre que reconstruite & partir du maillage
d’origine). La contraction d’arétes privilégie, quant a elle, les opérations locales et
permet un contrdle de la qualité du maillage obtenu, mais son application directe a
des maillages volumineux serait beaucoup trop lente. En 2002, Shaffer et Garland
((Garland 2002)) introduisirent une approche combinant une premiére décimation
(au moyen d’une grille réguliére) raffinée par une contraction itérative d’arétes. Cet
algorithme constituait alors la référence en termes de qualité de simplification.

L’algorithme que nous avons développé s’inspire de cette approche. Notre prin-
cipale contribution porte sur la définition d’une subdivision adaptative du maillage
(guidée par la courbure absolue des cellules et subdivisant ces derniéres au moyen
de plans déterminés par moindres carrés sur les normales) permettant de controler
la décimation (et de ne pas perdre de détails dans les zones fortement courbées).
La simplification fine du maillage peut alors se poursuivre a partir de ce maillage
intermédiaire par contraction d’aréte (guidée par la métrique d’erreur quadratique)
jusqu’a obtention du taux de décimation souhaité.
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FIGURE 2.6 — Simplification de maillages : (a) exemple de subdivision adaptative
obtenue sur une piéce mécanique, (b) résultat final de notre simplification sur cette
méme piéce (modéle initial : 40k sommets, modéle intermédiaire : 20k sommets,
modeéle final : 5k sommets), (c¢) résultat sur une surface géologique (modéle initial :
112k sommets, modele intermédiaire : 56k sommets, modéle final : 3k sommets).

Notre algorithme s’avére comparable & celui de Garland et al. en termes de
temps de calcul (alors que la subdivision se fait de maniére adaptative et non plus
réguliére) et 'on constate un gain de 3 & 8% sur la distance symétrique moyenne (voir
(Aspert 2002)) au maillage initial et de 45 a 78% sur la distance de Hausdorff. La
figure 2.6 présente quelques résultats de simplification. Le lecteur pourra se reporter
a (Bac 2007) (en annexe D.1) pour plus de détails.
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2.2.4 Détection et remplissage de trous

Les techniques de télédétection, malgré leurs progrés remarquables dans les der-
niéres années, ne peuvent cependant s’abstraire des contingences liées & la mesure.
Les données sont donc classiquement affectées par différents problémes. La pre-
miére partie de nos travaux portait sur le probléme de I'inhomogénéité (sur et sous-
échantillonnage locaux); dans une deuxiéme partie, nous nous sommes intéressés
au probléme des occlusions. Quelle que soit la technique employée pour collecter
les données (ondes sonores, Laser, stéréophotogrammeétrie), la nature et la structure
géométrique des objets mesurés peut localement perturber le signal et créer bruit
de mesure et trous dans les données.

Nos travaux portent sur des maillages surfaciques (surfaces ouvertes ou a bord),
donc les occlusions ne produisent pas directement des trous topologiques dans les
maillages mais des zones localement sous-échantillonnées ol le maillage est déformé
(triangles trés étirés et de tailles inégales). Par conséquent, une premiére question
consiste a détecter ces zones (que nous appellerons “trous” bien qu’elles ne corres-
pondent pas a proprement parler a des trous topologiques). La figure 2.7 illustre
cette problématique.

FIGURE 2.7 — Exemples de “trous” dans des surfaces maillées (zones localement
sous-échantillonnées).

Ces zones de trous sont ensuite “rebouchées & plat” par densification progressive
du maillage (jusqu’a obtenir des mailles homogénes) puis la courbure locale est
restaurée par minimisation d’une énergie de plaque mince.

L’objectif est alors de “reboucher” ces zones en restaurant & la fois la densité
et la courbure locale. Cette question de la fermeture de trous topologiques dans
des surfaces maillées a été largement étudiée dans la littérature. On distingue deux
grandes classes d’approches.

La premiére, dans laquelle nous nous inscrivons résolument, repose sur le proces-
sus : fermeture des trous, raffinement puis déformation. Au moment de nos travaux,
en 2008, I’approche la plus aboutie de cette famille était certainement celle de Liepa
et al. ((Liepa 2003), voir figure 2.8) : les trous sont tout d’abord détectés (comme
bord topologique du maillage) puis fermés (par minimisation de 'aire et des angles
diédraux sur le pourtour du trou), cette triangulation est ensuite raffinée jusqu’a
ce que la densité du maillage voisin soit atteinte, puis lissée par un opérateur de
type “parapluie” (voir (Schneider 2001)). On citera également les travaux de Pernot
et Verron (Pernot 2006) qui s’inscrivent tout a faire dans la méme logique (mais la
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fermeture est réalisée au moyen d’une grille réguliére et la courbure restaurée par
minimisation d’une force externe). Toutes ces approches ne sont néanmoins appli-
cables qu’a des trous internes a la surface (et non a des trous du bord de surfaces
ouvertes, qui apparaissent réguliérement dans les surfaces géologiques).

FIGURE 2.8 — Une illustration de 'approche de (Liepa 2003).

La deuxiéme famille d’approches se base sur la capacité de continuité et de lissage
local des surfaces implicites pour remplir les zones occluses. Une fonction implicite
est donc calculée par approximation des données existantes et les parties occluses
sont simplement remplies par Iextension de la ligne de niveau 0 dans ces zones).
Les travaux précurseurs de Carr et al. (Carr 1997) s’appuient sur les fonctions a
base radiale pour cette modélisation, tandis que (Wang 2007) ou (Tekumalla 2004)
utilisent une approche de type “moving least squares” (voir figure 2.9 (a)).

(a) (b)

FIGURE 2.9 — Illustrations des approches implicites. (a) L’approche de reconstruction
de surfaces de (Wang 2007), (b) approche volumique de (Davis 2002).

Une partie de ces approches aborde la question de maniére plus “volumique” en
approximant la fonction de distance signée aux points (négative a l'intérieur des don-
nées, positive a l'extérieur), d’abord prés des données, puis progressivement en éten-
dant la fonction a tout 'espace. On citera en particulier les travaux de (Davis 2002),
(Noorunddin 2003) et (Ju 2004) (voir figure 2.9 (b)).

Si ces travaux basés sur les surfaces implicites ont prouvé leur efficacité sur des
nuages de points denses ou les occlusions restent de taille raisonnable, elles ne sont
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en revanche pas adaptées a des nuages de points peu denses. Pour la méme raison, les
surfaces reconstruites approchent plus ou moins finement le nuage de points initial,
mais sans l'interpoler, et le maillage produit par algorithme de “marching cubes”
ne s’appuie donc pas sur les points de données initiaux, ce qui est problématique 1a
aussi pour des nuages de points peu denses. Enfin, les approches volumiques sont
dédiées aux surfaces fermées, alors que nous nous intéressons aux surfaces a bord
(surfaces ouvertes).

Nos travaux portaient sur des surfaces & bord, construites & partir de nuages
peu denses mais pouvant contenir un grand nombre de points (jusqu’au million
voire dizaine de millions de points). Nous avons donc décidé d’adopter une approche
basée directement sur les surfaces maillées afin, d’une part, de pouvoir développer
une méthode locale (une approche globale n’était pas envisageable compte tenu
du volume de points a traiter), et d’autre part de pouvoir remplir les trous en
préservant les points de données. Notre approche s’inspire des travaux de Liepa et
al. que nous avons étendus en améliorant d’'une part la fermeture/raffinement du
trou; par ailleurs, nous avons mis en place une nouvelle discrétisation de 1’énergie
de plaque mince permettant d’améliorer la qualité de la restauration (c’est ce point
que nous développerons plus particuliérement ici), enfin nous avons développé une
version multi-étapes de notre approche pour des questions d’efficacité ((Bac 2008b)).

|

|
FiGURE 2.10 — Remplissage de trous : subdivision et application d’un critére de
quasi-Delaunay.

2.2.4.1 Fermeture des trous

S

Er e

Dans le cas de surface ouvertes comme en présence de trous, la géométrie des
triangles peut étre perturbée sur le bord (triangles étirés, obtus). Par conséquent,
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la trisection simple des triangles & partir de leur barycentre est insuffisante. Nous
avons donc mis en place un raffinement guidé par la géométrie des triangles (et en
particulier un critére de “quasi-Delaunay”) et incluant une phase de permutation
d’aréte entre les triangles adjacents (voir figure 2.10).

2.2.4.2 Restauration des courbures

Afin de reconstruire la courbure du voisinage du trou, nous avons choisi de
minimiser I'énergie du plaque mince du patch construit par fermeture/raffinement
et de son voisinage. Etant donnée une surface paramétrée par : S : Q — R? (ou Q
est un ouvert de R3), I'énergie de plaque mince s’exprime classiquement par :

ETP(S) = / a(/sf + H%) + 2(1 — b)lﬂlﬁg dudv
Q

ol a et b désignent respectivement les constantes de résistance a la torsion et a
I’étirement de la plaque mince. Dans le cas particulier a = b = 1, cette énergie
devient :

Erp(S) = [o(k] + k3) dudv = [ (k? + £3) dudv
= fQ(Kl + /€2)2 — 2K1Kk9 dudv
= [o4H% — 2Kg dudv

Par le théoréme de Gauss-Bonnet, I'intégrale de la courbure Gaussienne peut étre
exprimée comme une intégrale sur le bord. Or, comme nous souhaitons préserver le
maillage sur le bord, la minimisation peut donc étre ramenée a celle de :

Erp(S) = / H? dudv (2.1)
Q
Cette fonctionnelle est profondément non linéaire et sa minimisation entrainerait

donc des calculs numériques beaucoup trop complexes. Par conséquent, de nom-
breux travaux simplifient cette énergie, en particulier par la fonctionnelle quadra-

925\ 2 925 \? [/828\>
/ (au2> “(auav) +<az> dudv

Cependant cette approximation peut g’avérer largement fausse. Dans

tique suivante :

(Greiner 1994), Greiner introduit une approximation différente, basée sur 'opéra-
teur de Laplace-Beltrami. Etant donnée une surface Sy proche de la surface désirée,
léquation (2.1) peut étre approximée par :

BErp(S) = /Q (A, S, Ag,S) dudv

ot Ag, désigne 'opérateur de Laplace-Beltrami relatif & Sp.
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Partant de cette expression, par Euler-Lagrange, le minimum de cette énergie
est atteint quand :

A% S = (2.2)

()

FIGURE 2.11 — Remplissage de trous : (a) modéle initial, (b) résultat aprés ferme-
ture, (b’) résultat de la fermeture sans optimisation des arétes, (c) minimisation de
I’énergie de plaque mince.

Nous avons ensuite discrétisé cette équation en nous basant sur les travaux de
(Desbrun 1999) et (Meyer 2002). Etant donné un sommet P de valence m et son
cercle des premiers voisins {Py,..., P}, l'opérateur de Laplace-Beltrami obtenu
en choisissant le maillage S comme surface de référence, peut étre discrétisé de la

maniére suivante :
m

cot a; + cot B;
Ag(P) = Zl —Am) B P
83(P) = 30 G (A5(P) — As(P)
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ot A(P) désigne l'aire de la cellule de Voronoi au point P et «; et (; les angles
opposés & P de la iéme face du 1-voisinage. L’évaluation de A%(P) implique donc
le cercle des deuxiémes voisins ; ce qui constituera la condition aux bords.

L’équation (2.2) s’exprime alors comme un systéme linéaire : Ag(P)? = MP—B
et une condition de bord appropriée est définie. M est peu dense et non symétrique,
le systéme est donc résolu via des matrices peu denses en utilisant ’algorithme des
gradients bi-conjugués préconditionnés. La figure 2.11 illustre les étapes et résultat
de l’algorithme sur un modéle de sphére partielle.

2.2.4.3 Approche multi-étapes

La minimisation de I’énergie de plaque mince implique la résolution d’un systéme
de taille nxn ot n est le nombre de sommets insérés (ce nombre de sommets étant lui-
méme proportionnel a la surface du trou a reboucher). Par conséquent, le traitement
de larges zones de trou peut étre cotiteux a la fois en terme de temps de calcul et
de ressources.

Nous avons donc mis en place un approche multi-étapes permettant un rafhi-
nement /reconstruction progressifs. La figure 2.12 illustre a la fois 'approche et les
résultat sur le modéle de la sphére partiellement décrite.

Détection des trous

!

Fermeture/raffinement

!

Déformation

(a) (b)

FIGURE 2.12 — Approche multi-étapes : (a) schéma général, (b) résultat sur le modéle
de la sphere.

2.2.4.4 Reésultats

Nos innovations se sont avérées payantes puisque notre approche produit des
erreurs de 4 a 40% plus faibles que les approches de référence de Liepa et al. (a la
fois en termes d’erreur moyenne et de distance de Hausdorff) pour des temps de
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calcul de 3 & 7 fois plus faibles (voir figure 2.13 (a)). Le gain sur la qualité de la
reconstruction est lié & l'utilisation de l'opérateur de Laplace-Beltrami; beaucoup
moins sensible & la paramétrisation, il permet une reconstruction efficace malgré les
écarts de densité et les inhomogénéités locales.

() (d)

FIGURE 2.13 - (a) Comparaison des performances de notre algorithme avec
(Liepa 2003), (b), (c), (d) résultat du remplissage des trous sur différents modéles.

L’approche multi-étapes, quant a elle, garantit ces performances sans diminution
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sensible de la qualité. La figure 2.13 illustre les résultats obtenus sur différents
modéles géométriques ((c) et (d) sont des surfaces géologiques cibles).

Le lecteur pourra se reporter a (Bac 2008b), joint en annexe D.2, pour une
description plus détaillée.

2.2.5 Conclusion

Ces travaux ont été menés en partenariat avec I'Institut Francais du Pétrole dans
le cadre de deux theéses (financées par notre partenaire) :
Nam Van Tran
Traitement de surfaces géologiques pour la construction de modéles structuraux
Septembre 2004 - Mars 2008

Van Sinh Nguyen
3D Modeling of elevation surfaces from voxel structured point clouds extracted

from seismic cubes
Septembre 2009 - Aotit 2013
Depuis 2013, les poles recherche de I'Institut Frangais du Pétrole avec lesquels

nous collaborions ont été légérement restructurés et nous avons mis en place des
projets pour poursuivre a la fois nos travaux et notre partenariat. Un projet devrait
démarrer début 2018 (voir section ).

2.3 Données non structurées : nuages de points LiIDAR

2.3.1 Généralités et contexte

Depuis la fin des années 1990, on constate ’émergence de nouvelles techniques
de télédétection permettant de sonder et mesurer notre environnement de maniére
toujours plus précise.

La technologie laser en particulier, grace a des faisceaux cohérents et puissants,
permet de mesurer des distances de maniére extrémement précise, et a ainsi conduit
au développement de toute une gamme de capteurs explorant la gamme de l'in-
finiment petit & l'infiniment grand : les LiDAR, fournissant des nuages de points
3D non structurés. Les capteurs peuvent eux-mémes étre embarqués & bord de sa-
tellites, d’avions, de droénes ou déplacés au sol, fournissant alors des données de
caractéristiques différentes (densité, précision, étendue, profil de distribution).

Mais le LIDAR n’est pas 'unique moyen de mesure des scénes 3D, on citera
également le développement de la stéréophotogrammétrie ou des caméras temps de
vol (time of flight cameras, permettant également d’acquérir des nuages de points
3D (& des résolutions mais aussi & des coiits plus faibles).

Alors que l'informatique graphique s’était jusque la principalement édifiée sur
les bases des Mathématiques des courbes et des surfaces, 'extension des méthodes
d’acquisition 3D a ainsi mis I’emphase sur un domaine de recherche jusque la assez
restreint : ’analyse, la reconstruction, la modélisation d’objets décrits par des nuages
de points non structurés 3D. L’objectif n’est alors plus de développer les concepts
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et algorithmes & partir des modéles (étude de surfaces continues ou maillées), mais
d’analyser directement le nuage de points lui-méme afin d’en extraire un modéle,
des caractéristiques, une structure ...

C’est dans ce contexte d’analyse et modélisation des nuages de points non struc-
turés que s’inscrivent mes travaux. Plus précisément, ces derniers s’inscrivent dans
le cadre d’une collaboration démarrée en 2009 avec les laboratoires d’informatique
appliquée et d’écologie de I'Institut Frangais de Pondichéry (IFP India), Inde. La
protection et I’étude de la forét deviennent des enjeux majeurs dans notre société,
que ce soit a des fins de protection, d’étude de la biomasse, d’optimisation de I’exploi-
tation forestiére ou de développement durable. Cependant, les moyens traditionnels
d’étude (campagnes de mesures manuelles, utilisation d’images satellites) sont res-
pectivement complexes et lourds & mettre en place, et imprécises. Dans ce contexte,
I'utilisation de capteurs LiDAR s’est rapidement imposée. Depuis les années 1990,
de nombreux travaux portent sur des algorithmes et méthodologies dédiés au Li-
DAR aéroporté. Cependant, si la résolution de telles données est adaptée a 1’étude
de peuplements forestiers a grande échelle, elle ne permet pas l'identification précise
des individus et une étude détaillée. Depuis les années 2000, avec la miniaturisation
et le développement de capteurs laser portables, la technologie LIDAR terrestre s’est
largement développée et démocratisée. C’est dans ce cadre que s’est développée la
collaboration avec I'IFP India : utiliser le LIDAR terrestre pour 1’étude précise de
peuplements forestiers.

2.3.2 Nuages de points : données et enjeux
2.3.2.1 Techniques d’acquisition et caractéristiques

Comme évoqué précédemment, depuis les années 1990, les méthodes de télédé-
tection ont connu un formidable développement, en particulier avec le développe-
ment de laser de haute énergie et faible encombrement, la démocratisation de la
photographie & haute résolution ainsi que ’apparition des caméras temps de vol.

Stéréo-photogrammeétrie

La stéréo-photogrammeétrie a émergé avec la démocratisation de la photogra-
phie haute résolution (désormais numeérique). A partir de photographies d’une scéne
prises sous différents points de vue, I’objectif est de reconstituer un nuage de points
3D. Pour cela, les images sont recalées relativement les unes aux autres au moyen
de points communs (cibles, points spécifiques, lignes caractéristiques). La position
de chaque point peut alors étre triangulée & partir des différents points de vue.

La reconstruction de modéles 3D a partir d’images haute résolution s’avére pré-
cise (voir (Leberl 2010) pour une comparaison sur la numérisation de scénes urbaines
par photogrammétrie ou LIDAR, depuis des capteurs soit aéroportés soit terrestres).
Mais le prix & payer est qu'une numérisation de qualité nécessite des appariements
denses (10 a 20 points d’images par objet) et donc un recouvrement importants (80
a 90%). La numérisation précise de larges scénes est donc consommatrice a la fois
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en espace mémoire (stockage des photographies) et en temps de calcul.

FIGURE 2.14 — Exemple de nuage de points généré en utilisant un algorithme de
structure from motion (VisualSFM) - Jules Morel

Cameéras temps de vol

Les cameéras temps de vol (“time-of-flight cameras”) sont apparues dans les années
2000 avec pour objectif de fournir des images “2D+profondeur” de leur environne-
ment, donc des nuages de points 3D. Les caméras temps de vol reposent sur une
illumination active de la scéne (par une source infrarouge ou laser) soit de maniére
impulsionnelle, soit comme un signal continu modulé. Les rayons réfléchis sont en-
suite captés et la distance aux objets rencontrés reconstruite soit a partir du temps
de parcours de I'impulsion lumineuse, soit & partir du décalage de phase du signal
continu modulé. On peut également citer une approche de reconstruction de l'in-
formation de profondeur & partir d’une projection de lumiére infra-rouge structurée
(comme c’est le cas pour le capteur Kinect). La profondeur est alors calculée par
triangulation.

Contrairement & la stéréo-photogrammétrie, cette approche ne nécessite pas de
recalage ou de synchronisation entre plusieurs caméras. Une image de la scéne est
capturée a partir d’une seule émission (comme c’est le cas pour une image photogra-
phique 2D). En revanche, de par la nature de la source et du capteur, la résolution
et la portée des caméras temps de vol restent limitées. Dans (Hansard 2012), les au-
teurs comparent les différents modéles disponibles dont les performances vont d’une
résolution de 176 x 144 jusqu’a 10m pour le MESA SR4000 & 640 x 480 & 3,5m pour
le Kinect. Par conséquent, si les caméras temps de vol sont bien adaptées pour I’ac-
quisition rapide (voire en temps réel) de petites scénes (quelques objets positionnés
devant la caméra), elles ne permettent pas la numérisation de scénes plus larges.
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FIGURE 2.15 — Exemple de nuage de points généré en utilisant une caméra kinect 2
- Larry Li

LiDAR (LIght Detection And Ranging).

Le LiDAR enfin est une technique de mesure a distance ayant émergé dans les
années 1990. Un laser impulsionnel de forte énergie est émis, se réfléchissant sur la
matiére qu’il rencontre. La mesure précise du temps de propagation ainsi que de
I’angle d’émission permet ainsi de reconstituer la position dans l'espace du “point
matériel” rencontré. Par balayage progressif de ’ensemble de ’espace, le LiDAR
fournit ainsi des nuages de points 3D trés précis et couvrant de larges scénes. Pour
étre précis, il existe deux types de capteurs LiDAR. : en fonction du mode d’acqui-
sition des paramétres géométriques, on parlera de LiDAR temps de vol ou décalage
de phase.

Gréce a cette longue portée des scanners LiDAR, les capteurs peuvent étre mis
en ceuvre par différents biais : LIDAR aérien (ou A-LiDAR), LiDAR terrestre (ou
T-LiDAR), et de plus en plus LIDAR embarqué a bord de drones (voir figure 2.16).

(a) (b)

FIGURE 2.16 — Illustration de différents types de LiDAR : (a) LiDAR aérien, (b)
LiDAR terrestre.

Ces différents types de LiDAR offrent un compromis portée/résolution. Le ta-
bleau 2.1 résume les grandes caractéristiques des données acquises par LiDAR aé-
roporté et terrestre et la figure 2.17 présente un exemple de données acquises en
environnement forestier pour ces deux types de scanners :
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\ A-LiDAR |  T-LiDAR |
Longueur d’onde 1064nm 905nm
Portée 150-4000m 120m
Résolution maximale | 0,5m (alt. 150m)-10m (alt. 4000m) | 1,5mm (& 10m)
Précision 4cm (horizontale a 300m) 2mm (& 10m)

TABLE 2.1 — Caractéristiques des données LiDAR aérien v.s. terrestre. (A-LiDAR)
Orion H300, (T-LiDAR) Faro Focus 3D(©)120.

(a) (b)

FIGURE 2.17 — Illustration de données LiDAR : (a) LiDAR aérien (adapté de
(ALi 2017)), (b) LiDAR terrestre.

Par conséquent, les données issues de mesures LiDAR terrestres sont des nuages
de points 3D denses (résolution millimétrique), non structurés, comportant de lourds
volumes de données (de 10 Méga-points au giga-points), présentant trois principales
caractéristiques problématiques : la présence d’occlusions, de bruit et d’inhomogé-
néité de densité (voir figure 2.18).

(a) (b) ()

FIGURE 2.18 — Illustration des caractéristiques des données LiDAR : (a) occlusions,
(b) bruit, (c¢) inhomogénéité.



32 Chapitre 2. Géométrie des surfaces

Mes travaux concernent les nuages de points acquis par LiDAR terrestre et
portent sur des questions de segmentation et de reconstruction de modéles surfa-
ciques a partir de telles données.

2.3.2.2 T-LiDAR en environnement forestier

Comme nous l'avons évoqué, le LiDAR terrestre s’impose progressivement
comme une technologie dominante et indispensable dans de nombreux domaines :
archéologie, architecture, urbanisme, géologie, robotique, écologie ... C’est dans ce
dernier domaine que mes travaux se sont positionnés a partir de 2010.

En effet, I’étude des peuplements forestiers se fait généralement & partir de cam-
pagnes de mesures manuelles permettant de relever par des procédures bien définies
certains attributs forestiers tels que le diamétre a hauteur de poitrine (1,3m au des-
sus du niveau du sol), la hauteur du houppier, le défilement du tronc. Ces données
sont fondamentales & la fois pour les écologistes (étude des peuplements, développe-
ment de modéles de croissance, évaluation de la biomasse ...) et pour les forestiers
(exploitation efficace et durable des foréts). Malheureusement de telles mesures sont
cotliteuses en main d’oeuvre, et bon nombre de parameétres (surface foliaire, défile-
ment complet des tiges) ne sont accessibles que par des mesures destructives.

L’analyse et la reconstruction de données acquises en environnement forestier
est donc un enjeu tout aussi important que non trivial. En effet, si les scénes ur-
baines ou les artefacts archéologiques sont relativement adaptés aux méthodes de
reconstruction “classiques” (surfaces lisses jointes par des lignes saillantes), les envi-
ronnements naturels constituent un défi plus important. La nature des éléments y est
plus complexe du point de vue de la modélisation (végétation basse, branches fines,
feuilles), 'enchevétrement des structures produit un nombre important d’occlusions
(de taille importante) et ce quelle que soit la position du capteur. Par ailleurs la
mesure elle-méme devient délicate (branches et feuilles bougent sous l'effet du vent).

2.3.2.3 Objectifs et organisation des travaux

Mes recherches sur cette thématique comportent des travaux fondamentaux ou
de portée générale dans le domaine de l'analyse de nuages de points (extraction
de modéles de terrain a partir de nuages de points, détection de formes tubulaires,
mise en place de contours actifs croissants généralisés, algorithme de calcul rapide
des normales, reconstruction de Poisson sur des modéles CSRBF) ainsi que des
parties plus spécifiques aux environnements forestiers. D’une maniére générale, ces
travaux ont été motivés et portés par différentes collaborations :

— Collaboration avec Cédric Véga de 'Institut Francais de Pondichéry,
Inde & partir de 2010 - laboratoire d’écologie puis laboratoire d’informatique
appliquée (thése en co-direction de Jules Morel, financée par 'IFP).

— Collaboration avec Richard Fournier de I’'Université de Sherbrooke, Qué-
bec a partir de 2011 - laboratoire de géomatique appliquée (thése en co-
tutelle de Joris Ravaglia, financée par I’Université de Sherbrooke).
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— Collaboration avec Alexandre Piboule de 'ONF a partir de 2011 (dévelop-
pements au sein de Computree, plateforme leader pour la modélisation en
environnement forestier).

— Collaboration avec Raphaél Pélissier de 'IRD & partir de 2010 (équipe
AMAP, application des travaux menés avec 'IFP & des données collectées
en zones tropicales).

FIGURE 2.19 — Synthése des travaux portant sur les nuages de points 3D.

Le schéma 2.19 synthétise ces travaux. Leur composante centrale traite
principalement de questions de segmentation et de reconstruction : segmenta-
tion/reconstrution du terrain vs. le reste du nuage, segmentation/reconstruction
de formes tubulaires dans les nuages 3D, reconstruction fine de formes tubulaires
largement occluses. Tous ces travaux sont basés sur deux hypothéses communes.

Hypothése 1 Tout d’abord, compte tenu des problémes inhérents aux données
considérées (non structurées, bruitées, volumineuses, inhomogénes, largement oc-
cluses) segmentation et reconstruction doivent étre couplées. En effet, la segmenta-
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tion doit pouvoir s’appuyer sur la géométrie des objets, mais une analyse géomé-
trique purement locale ne peut qu’étre insuffisante : I'agencement local des points
échantillonnés sur les différents éléments de la scéne, les différents objets, ne peut étre
compris qu’a une échelle macroscopique. Il est impossible de distinguer, a 1’échelle
du voisinage local d’un point, I'intersection de deux objets (tronc/feuilles, sol/herbe)
de la présence de bruit ou d’occlusions.

Hypothése 2 Afin de coupler ainsi segmentation et reconstruction et de gérer
de maniére intrinséque les défauts liés aux données, j’ai fait le choix d’utiliser des
modéles continus. Contrairement aux maillages, les modéles continus (qu’ils soient
implicites ou paramétriques) présentent naturellement une bonne tolérance aux oc-
clusions et au bruit. Par ailleurs, ils fournissent une représentation beaucoup plus
globale et ’approximation de données apporte simultanément une certaine extrapo-
lation de la géométrie locale.

Organisation des travaux L’analyse d’un nuage de points T-LiDAR consiste a
segmenter, modéliser et reconstruire les objets de la scéne. Pour cela, un premier
pas consiste & identifier et reconstruire un modéle de terrain; cette étape est in-
dispensable puisqu’elle permettra ensuite d’identifier les points hors-sol sur lesquels
porteront les algorithmes de segmentation/reconstruction (voir schéma 2.19). Ce-
pendant, au moment de ces travaux, les seuls algorithmes d’extraction de modéles
numériques de terrain (MNT) disponibles avaient été développés pour les données
aériennes (qui sont de nature trés différente).

Dans cette perspective, nous avons donc tout d’abord développé une méthode de
segmentation /reconstruction du terrain pour un nuage de points 3D dense. Suivant
nos hypothéses, nous avons choisi d’appuyer notre travail sur un modéle continu,
inspiré des travaux de Ohtake et al. ((Ohtake 2003), (Ohtake 2004), (Kanai 2006)).
Cette approche s’est avérée payante puisqu’elle permet tout a la fois de gérer bruit
et occlusions et segmenter correctement le sol en discriminant les éléments bas. Pa-
rallélement a sa publication ((Morel 2016)), notre approche a été classée parmi les
meilleures lors du challenge EuroSDR, (pourtant dédié aux données LiDAR, aéropor-
tées).

Une fois le sol isolé, le coeur de nos travaux porte sur la segmenta-
tion /reconstruction de formes tubulaires largement occluses. Pour cela, notre constat
de base est qu’il est vain de tenter une reconstruction fine des parties visibles sans
informations plus globales sur la forme elle-méme. La figure 2.20 illustre le type de
problémes en jeu. Notre parti pris, comme représenté sur le schéma 2.19, a donc
été de traiter séparément la reconnaissance de formes tubulaires et la reconstruction
fine des surfaces.
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(c)
(a)

FIGURE 2.20 — Forme tubulaire partiellement décrite : (a) vue générale, (b) zoom
en vu de dessus de la partie repérée, (¢) zoom en vue de profil.

1. La reconstruction de formes tubulaires s’appuie sur des méthodes de type
reconnaissance de forme. Elle identifie des successions de zones cylindriques
(ou plutot se rapprochant de cylindres partiellement décrits) et consolide
cette reconnaissance localement : si deux sections tubulaires alignées ont été
détectées, il est probable qu’elles ne forment en fait qu’un seul objet.

2. Une fois les zones tubulaires identifiées et extraites, nous avons développé un
schéma de reconstruction de type Poisson (dans l'esprit de (Kazhdan 2006)
et (Kazhdan 2013)), mais basé sur un modéle de fonctions implicites a base
radiale et support compact (CSRBF). Ainsi, 'expressivité du modéle permet
de fusionner naturellement modéle a priori (formes tubulaires précédemment
extraites) et modeéle reconstruit dans les zones visibles.

La figure 2.21 illustre le résultat de ces deux phases de la segmenta-
tion/reconstruction de formes tubulaires.

Nombre de ces travaux (détection de formes tubulaires, reconstruction de Pois-
son ...) s’appliquent a des nuages de points 3D dense ou chaque point est muni d’une
information de normale. Nous avons donc été amenés a proposer une méthode de
calcul rapide des normales dédiée aux nuages trés volumineux.

Enfin, et nous y reviendrons dans les perspectives de travail, nous avons défri-
ché des question plus spécifiques aux environnements naturels, comme la question
de l'identification des couronnes végétales & partir de données LiDAR acquises en
environnement forestier (qui est un probléme aussi épineux que fondamental tant
en écologie que pour les forestiers).

Ces travaux ont donné lieu aux publications suivantes :
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(a) (b)

F1GURE 2.21 — Illustration des deux aspects de la reconstruction de formes tubu-
laires partiellement décrites : (a) détection de formes tubulaires ((haut) données
naturelles), (bas) modéle “synthétique”), (b) reconstruction fine des zones visibles
par intégration d’information a priori dans un schéma de type Poisson sur CSRBF
((haut) données naturelles, (b) “bunny” de Stanford).

Travaux préliminaires

Calcul rapide des normales et octree géométriques

(Ravaglia 2017a) Joris Ravaglia, Alexandra Bac et Richard A Fournier. Anisotro-
pic Octrees: a Tool for Fast Normals Estimation on Unorganized Point Clouds. In
WSCG, Plzen, Czech Republic, Mai 2017

Travaux fondamentaux

Extraction de modéle numérique de terrain a partir de nuages de points
denses

(Morel 2016) Jules Morel, Alexandra Bac et Cédric Vega. Digital terrain model
reconstruction from terrestrial LiDAR data using compactly supported radial basis
functions. IEEE Computer Graphics and Applications, Novembre 2016

Voir annexe D.3
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Détection de formes tubulaires dans des nuages de points denses
(Ravaglia 2017b) Joris Ravaglia, Alexandra Bac et Richard A Fournier. Extraction
of tubular shapes from dense point clouds and application to tree reconstruction from
laser scanned data. Computers and Graphics, vol. 66, pages 23-33, Aott 2017
(Ravaglia 2017c) Joris Ravaglia, Alexandra Bac et Richard A Fournier. Extraction
of tubular shapes from dense point clouds and application to tree reconstruction from
laser scanned data. In Shape Modeling International, Berkeley, United States, Juin
2017

(Ravaglia 2015) Joris A Ravaglia, Alexandra Bac et Richard A Fournier. Tree stem
reconstruction from terrestrial laser scanner point cloud using Hough transform and
open active contours. In Silvilaser 2015, La Grande Motte, France, Septembre 2015
Voir annexe D.4

Reconstruction de Poisson sur CSRBF et application aux formes tubu-
laires largement occluses

(Morel 2018a) Jules Morel, Alexandra Bac et Cédric Vega. Surface reconstruction of
incomplete datasets: a novel Poisson surface approach based on CSRBF. Computers
and Graphics, 2018

(Morel 2018b) Jules Morel, Alexandra Bac et Cédric Vega. Surface reconstruction of
incomplete datasets: a novel Poisson surface approach based on CSRBF. In Shape
Modelling International, Lisbonne, Portugal, Juin 2018

(Morel 2015a) Jules Morel, Alexandra Bac et Cédric Vega. Computation of tree
volume from terrestrial LiDAR data. In MMT, 9th International Symposium on
Mobile Mapping Technology MMT2015, pages 53-59, Sydney, Australia, Décembre
2015

Voir annexe D.5

Travaux spécifique a analyse de données en milieu forestier

Décimation/détection de parties cylindriques par essaims particu-
laires/détection

d’arcs.

(Ravaglia 2013) Joris Ravaglia, Alexandra Bac et Alexandre Piboule. Laser-scanned
tree stem filtering for forest inventories measurements. In Digital Heritage, volume 1,
pages 649 — 652, Marseille, France, Octobre 2013

Indice de densité corrigé pour les nuages de points T-LiDAR

(Bac 2014) Alexandra Bac, Joris Ravaglia et Richard Fournier. Spatial vegetation
density index from terrestrial laser scanner : a continuous approach applied to fo-
restry. In IGARSS, IGARSS 2014, 35th Canadian Symposium on Remote Sensing,
Québec, Canada, Juillet 2014

Contribution a l’évaluation de la biomasse en environnement forestier a
partir

de données T-LiDAR

(Morel 2015¢) Jules Morel, Alexandra Bac et Cédric Vega. Forest carbon assessment
from LiDAR 3D point cloud analysis. In RFCC - Regional Forum on Climate Change,
Bandkok, Thailand, Juillet 2015




38 Chapitre 2. Géométrie des surfaces

J’ai choisi de développer ici deux des algorithmes précédents : I'extraction de
modéles numériques de terrain et la détection de formes tubulaires. J’ai par ailleurs
inclu en annexe I’article publié sur un nouveau schéma de reconstruction de Pois-
son (basés sur des fonctions a base radiale) et son application a la reconstruction
fine de nuages décrivant des formes tubulaires largement occluses. Mon objectif est
d’illustrer ainsi la complémentarité de ces travaux et leurs inter-relations. Le lecteur
pourra se reporter aux publications citées ci-dessus pour plus de precisions sur ces
travaux.

2.3.3 Extraction du modéle numérique de terrain
2.3.3.1 Introduction

Lors de I'acquisition de nuages de points par des LiDAR, terrestres sur des scénes
réelles (qu’elles soient urbaines, archéologiques ou naturelles), le capteur est posi-
tionné sur un trépied & environ 1,5m du sol (en fait de 50cm & 1,9m selon les besoins).
Par conséquent, la numérisation acquiert des points situés tant au sol que sur les
éléments de la scéne. La segmentation des points du sol (et la reconstruction d’un
modele de terrain ou MNT) sont donc des étapes indispensables & toute analyse
ultérieure.

Classiquement, ’extraction des points sol s’appuie sur une hypothése apparem-
ment naturelle : les points du sol sont, localement, ceux de hauteur minimale. Ce-
pendant, ce point de départ s’avére largement insuffisant du fait des occlusions.
Comme représenté a la figure 2.22, tout élément bas présent entre le capteur et les
objets de la scéne (mobilier urbain, végétation basse ...) induit des occlusions dans
le sol. Cependant, si des éléments de la scéne sont présents en surplomb de ces zones
occluses, ces derniers peuvent étre numeérisés. Les point minimaux extraits dans ces
zones appartiendront donc aux objets de la scéne (et non au sol).

Comme nous 'avons déja évoqué, au moment de ces travaux, presque toutes les
méthodes d’extraction de modéles numériques de terrains concernaient les nuages
de points acquis par LIDAR aérien et n’étaient donc pas adaptées. Il est cependant
intéressant de les décrire briévement. Les algorithmes d’extraction de MNT pour
LiDAR aéroporté peuvent étre globalement regroupés en deux classes : d’une part
les méthodes de déforestation virtuelles qui procédent par filtrage successif des points
minimaux pour détecter et supprimer les points hors sol, et d’autre part les méthodes
par densifications successives partant d’une surface plane minimale et I’enrichissant
progressivement de points minimaux selon des critéres géométriques d’angles et de
distances. Le lecteur pourra se reporter a (Sithole 2004) ou (Meng 2010) pour une
description plus détaillée de ces approches. L’algorithme le plus reconnu était alors
celui d’Axelsson (Axelsson 2000) procédant par densification dans un modéle maillé.
Les approches de I'état de I'art étaient cependant, quoi qu’il en soit, inadaptées aux
données denses des LiDAR terrestres. Notre premier enjeu était donc de développer
un algorithme pour ce contexte puisque la segmentation correcte du sol conditionnait
celle des points de la scéne (point hors sol) et donc la suite de nos travaux.
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FIGURE 2.22 — Impact des occlusions sur le calcul des points sol : (haut) une scéne
figurant en bleu capteur et rayons émis, en vert les points mesurés, (milieu) ces
points sont immergés dans une grille réguliére (orange) et les points minimaux de
chaque cellule sont extraits (rouge), (bas) toute occlusion sur le sol tend donc a
produire des points minimaux hors sol (sur les objets ou la végétation).
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2.3.3.2 Présentation de I’algorithme

FIGURE 2.23 — Synthése de l'extraction de MNT (adapté de (Morel 2016)).

Nous avons donc développé notre approche en nous basant sur les deux hypo-
théses formulées au paragraphe 3.3. L’utilisation d’un modéle implicite permet de
gérer occlusions et bruit, tandis que ’approche par segmentation/reconstruction si-
multanées permet d’analyser le nuage de points & une échelle plus large que les
voisinages locaux; il est ainsi possible de discriminer plus clairement la géométrie
du sol des données incomplétes ou des artefacts de mesure. La figure 2.23 donne une
vue générale de l'algorithme.
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Nous avons donc choisi d’appuyer notre travail sur un modéle continu, inspiré
des travaux de Ohtake et al. ((Ohtake 2003), (Ohtake 2004), (Kanai 2006)). Par-
tant du constat qu’'un modéle de terrain est une surface d’élévation, ’espace Oxy de
dimension 2 est subdivisé de maniére adaptative par un quadtree et dans chaque
cellule, les points sol sont itérativement segmentés/approchés par un patch quadra-
tique. C’est la qualité de cet ajustement qui guide la subdivision (ou non) d’une
cellule (contrairement aux quadtree classiques ol ce choix est basé sur la densité
locale des points). Une fois cette décomposition ajustée, les approximations quadra-
tiques locales peuvent alors étre fusionnées en un unique modéle implicite via une
partition de I'unité basée sur des fonctions & base radiales et & support compact.

Décrivons tout d’abord le modéle utilisé. Chaque cellule O; du quadtree est ap-
proximée par un patch quadratique : une fois un repére local estimé par ajutement
d’un plan aux moindres carrés, une surface quadratique est ajustée aux moindres
carrés (w = h;(u,v), voire figure 2.24, on désigne par Ejy.q(O;) U'erreur résiduelle).
Le modéle implicite final est alors construit par recollement de ces surfaces (expri-
mées de maniére implicite g;(u,v,w) = w — h;(u,v)) au moyen de fonctions a base
radiale et a support compact (CSRBF), utilisées comme des partitions de 'unité.
Plus précisément, nous avons choisi d’utiliser la fonction de Wendland :

par(r) =1 —7)i(4r+1)

qui est de classe C? sur R? (ce qui nous fournira la régularité nécessaire au recollement
des piéces quadratiques).

) Cll C)] 1
guv,w)=w-h(uyv) guv,w)=w-h(uyv)

FIGURE 2.24 — Modéle implicite obtenu par recollement de piéces quadratiques au
moyen de CSRBF. (Haut) Etant donné une décomposition en quadtree, en rouge les
repéres locaux calculés, en bleu les patchs quadratiques obtenus. (Bas) Pour chaque
cellule d’octree, en rouge/orange, une fonction a base radiale est définie, centrée au
centre de chaque cellule et utilisée comme partition de I’'unité pour obtenir le modéle
implicite final (en vert).
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Le modéle final est alors C? et s’exprime comme :

fla) =Ygty - o2
i @i (lz—cill)

ol ¢; désigne le centre de la cellule O; et o est le rayon de la CSRBF associée a cette
cellule (ces rayons sont déterminés de maniére & garantir un recouvrement suffisant
de lespace).

Les données considérées en entrée de ’algorithme sont un ensemble de points mi-
nimaux extraits au moyen d’une grille réguliére tel que représentées a la figure 2.22.
Comme indiqué a la figure 2.23, le calcul du modéle numérique de terrain se fait
conjointement a ’adaptation de la décomposition en quadtree et a la segmentation
progressive des points sol. Partant d’une grille réguliére relativement peu dense,
I’erreur aux moindres carrés est utilisée pour déterminer si une cellule doit étre sub-
divisée. Ce processus, repéré comme (1) dans le schéma se poursuit soit jusqu’a ce
que toutes les erreurs soient inférieures a un seuil donné, ou que la densité des points
devienne trop faible dans une cellule.

Sur cette base, nous avons alors mis en place deux filtres permettant simultané-
ment de discriminer les points hors sol et gérer les occlusions :

— un filtre de type “histogramme”, permettant de détecter si la distribution des
points dans le repére local d'une cellule comprend plusieurs modes. Le cas
échéant, seul le premier sera conservé (correspondant aux points du sol tandis
que les autres modes correspondent & des points de la végétation).

— un filtre de type “voisinage”, détectant des ruptures violentes entre des sur-
faces quadratiques voisines. Auquel cas les données de ces cellules abérantes
sont supprimées et une surface locale est alors reconstruite au moyen des
données des cellules voisines.

2.3.3.3 Reésultats

Afin de tester notre approche, une difficulté centrale concerne les données de
validation. En effet, s’il est relativement simple de disposer de données LiDAR, la
question des données de référence correspondantes est d’une toute autre difficulté.
L’acquisition de telles mesures nécessiterait la mesure trés précise de points sol, par
un géometre et a I’échelle des aires balayées par un LiDAR (plusieurs centaines de
métres). Or ces données n’étaient pas disponibles.

Nous avons donc décidé de baser nos tests sur deux approches : d’une part sur
des données synthétiques calculées a partir d’'un simulateur LiDAR et d’une scéne
au modéle de terrain de pente variable (dont les occlusions sont donc plus ou moins
larges), d’autre part un ensemble de scénes réelles acquises sous différents points de
vue (pour lesquelles nous avons tout d’abord calculé des vues fusionnées). Dans le
premier cas, nous avons bien évidemment comparé notre résultat a la scéne initiale,
tandis que dans le second cas, nous avons comparé les modéles reconstruits & partir
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de chaque vue a celui obtenu & partir des vues fusionnées (considéré en quelque sorte
comme référence).

(i) (i)

FIGURE 2.25 — Illustration des résultats obtenus : (i) modeéle obtenu a partir de
données synthétiques de test, (ii) modeéles obtenus a partir de différentes données
réelles.

La figure 2.25 illustre les résultats obtenus. Pour les modéles synthétiques, la
distance entre modéle reconstruit et initial est de I'ordre de 2 & 3 cm, et reste aux
alentours de 8 cm pour des modéles largement occlus (jusqu’a 40%). Pour les modéles
naturels, il est étonnant de constater la robustesse de I’approche : I’erreur moyenne
a la vue fusionnée reste de l'ordre de 3 & 4 cm dans les zones de recouvrement et
d’environ 15 cm hors de ces zones alors que les vues ne se recouvrent que de 7 a
20% et que le taux d’occlusion peut atteindre 70%.

Ces résultats confirment la pertinence d’une segmentation /reconstruction simul-
tanée, du choix du modéle et de l'efficacité de la boucle filtrage/reconstruction. Le
lecteur pourra se reporter a (Morel 2016) pour plus de détails (joint en annexe D.3).
Parallélement, notre approche a été classée parmi les meilleures lors du challenge
EuroSDR (pourtant dédié aux données LIiDAR aéroportées). Une publication est en
cours (Xinlian Liang 2018).

2.3.4 Détection/reconstruction de formes tubulaires dans des
nuages de points denses

2.3.4.1 Introduction

La détection de formes et de structures dans un nuage de points dense (entre
autres dans un nuage acquis pas LiIDAR terrestre) est une problématique attirant
de nombreuses attentions. En effet, si les capteurs LiDAR permettent depuis les
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années 1990 d’acquérir rapidement des données trés précises dans un grand nombre
d’environnements, leur analyse reste, quant a elle, un véritable enjeu.

En milieu urbain, comme en architecture, la reconstruction s’appuie générale-
ment sur une segmentation préalable. Le propre des artefacts humains étant qu’ils
contiennent surfaces planes, lignes saillantes et primitives géométriques de base, la
segmentation des données s’appuient massivement sur la détection de surfaces planes
et secondairement sur celle de primitives géométriques.

La détection/segmentation/reconstruction de formes tubulaires est un probléme
plus délicat ayant pourtant des applications dans un grand nombre de domaines
(voir figure 2.26) : complexes industriels (ou nucléaires), CAO /usinage, milieux ur-
bains/architecture, archéologie et scénes naturelles. Précisions également que parmi
toutes ces formes tubulaires, I’environnement naturel (et en particulier la segmenta-
tion d’arbres) est particuliérement délicat. Contrairement aux artefacts humains, les
végétaux ne sont généralement pas des surfaces réguliéres, ’écorce des arbres induit
une dispersion des points importante, la végétation basse tout comme les insertions
de branches et ramifications de branches produisent systématiquement de larges oc-
clusions. Sans oublier que les végétaux sont des structures flexibles et le vent induit
généralement des erreurs et décalages au cours de 'acquisition.

FIGURE 2.26 — Exemples de formes tubulaires dans différents domaines : complexes
industriels (ou nucléaires), CAO /usinage, milieux urbains/architecture, archéologie
et scénes naturelles.

Les approches existantes de détection de formes tubulaires dans des nuages de
points denses peuvent donc étre divisées en deux classes : des méthodes générales se
situant dans un contexte de modélisation géométrique, et des méthodes spécifiques
aux nuages de points acquis en environnement naturel (forestier).

Parmi les méthodes générales, nous citerons deux approches particuliérement
efficaces et représentatives dans ce contexte. La premiére, basée sur la notion de
“serpent artériel” (arterial snake) a été introduite par Liu et al. dans (Li 2010) (voir
figure 2.27). Le coeur de algorithme est constitué par le calcul d’un champ de
vecteurs directionnels fiable. Les auteurs définissent ensuite des unités élémentaires
de “serpents artériels” (maillage discrétisant une courte portion tubulaire) et une
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approche de type modéles déformables est utilisée pour reconstruire les parties tu-
bulaires et leur topologie. Si ’algorithme a prouvé sa tolérance au bruit et aux
occlusions, il trouve en revanche ses limites pour les données naturelles. En effet,
les “serpents artériels” ne peuvent détecter que des tubes de rayons relativement
constants (par exemple, dans la figure 2.27 (bas), la surface de base est reconstruite
par ajustement d’une surface de révolution) et de plus leur complexité élevée ne
permet pas de traiter les volumes de données générés par des capteurs LiDAR.

FIGURE 2.27 — Adapté de (Li 2010), (gauche) “serpent artériel” élémentaire, (droite)
un exemple de reconstruction, extrait de la figure 14 de larticle.

La seconde méthode est celle développée par Kerautret et al. (Kerautret 2015) et
basée sur I'extration de courbes squelettales (voire figure 2.28). Plus précisément, les
auteurs s’appuient sur ’observation que la courbe squelettale d’une forme tubulaire
correspond au lieu d’accumulation des normales des points. Aprés discrétisation de
I’'espace, une procédure d’accumulation est donc mise en place et les lignes d’extrema
extraites (puis corrigées pour limiter I'impact du bruit). Cependant, cette approche
présente plusieurs inconvénients dans le contexte que nous envisageons, la premiére
étant sa sensibilité au bruit, aux occlusions. Par ailleurs, la reconstruction ne s’ap-
plique qu’a des objets de rayon fixe (ce rayon étant passé en parameétre). On peut
citer également 'approche de Tagliasacchi et al. (Tagliasacchi 2009), procédant par
extraction du squelette, qui souffre cependant de faiblesses similaires.
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FIGURE 2.28 — Adapté de (Kerautret 2015), (gauche) convergence des normales pour
une portion tubulaire, (droite) un exemple de reconstruction, extrait de la figure 8
de T'article.

Notre objectif était donc de développer un algorithme permettant de dépasser ces
limitations pour pouvoir traiter des données T-LiDAR denses, et présentant donc les
qualités suivantes : tolérance au bruit et aux occlusions, tolérance aux variations de
formes, aux changement de rayons, adaptabilité & un passage a I’échelle (les données
comportant typiquement du million au milliard de points).

2.3.4.2 Présentation de ’algorithme

Nous avons donc développé une approche permettant de détecter les formes tu-
bulaires avec pour objectif de relever les défis énoncés précédemment. La figure 2.29
synthétise notre algorithme.

Suivant toujours les hypothéses formulées & la section 3.3, nous avons en premier
lieu décidé d’utiliser une approche de type “reconnaissance de formes” et plus préci-
sément, nous avons défini une transformée de Hough alternative dédiée aux formes
tubulaires pour des nuages de points munis de normales. Les données sont ainsi
simultanément segmentées et localement approximées par une surface continue (ici
une primitive géométrique de base) dont la qualité d’ajustement indique la proba-
bilité de la reconstruction. En revanche, la ‘“rigidité” relative des cylindres permet
une reconstruction fiable pour des données trés partielles.

Les formes tubulaires correspondent donc & des lignes de score élevé dans 1'es-
pace de Hough. Afin de détecter ces derniéres, nous avons ensuite défini des contours
actifs ouverts et croissants dit “généralisés”. En effet, hors du contexte de 'image
dont proviennent les contours actifs, nous avons montré que ’hypothése de para-
métrisation normale du contour (faite dans tous les travaux a notre connaissance,
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dont (Cohen 1991), (Williams 1992), (Xu 1998)) n’était plus satisfaite. En modifiant
I’énergie de contour actifs en conséquence, nous obtenons des contours actifs ouverts

et croissants que nous utilisons pour localiser les lignes extrémales dans ’espace de
Hough.
L’utilisation de la combinaison Hough alternatif / contours actifs généralisés est

donc simultanément efficace, tolérante au bruit et aux occlusions (grace aux contours
actifs) ainsi qu’aux variations de densité

Point cloud
&
normal cloud

Hough transform variant

Hough space
computation

4D Hough space

Local threshold filtering

Filtered Hough space

Maxima detection

Seed candidates

Growing open active contours

Initialisation

Initial 4D curve

Energy minimisation

Stopping criterion f

reached ?

Final 4D curve

No Curve is long
enough ?

Inverse
Hough transform

Single tuboid as
series of 3D circles,

Add reconstructed
tuboid to result

Set of
tuboids

FIGURE 2.29 — Adapté de (Ravaglia 2017b) : présentation schématique de la détec-
tion de formes tubulaires (méthode baptisée STEP).
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Transformée de Hough alternative Un cylindre 3D comporte normalement 7
parameétres. Une transformée de Hough “standard” (qu’elle soit de “many to one” ou
“one to many”) serait d’une complexité rédhibitoire dans le contexte de nuages de
points denses.

Notre objectif est de détecter des formes tubulaires et pour cela, une définition
s’impose. Une forme tubulaire est une suite de cercles de I'espace 3D de centre et
rayon variant continument (ou de maniére duale, I’enveloppe d’une suite de sphéres
de centre et rayon variant continument). Par conséquent, ’axe du cylindre peut étre
déduit des centres tout simplement comme tangente & la courbe. Chaque cercle 3D
peut donc étre ramené a seulement quatre parameétres (coordonnées du centre et
rayon).

Mais la transformée de Hough resterait encore trop cotiteuse pour des données
LiDAR. Notre seconde idée a donc été de définir une transformée de Hough en cercle
alternative s’appliquant aux points munis de normales : sur un cercle il est bien connu
que les normales au cercle convergent vers le centre (voir figure 2.30). Dans notre
transformée de Hough en cercle pour points/normales, chaque point/normale (p, i7)
vote donc pour l'ensemble de cercles de centre c et rayon n avec ¢ = p + An et
r = |A|. Le vote de chaque point correspond donc & deux demi-droites dans I’espace
de Hough, pouvant ainsi étre calculées en temps constant par un algorithme de
lancer de rayons dans un espace de Hough borné.

FIGURE 2.30 — Transformée de Hough en cercles alternative pour points/normales.

Contours actifs ouverts et croissants généralisés Les contours actifs, intro-
duits par (Kass 1988) en 1988, ont ensuite été¢ largement étudiés et développés, en
particulier dans le contexte de I'image. Pour faire bref, disons qu’un contour ac-
tif permet, par minimisation d’énergie, de détecter des contours d’intérét dans un
espace discret.

L’énergie du contour est généralement définie par :

E 2/[Ez' (c(u) + Eq (c(u)) + Ee (c(u))] du

ot B (c(u)) = ald(u)|? + Bl¢" (u)|? est relite a la géométrie du contour (les deux
termes correspondant respectivement a ’étirement et a la flexion du contour),
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Eg4(c(u)) est un terme appelé “énergie d’image” et lié aux données (contraignant
le contour & évoluer vers les zones d’intérét de 'image) et Fe (c(u)) est un terme
d’énergie dit “externe” permettant d’inclure des contraintes additionnelles (comme
des forces de répulsion).

L’énergie d'image, définie comme [ Ej4 (¢(u)) du implique donc une hypothése de
paramétrisation normale du contour (qui est, certes, justifiée dans le cas d’images).
Cependant, dans le cas de contours actifs ouverts et croissants (dans lesquels des
étapes de croissances des extrémités du contour sont intercalées a des minimisa-
tion d’énergie), non seulement cette hypothése de paramétrisation normale devient
fausse, mais surtout, minimisation d’énergie (en particulier énergie d’étirement) et
croissance s’opposent et s’annulent.

Nous avons donc décidé d’abandonner ’hypothése de paramétrisation normale
pour 'énergie d’image en introduisant son intégrale le long du contour (nous omet-
tons ici Iénergie externe) :

Ey (C(U)):/[Ei (c(w) + Eq (c(w)) ¢ ()]] du (2.3)

L’énergie s’exprimant comme lintégrale d’une fonctionnelle F' (avec E; =
[ F(u,c(u), d (u),c”(u)) du), d’apres les équations d’Euler-Lagrange, elle atteint son
i . _OF d oOF d oF —
minimum quand : Be(w) — du (W) + 32 (W) =0.
Dans le cas de I'énergie E,;, on obtient L.

—2a ' (u) + 26" (u) +v1 —wvy =0 (2.4)

Eq(c(u))

avec w = W, et ou v1 and vy sont des matrices dont les lignes, notées respec-
c

tivement v1(u) et vy(u), sont définies par :

() = ¢V Eew) - LD Dy g2

(), d(w))
OIS (26)

De maniére surprenante, le terme v apparaissant dans ces contours actifs gé-

va(u) = || (u)]|¢"(u) -

néralisés est donc la composante de VE, orthogonale au contour (contrairement a
Pénergie “classique” dans laquelle le gradient a I’énergie de données apparait). Se
trouvent du méme coup résolus le probléme de paramétrisation du contour et 1’in-
teraction entre croissance et contours actifs puisque la minimisation de I’énergie ne
se fait plus qu’orthogonalement au contour.

Cette équation aux dérivées partielles est ensuite résolue, aprés discrétisation de
la premiére et seconde dérivée, en considérant la solution comme 1’état stationnaire

1. Avec I’énergie classique, les équations d’Euler-Lagrange donnent :

—2a ¢ (u) + 28" (u) + VEq4 (c(u)) =0
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d’un systéme dynamique dépendant du temps, lui méme calculé par une combinaison
de schémas d’Euler explicites et implicites.

Les coefficients « et 8 jouent un point important, contrélant respectivement
Iélasticité et la flexion du contour. Expérimentalement, le choix v = et § = s’avére
un bon équilibre entre ces deux influences.

Le lecteur pourra se reporter a (Ravaglia 2017b) pour une présentation plus
détaillée.

2.3.4.3 Reésultats

Comme présenté figure 2.31, nous avons évalué ’approche en particulier sur un
modéle constitué de formes tubulaires assemblées via un modeleur et sur des données
LiDAR acquises en environnement forestier (qui était notre domaine d’application
cible, celui sur lequel les approches existantes buttaient).

80 cm
80cm '17cm

|
30 cm 50 cm

240 cm

(a) (b) (c)

FIGURE 2.31 — Données utilisées pour la validation : (a) modéle synthétique, (b),
(c) données LiDAR acquises en environnement forestier.

A partir du modéle synthétique, utilisant un simulateur LiDAR physiquement
réaliste, nous avons généré des nuages de points que nous avons ensuite bruités et
décimeés (jusqu’a un taux de décimation de 90%). La reconstruction s’avére stable
jusqu’a environ 75% de points manquants et 4cm de bruit (ce qui correspond a
environ 10% de bruit et jusqu’a 25% dans les zones fines du modeéle). La figure
présente quelques exemples de reconstructions.
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() ()

FIGURE 2.32 — Quelques exemples de résultats : (a) segmentation/reconstruction
du modéle synthétique avec 3cm de bruit, (b) idem avec 75% d’occlusion, (c), (d)
segmentation /reconstruction des deux jeux de données LiDAR en environnement
forestier.

Un article de validation de la méthode est en cours de soumission portant sur
une étude statistique des résultats sur différents jeux de données pour lesquels des
données de référence sont disponibles, ainsi que sur la comparaison des résultats avec
les approches concurrentes. La tolérance au bruit et aux occlusions est confirmée par
ce travail de télédétection.

2.3.5 Reconstruction de Poisson basée sur un modéle CSRBF pour
données largement occluses

Je ne développerai ici que trés briévement ces travaux pour lesquels tous les
détails pourront étre trouvés dans l'article annexé (voir D.5).
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()

FIGURE 2.33 — Quelques exemples de résultats : (a) reconstruction du “bunny de
Stanford” (au centre, le modéle de référence, a droite en vert I’algorithme de Kazh-
dan’s pour une profondeur d’octree de 7, & gauche notre reconstruction pour une
profondeur d’octree de 7 également), (b) reconstruction d'un Terminalia superba
(non occlus), (c) reconstruction de portions d’arbres intégrant une information a
priori tubulaire pour les parties occluses.

Comme évoqué dans l'introduction, la reconstruction fine d’objets largement
occlus a partir de données LiDAR denses nous a conduits & développer un travail
sur la reconstruction de modéles implicites permettant d’intégrer des modéles a
priori. Cet objectif nous a alors menés vers deux choix :

— La premiére partie (reconstruction fine d’objets largement occlus a partir
de données LiDAR denses via des modéles implicites) nous a poussés vers
une reconstruction de Poisson ((Kazhdan 2006), (Kazhdan 2013)). Mais leur
modéle sous-jacent, obtenu par convolution de fonctions en escaliers manquait
malheureusement d’expressivité pour intégrer des modéles a priori.

— La seconde partie (reconstruction permettant d’intégrer des modeéles a priori)
nous incitait quant & elle & choisir une base de fonctions définie positive et plus
particuliérement des CSRBF (fonctions a base radiale et support compact)
pour des questions de complexité.
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Dans (Morel 2018a), nous développons un schéma de reconstruction de Poisson dont
le modéle sous-jacent est une famille de CSRBF. La symétrie de ces fonctions nous
permet au passage de proposer un calcul efficace des matrices en jeu. Enfin, nous
proposons un algorithme simple et rapide permettant d’intégrer des modéles a priori
tubulaires. La figure 2.33 illustre les résultats obtenus.

2.3.6 Conclusion

La collaboration initiale avec I'Institut Francais de Pondichéry, cadre initial de
ces travaux, s’est rapidement élargie pour s’intégrer dans un consortium plus large
dont les principaux interlocuteurs sont :

— Richard Fournier, Université de Sherbrooke, Québec, Laboratoire de Géoma-

tique appliquée (co-directeur de la thése de Joris Ravaglia)

— Cédric Véga, Institut Francais de Pondichéry, Inde, Laboratoire d’informa-
tique appliquée puis Institut Géographique National, Nancy, France (co-
directeur de la thése de Jules Morel)

— Alexandre Piboule, ONF, Nancy, France (responsable de la plateforme du
modeleur CompuTree dans lequel de nombreux travaux et développements
relatifs au LiIDAR sont mutualisés)

Ces travaux ont donc donné lieu a deux théses (financées par nos partenaires) :

Jules Morel

Reconstruction de surface a partir de donnees LiDAR terrestre acquises en foret
Novembre 2013 - Février 2017

Co-dirigée avec Cédric Véga et Marc Daniel (AMU, LSIS, Marseille, France)
Financée par I'Institut Francais de Pondichéry, Inde

Joris Ravaglia

Reconstruction de formes tubulaires a partir de nuages de points : application a
Uestimation de la geometrie forestiere

Septembre 2013 - Décembre 2017

Co-dirigée avec Richard Fournier et Marc Daniel (AMU, LSIS, Marseille, France)
Financée par I'Université de Sherbrooke, Québec

Une nouvelle thése, financée par I’Université de Sherbrooke, devrait débuter en
2019, faisant suite aux travaux de Joris Ravaglia (qui, aprés un postdoc & Bruxelles
sera ATER en 2018-2019 & I'Université de Marseille). Par ailleurs, Jules Morel, aprés
un Postdoc avec 'IRD de Montpellier, équipe AMAP puis un Postdoc a I'Institut
Francais de Pondichéry a obtenu une bourse japonaise JSPS pour un Postdoc de
deux ans a Tokyo.






CHAPITRE 3

Homologie algorithmique

On ne s’entretue pas pour les mathématiques, ni pour aucune
science, ni méme pour une vérité de fait, lorsqu’elle est bien
établie. On ne s’entretue que pour ce qu’on ignore ou qu’on est
incapable de prouver. [...] Si 'une quelconque de ces religions
avait la moindre preuve a avancer, elle n’aurait pas eu besoin
d’exterminer les autres.

André Comte Sponville
L’esprit de l’athéisme
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3.1 Cadre

Cette partie décrit mes travaux dans le domaine de la topologie algorithmique et

ses interactions avec la géométrie. Si la naissance de la topologie a été sous-tendue,

dans ses premiers temps, par de fortes intuitions géométriques (travaux de Riemann,

Betti, Poincaré ...), son évolution Mathématique passa par une axiomatisation al-

gébrique.
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L’émergence de la recherche informatique, algorithmique et de l'informatique
graphique dans les années 1980 puis 1990, apporta un nouvel axe de travail relatif a
I’homologie : celui de 'algorithmique. Savoir calculer ’homologie de maniére efficace,
apporter aux résultats un support géométrique, sont des enjeux clé tant d’'un point
de vue théorique qu’applicatif.

Jai déja commencé a brosser dans l'introduction (voir section 1.3) les grandes
lignes de la topologie et de 'homologie algorithmique. J'introduirai plus en détails,
dans la section suivante (3.2), les notions fondamentales de I’état de I’art liées & mes
travaux. Puis, dans la section 3.3, je développerai ces travaux et leur intégration
dans la perspective de “géométrisation de la topologie”, avant de conclure dans la
section 3.6.

3.2 Rapide panorama de la topologie algorithmique

Avant de décrire plus précisément nos travaux et afin de pouvoir mieux les res-
tituer dans leur contexte, il m’a paru opportun de présenter briévement différentes
notions liées a la topologie et topologie algorithmique. Le lecteur pourra se reporter
par exemple & (Hatcher 2002) pour une présentation plus détaillée de la topologie
algébrique.

3.2.1 Le monde continu : topologie et topologie algébrique

On pourrait dire que la topologie générale provient du monde continu. Formalisée
pour le premiére fois par Hausdorff en 1914, elle s’affranchit alors des métriques au
profit de la notion de voisinage. Un espace topologique est défini comme une collection
d’ensembles (les ouverts) munie de propriétés vis a vis de 'union et de I'intersection.
De la s’ensuit la définition d’une application continue dans ce contexte trés général.
L’espace euclidien R™ peut étre muni d’une topologie dite usuelle (définie & partir
des boules ouvertes pour la norme euclidienne).

La topologie permet alors de formaliser différentes notions de similitude pour des
notions d’espaces topologiques (espaces homéomorphes, de méme type d’homotopie
(homotopiquement équivalents), isotopes (isotopie ambiante) ...), et donc d’étudier
les classifications associées. C’est un “point de contact” important avec 'informatique
graphique.

On dit que deux sous-espaces de R™ sont homéomorphes s’il existe une fonction
bijective, continue et d’inverse continu entre eux (intuitivement, on peut déformer
I'un en lautre par étirement et flexion, mais sans coupures ni recollements). On
pourrait dire, en exagérant a peine, qu’'un des Graal topologiques consiste a classifier
les objets a homéomorphisme prés. Malheureusement, la réponse n’est pas si simple
et classifier en toute généralité des sous-espaces de R™ n’est pas chose aisée.

La notion d’espaces homotopiquement équivalents est une relation moins fine
que celle d’homéomorphisme, caractérisant le fait qu’'un espace peut étre déformé
en un autre par des fonctions continues dépendant d’un paramétre de temps. Ce-
pendant, I’homotopie s’avére fort utile pour comprendre les homéomorphismes car
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plus “calculable”’, comme nous le verrons.

La notion d’isotopie (ambiante) raffine au contraire celle d’homéomorphisme en
considérant 1’espace ambiant (permettant ainsi de distinguer deux cercles imbriqués
ou non).

Dans ce contexte, la topologie algébrique est fondée sur l'idée que la structure
d’un espace (et la classification des espaces topologiques pour les relations précé-
dentes) peut étre étudiée par le prisme algébrique. En se focalisant sur certains
objets construits a partir de l'espace & étudier (ensembles de courbes dans cet es-
pace, ensemble d’applications continues, ensembles d’applications entre ’espace et
des espaces standards comme sphéres ou simplexes), une structure algébrique de
groupe ou A-module peut étre obtenue. Il est remarquable d’observer que cette
structure algébrique caractérise en fait la topologie de ’espace initial. On obtient
ainsi des invariants algébriques permettant la classification des espaces entre eux a
homéomorphisme prés.

3.2.1.1 Homotopie

Bien que la notion d’homotopie ne soit pas (ou peu) utilisée dans ce manuscrit,
il m’a néanmoins semblé intéressant de l'introduire : d’une part par souci de com-
plétude, et d’autre part, car elle est plus directement accessible & l'intuition que
I’homologie dont il sera question par la suite.

Univers topologique : équivalence d’homotopie entre espaces Avant de
parler d’homotopie entre espaces, il est nécessaire de définir 'homotopie entre appli-
cations : deux applications f,: g : X — Y sont homotopes s’il existe une application
continue H : [0,1] x X — Y telle que H(0,:) = f et H(1,:) = g.

On dit alors que deux espaces topologiques X et Y ont le méme type d’homotopie
ou sont homotopiquement équivalents s’il existe f : X - Y et g : Y — X telles
que f o g soit homotope a Idy et g o f soit homotope a Idx (on dit que f est une
équivalence d’homotopie).

Des espaces homéomorphes ont méme type d’homotopie, mais I'inverse est faux,
ainsi a la figure 3.1 (a), les espaces X et Y ont méme type d’homotopie (I’application
f envoyant la partie jaune de X vers le point x de Y et ¢ = ¢ Uinclusion, forment
une équivalence d’homotopie), mais ne sont pas homéomorphes (la suppression de
x crée quatre composantes connexes dans X mais seulement trois dans Y).

Univers algébrique associé : groupe fondamental Les “objets” appropriés
pour fabriquer un outil algébrique & partir de cette notion topologique sont les
chemins fermés sur 'espace étudié.

On appelle chemin dans X une application continue 7 : [0,1] — X ; cet ensemble
peut étre muni d’une opération naturelle de juxtaposition (appelée composition dans
ce contexte et consistant & mettre deux lacets ou chemins bout a bout).

Etant donné un espace topologique X et xg € X, on appelle lacet en xy un
chemin fermé tel que y(0) = (1) = xo.
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On définit alors une relation d’équivalence entre ces chemins : 71,7 sont dits
homotopes s’ils ont mémes extrémités et si les applications 71, v2 sont homotopes, ie.
s’il existe une déformation continue de I'une vers 'autre (homotopie, voir figure 3.1

(b))-

Yo

(a) (b)

FIGURE 3.1 — (a) Exemple d’espaces de méme type d’homotopie mais non homéo-
morphes. (b) Relation d’homotopie entre deux chemins o et 7.

Afin de construire un objet algébrique capturant I'information topologique, on
quotiente alors ’ensemble de ces lacets par la relation d’homotopie ; la classe d’équi-
valence d’un lacet v, notée [v], correspond donc & un ensemble de lacets équivalents
(on peut passer continument de I'un a 'autre). Il se trouve que I'opération de compo-
sition entre lacets “héritée” (opération quotient) munit alors cet ensemble de classes
d’une structure de groupe non commutatif appelé groupe fondamental (noté m1(X)).
La figure 3.2 illustre deux classes dans le cas du tore. Etant donné une classe [v],
el -
est donc une boucle “aller-retour” depuis z ; elle peut étre déformée en la “raccour-

correspond tout simplement au parcourt du lacet “en sens inverse” et [y]o[Y]

cissant” progressivement en un lacet constant égal & xg, ’élément neutre du groupe.

Dans le cas du tore, on peut montrer via le théoréme de Seifert-Van Kampen,
que le groupe fondamental est le groupe libre engendré par a = [y] et b = []
quotienté par leur commutateur ({(a,b|aba~'b~!) dans la notation de présentation
de groupes).
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FIGURE 3.2 — Illustration du groupe fondamental du tore : v et 4/ deux cycles non
homotopes (en rouge et bleu respectivement) et quelques cycles appartenant & leurs
classes respectives (orange et bleu clair).

Le groupe fondamental étant construit & partir des lacets de ’espace X, il ne
peut “capturer” que la structure de dimension au plus 2 de X ; on peut cependant
étendre 'approche aux dimensions supérieures pour définir les groupes d’homotopie
Tn(X).

L’outil algébrique apporte, comme on l’espérait, une réponse aux questions to-
pologiques : deux espaces de méme type d’homotopie ont des groupes fondamentaux
isomorphes (donc le groupe fondamental est un outil algébrique permettant de dis-
criminer les espaces homotopiquement équivalents ou non).

3.2.1.2 Modélisation des espaces au moyen de complexes

Une fois cet outil algébrique défini, vient la question du calcul du groupe fonda-
mental. Le théoréme de Seifert-Van Kampen fournit un résultat de décomposition :
intuitivement, il décrit comment le groupe fondamental d’un espace topologique
peut étre calculé a partir de ceux de ses “composantes” (recouvrement ouvert a
intersection connexe par arc), aboutissant a une présentation de groupe.

On pourrait donc dire que la question de la “modélisation” des espaces émerge
naturellement comme un besoin de décrire un espace topologique a partir d’es-
paces plus simples. On distingue généralement trois types de “modéles” de la sorte,
appelés complexes : les complexes simpliciauz, les compleres cubiques et enfin les
CW-complezes ou complezes cellulaires.

1. Un complexze simplicial fini K est un ensemble de sommets (appelés
O-simplexes), arétes (1l-simplexes), triangles (2-simplexes), tétraédres (3-
simplexes) ... tel que toutes les faces! d’un g-simplexes appartiennent egale-
ment a K et U'intersection de deux g-simplexes est une face commune.

2. Un complexe cubique fini K, est un ensemble de sommets (appelés 0-
simplexes), arétes (1-simplexes), carrés (2-simplexes), cubes (3-simplexes) ...

1. Les faces d’un simplexe sont les simplexes de son bord, par exemple, les faces d’un triangle
sont ses trois arétes de bord, celles d’un tétraédre sont composées de quatre triangles.
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satisfaisant les méme propriété de complétude et d’intersection.

3. Un complexe cellulaire (ou CW-compleze) enfin est une construction plus abs-
traite constitué de g-cellules (images continues de la boule fermée de dimen-
sion ¢) recollées le long de leur bord (voir (Hatcher 2002) pour une définition
précise). Les complexes cellulaires constituent une généralisation commune
des complexes simpliciaux et cubiques.

On appelle dimension de K la dimension maximale de ses éléments. La notion de
face est centrale (le bord d’une cellule de dimension ¢ est constitué de faces de
dimension g — 1), car elle sous-capture la topologie de 1’espace (deux cellules sont
adjacentes si elles admettent une face commune). On appelle diagramme de Hasse
le graphe reliant chaque cellule a ses faces. La figure 3.3 illustre ces différents types
de complexes.

V a vV
b b - —
V. a v

()

FIGURE 3.3 — (a) Complexe simplicial, (b) Complexe cubique, (¢) Complexe cellu-
laire (les 0-cellules sont représentées en rouge, les 1-cellules en noir, les 2-cellules en
vert et les 3-cellules en jaune).

Le théoréme de Seifert-Van Kampen se particularise alors sur de telles structures,
permettant d’obtenir une présentation du groupe fondamental. Malheureusement,
cette présentation s’avére insuffisante d’un point de vue calculatoire; en effet, dé-
terminer, entre autre, si un groupe est trivial & partir de sa présentation est non
décidable (probléme du mot dans un groupe, auquel le théoréme de Novikov-Boone
apporte une réponse négative).
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3.2.1.3 Homologie

Ainsi, si le groupe fondamental et les groupes d’homotopie permettent effective-
ment de capturer algébriquement la notion topologique d’homotopie, ils présentent
cependant de mauvaises propriétés calculatoires (difficiles a calculer en général).
Leur non commutativité contribue largement a cela.

L’homologie présente un équilibre trés différent : ayant de bien meilleures pro-
priétés calculatoires, le prix a payer est que sa construction s’éloigne de 'intuition
qui sous-tendait I’homotopie pour devenir abstraite et algébrique. Cependant, pour
reprendre l'intuition développée dans (Hatcher 2002), on peut envisager I'homologie
comme une simplification de I’homotopie qui serait abélianisée (rendue commuta-
tive). On utilise alors une notation additive, et les lacets d’un espace X deviennent
alors des combinaisons linéaires (a coefficients dans un anneau A, souvent Z) d’arétes
ou chaines (voir figure 3.4, par exemple la chaine a — e — d — f). Les signes et co-
efficients sont un “ingrédient algébrique” peu intuitif; ils permettent de définir un
opérateur de bord associant & une chaine ... ses extrémités (nous y reviendrons).

Pour garder une vision intuitive, deux chaines de ce type sont (topologiquement)
équivalentes lorsqu’on peut passer contintiment de I'une a I'autre, déformer I'une en
I’autre. Dans notre cadre algébrique, cela revient & dire que la différence entre ces
deux chaines est le bord d’une partie connexe de X (ensemble de faces).

Chafne -a+b+e+f

9,(a-e-b-f)=0 donc cycle

C =
CZ = Gr{UIV}
C'I = Gl’{a,b,C,dre:frg}

C0 = Gr{v1,v2,v3,v 4}

F1GURE 3.4 — Exemple intuitif de calcul d’homologie. Cet exemple reste volontaire-
ment imprécis (nous ne spécifions pas le type de complexes pour mettre ’accent sur
I'intuition commune).

Cet opérateur de bord est la clé de 'homologie. C’est une application linéaire
(noté J, en dimension ¢) associant & chaque cellule de dimension ¢ une combinaison
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linéaire des cellules (de dimension ¢— 1) de son bord, les signes permettant d’assurer
que le bord d’une suite d’arétes corresponde a ses extrémités (voir figure 3.5). Par
exemple les chaines a et a — e ont pour bords respectifs v; — vy et v9 —v4. Une chaine
(combinaison linéaire d’arétes) correspond donc bien & un cycle si son bord est nul
(par exemple a —e — b — d).

9 (U)=-a+b+e+f

82(V)=c-e—f—d
az(nU+mV)=-na+nb+mc-md+(n-m)(e+f)
d'ou ker(d,)=Gr{U+V}=H_(C) (car 3,=0)

d,(@)=v,-v,etd (a-e)=v,-v,

9,(a-e-b-f)=0, et a-e-b-f=0,(-U)
9,(b+c)=0, mais b+c ¢ Im(d,)
9,(g)=0

[b+c], [g] € H,(C)

d  [b+c]et[g] sont
deux classes
distinctes de H](C) (en bleu),
mais représentants non uniques :

82(U+V)=b+c-(a+d)
Donc dans H](C) :
[b+cl=[a+d]

F1GURE 3.5 — [llustration de 'opérateur de bord et des classes des groupes d’homo-
logie sur ’exemple 3.4.

Tous les ingrédients sont maintenant réunis pour définir les groupes d’homologie :
— Etant donné un complexe K de dimension n, on note Cj; le A-module libre
engendré par ’ensemble de g-cellules
— L’opérateur de bord est une famille d’applications linéaires 9, : Cy — Cy_1
telles que 04—10; = 0 (donc Im(9,) C ker(dy—1)). On appelle compleze de
chaine ce couple (C, ), que 'on note généralement :

0, Oq— 14] o]
Oy B O = 0L S 0y 0

— On appelle cycle une chaine de ker(9,—1) (intuitivement une boucle d’aréte)

— On appelle bord une chaine de Im(9,) (ie. un cycle obtenu comme bord d’un
ensemble faces)

— Les groupes d’homologie d’'un complexe de chaine (C,0) sont les quotients :

H,(C) = ker(d,)/Tm (0, 1)

Cette approche intuitive cache quelque peu I’élément clé : la définition du com-
plexe de chaine (et donc de l'opérateur de bord) associé & un complexe donné. On
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obtient ainsi trois notions d’homologie : homologie simpliciale (pour des complexes
simpliciaux ou cubiques), homologie cellulaire (pour des complexes cellulaires) et en-
fin homologie singuliére (notion la plus générale, définie de maniére abstraite pour
des espaces topologiques quelconques). On montre cependant que ces trois défini-
tions sont équivalentes. Nous renvoyons le lecteur a (Hatcher 2002), par exemple,
pour une présentation détaillée.

Dans le cadre de complexes finis, les groupes d’homologie sont des groupes
commutatifs finiment engendrés (on appelle base un ensemble de générateurs, par
exemple les deux cycles bleu de la figure 3.5) et comme tels, pour tout g, il existe
un isomorphisme (décomposition en facteurs invariants) :

H,(C) =~ APt x AJMAX - x AJMA By eNet {A,...,\} CA

ot Aj | Ai1 (divisibilité dans 'anneau .A). Les nombres (3, sont appelés nombres de
Betti (et les \; coefficients de torsion). Les nombres de Betti sont des invariants
topologiques particuliérement pertinents dans un contexte géométrique, ils carac-
térisent le nombre de “trous” (ou de cycles générateurs) en chaque dimension (5
est le nombre de composantes connexes, $1 le nombre de cycles, 82 le nombre de
cavités ...).
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3.2.2 Le monde discret : homologie algorithmique

3.2.2.1 Des objets digitaux aux complexes de chaine

FIGURE 3.6 — Illustration en 2D du complexe cubique associé & un objet binaire
(image). Pour la 4-connexité, chaque pixel de l'image est représenté par une 0-
cellule et la topologie associée induit les cellules de dimension supérieure. Pour la
8-connexité, chaque pixel de 'image induit une 2-cellule (carré) et le complexe est
alors clos par adjonction récursive des faces.

Avant de décrire les principales approches d’homologie algorithmique, un détour
est nécessaire pour mettre en relation le monde digital et le monde topologique.
Comme nous 'avons évoqué, la topologie classique s’appuie sur des espaces topo-
logiques. Le monde de 'informatique (graphique) manipule, quant & lui, des objets
discrets.

Une transition naturelle consiste donc & encoder la topologie discréte (que ce soit
des maillages ou volumes binaires) en un complexe (simplicial, cubique, cellulaire ...)
sur lequel il sera alors possible de calculer I’homologie.

Le complexe simplicial associé a un objet discret maillé (au sens des maillages
triangulaires et de leurs extensions en dimension supérieure) est trivial. La figure 3.6
illustre la construction du complexe cubique associé & un objet binaire en fonction
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de la topologie choisie en 2D (image). Pour une description plus formelle, le lecteur
pourra se reporter & (Gonzalez-Lorenzo 2017b).

3.2.2.2 Algorithmique et homologie

Un peu a la maniére du théoréme de Van Kampen pour I’homotopie, il est égale-
ment possible d’obtenir un résultat de “décomposition de ’homologie” au moyen
des suites (exactes) de Mayer-Vietoris (voir (Hatcher 2002), p.149). Cependant,
I’homologie permet d’aller plus loin dans l’algorithmique et d’obtenir une repré-
sentation trés précise des groupes d’homologie. Pour reprendre la classification
suggérée par (Peltier 2006) et reprise dans la thése d’Aldo Gonzalez Lorenzo et
(Gonzalez-Lorenzo 2017b), I'information homologique peut étre classifiée de la ma-
niére suivante :

— Niveau 0 Caractéristique d’Euler-Poincaré (liée au genre pour les surfaces

orientées fermées)

— Niveau 1 Nombres de Betti

— Niveau 2 Décomposition en facteurs invariants des groupes d’homologie

— Niveau 3 Groupes d’homologie décrits par générateurs et décomposition en

cycles

Les différents travaux portant sur I’homologie algorithmique s’articulent dans
cette gradation ol information homologique rime avec complexité algorithmique. Je
présenterai briévement, dans la suite de cette partie, les grandes classes d’approche
de ’homologie algorithmique afin de mieux circonscrire le champ de mes travaux et
collaborations.

3.2.2.3 Forme normale de Smith

La forme normale de Smith est la méthode la plus classique de calcul de I’ho-
mologie, introduite dans (Seifert 1934), paragraphe 87 (Normalform ganzzahliger
Matrizen), puis repris dans (R. Munkres 1984).

Etant donné un complexe (complexe simplicial, cubique ou plus généralement la
réalisation d’un complexe cellulaire), 'opérateur de bord, linéaire, peut-étre encodé
en chaque dimension par une matrice D, appelée matrice de bord. Le calcul de la
forme normale de Smith de cette matrice est relativement similaire & une élimina-
tion de Gauss (mais réalisée sur I'anneau A avec des conditions de divisibilité des
coefficients).

Tandis que l'approche initiale de Munkres ne permet d’atteindre que le “ni-
veau 2”7 (donc obtenir une décomposition en facteurs invariants), les travaux de
(Peltier 2006) étendent cette forme normale de Smith pour obtenir également une
base d’homologie.

Malheureusement, méme si, grace aux travaux de (Storjohann 1996), la com-
plexité a pu étre réduite a une complexité super-cubique, le calcul par forme nor-
male de Smith reste inefficace pour traiter des objets digitaux (la matrice de bord
est rapidement volumineuse et les coefficients entiers mis en jeu peuvent étre trés
grands).
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3.2.2.4 Homologie effective

L’idée de 'homologie effective (aussi appelée contraction, rétraction par défor-
mation forte ou encore extension trivialisée) est assez naturelle. Puisque la taille du
complexe de chaines est problématique pour le calcul de la forme normale de Smith
(FNS), on construit un complexe réduit, de méme homologie, sorte d’amincissement
du complexe initial, sur lequel le calcul de la FNS sera donc plus simple.

Une telle transformation, appelée réduction de complezxes de chaines entre (C,0)
et (C’,0") (proche de l’équivalence d’homotopie de chaines), est un triplet de mor-
phismes gradués (h, f,g) :

dg+1 dq 9g—1

— C — C —
— q — q—1 —
hq+1 hq hq,1
quIQq fq—l‘[gq—l
o/ o! o _
e Cl_y —

satisfaisant des propriétés de commutativité. Le lecteur pourra se reporter a
(Sergeraert 2005) pour plus de détails.

Une réduction est dite parfaite si & = 0 et dans ce cas, elle permet d’obtenir
I'information homologique de maniére directe : C’ correspond au groupe d’homologie
et g permet d’obtenir une base de ces groupes.

La réduction est un outil puissant et général. Dans (Boltcheva 2010), les auteurs
montrent que le calcul de la forme normale de Smith peut étre relu comme une
réduction (parfaite en I’absence de torsion). De nombreux travaux ont montré son
efficacité dans le contexte de I'image (voir par exemple (Gonzélez-Diaz 2011a) ou
(Gonzalez-Diaz 2011d)), ou pour des questions plus théoriques en homologie algo-
rithmique ((Gonzélez-Diaz 2011b), (Pilarczyk 2015)).

Cependant, I’encodage des applications linéaires implique, 1& aussi, le stockage
de matrices volumineuses, qui pénalisent I’application a des objets discrets (images,
volumes binaires ...) conséquents.

3.2.2.5 Théorie de Morse discréte

La théorie de Morse discréte, introduite par Forman en 1998, est une discrétisa-
tion de la théorie de Morse continue. La fonction de Morse peut cependant, dans le
cas discret de complexes cellulaires, étre représentée de maniére plus simple, par un
champ de vecteurs discret, ¢’est-a-dire un graphe sur le complexe. La nature combi-
natoire de ce champ de vecteurs est particuliérement intéressante dans le contexte
de l'informatique graphique, car elle permet de maintenir un lien entre calcul de
I’homologie et géométrie des objets. C’est a la fois une motivation fondamentale de
nos travaux et une pierre de touche pour ces derniers.

Puisqu’une part non négligeable de nos résultats porte sur un prolongement
de la théorie de Morse discréte, j’introduirai, dans la suite de ce paragraphe, les
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éléments nécessaires & la compréhension de ce qui suit. Le lecteur pourra se reporter
a (Forman 1998) ou (Forman 2002) pour une présentation plus détaillée.

Etant donné un complexe K (simplicial, cubique ou cellulaire), on appelle champ
de vecteurs discret (DVF - discrete vector field) V' le graphe obtenu & partir d’un
couplage sur le diagramme de Hasse de K dont toutes les arétes ont été inversées.
Le graphe de Morse associé & V est alors obtenu a partir du diagramme de Hasse,
en remplacant toutes les arétes du couplage par celles de V. Ces arétes sont appelées
fléches intégrales (par opposition aux arétes du diagramme de Hasse qui représentent
lopérateur de bord et sont donc appelées fleches différentielles). La figure 3.7 pré-
sente un exemple de complexe cubique et de champ de vecteurs discret associé. En
général, seul le champ de vecteur discret est représenté (le reste du diagramme de
Hasse étant implicite).

(a)

FIGURE 3.7 — Exemple de champ de vecteur discret : (a) complexe cubique, (b)
diagramme de Hasse (fléches bleu clair), (c¢) couplage sur le diagramme de Hasse
(fleches vertes), (d) champ de vecteurs discret (orange) et graphe de Morse associé,
(e) cellules critiques (bleu foncé).

Le graphe de Morse se décompose en un ensemble de sous-graphes : pour chaque
dimension ¢, on peut considérer le sous-graphe dont les arétes relient des cellules
de dimension ¢ et ¢ + 1 (dont les chemins sont appelés V-chemins de dimension
q). Lorsque chacun de ces sous-graphes est acyclique, on parle de champ de vecteur
gradient discret (DGVE - discrete gradient vector field) , qui est alors le champ
de vecteur associé & une fonction de Morse discréte. Ces structures combinatoires



68 Chapitre 3. Homologie algorithmique

constituent le noeud central de la théorie de Morse discréte. Pour terminer les “pré-
sentations”, on appelle cellule critique (voir figure 3.7 (e)) toute cellule n’appartenant
pas au couplage.

L’un des résultats centraux de la théorie de Morse discréte est que le nombre de
cellules critiques de dimension ¢ d’'un DGVF sur K est supérieur au géme nombre de
Betti (dont il donne donc une estimation). On dit qu'un DGVF est parfait lorsque
ces deux nombres coincident.

Le résultat précédent pourrait constituer une forme de graal : calculer I’homologie
grace & un travail combinatoire de “saturation” de graphe. Intuitivement, un DGVF
parfait est un DGVF contenant un nombre maximal d’arétes (voir figure 3.8). Dans
ce cas, le graphe permet un accés direct & ’homologie : non seulement les cellules
critiques fournissent les nombres de Betti, mais, au dela de cela, le DGVF induit
une réduction et le complexe réduit est précisément formé des cycles d’une base
d’homologie. Le graphe porte ainsi I'information homologique : a titre d’exemple,
le chemin reliant les deux bords de 'aréte critique de la figure 3.8 est la base de
H,(K) fournie par ce DGVF et sa réduction associée.

/ﬁ—o ./a—

- - ; A o

@ Vv (b)

FIGURE 3.8 — Exemples de champ de vecteur gradient discret (DGVF) sur un com-
plexe cubique de dimension 3, (a) DGVF non parfait, (b) DGVF parfait (le complexe
comporte une cellule critique de dimension 0 et 1; Sy = 1 car le complexe comporte
une composante connexe, 1 = 1 car le complexe comporte un cycle). En bleu clair,
le cycle obtenu comme base d’homologie.

De nombreux travaux proposent des algorithmes de construction de DGVF
parfaits (voir par exemple (Forman 1998), (Molina-Abril 2012) ou (Real 2015))
ou de structures combinatoires similaires (comme les AAT modeles de
(Gonzalez-Diaz 2011c)). Malheureusement, si l’espoir est possible en dimension 2
(ot des DGVF parfaits existent et sont atteignables par des stratégies d’inversions
de chemins et d’insertion itérative d’arétes), des résultats négatifs apparaissent dés
la dimension 3 :

1. Certains complexes (tels la “maison de Bing” (Bing’s house) ou le “bonnet
d’ane” (dunce hat), qui est un complexe simplicial triangulant ’espace pro-
jectif de dimension 2) n’admettent pas de DGVF parfait.
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2. En dimension quelconque, le calcul d'un DGVF optimal (contenant un
nombre maximal d’arétes) est NP-complet.

3.2.2.6 Homologie persistante

Il serait impossible de terminer ce panorama de la topologie algorithmique dis-
créte, sans évoquer ’homologie persistante. Introduite indépendamment par Frosini
et Ferri (Bologne, Italie), Robins (Colorado, USA) et Edelsbrunner (Caroline du
Nord, USA), 'homologie persistante apporte a la topologie une dimension géomé-
trique. Elle associe intuitivement une notion de “taille” aux invariants topologiques,
permettant ainsi d’en mesurer I'importance.

Bo=1,61=4,62=1

Bo=2,81=1,62=0 Bo=1,81=2,82=0 Bo=1,61=3,2=0

Intervalles de persistance
Dim(0) | [to, t1]
Dim(l) [tla OO], [t2a OO], [ti’n OO]
Dim(2) | [t4, 0]

FIGURE 3.9 — Persistance homologique pour un tore creux a deux trous (avec comme
fonction de persistance la fonction hauteur).

A partir d’'une filtration de complexes (suite croissante de complexes) () C K° C
K'C Kt C ... C K™ = K, l'idée est de repérer la “date” de naissance et de mort
de chaque classe d’homologie (voir figure). Le diagramme de vie et de mort obtenu
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(diagramme de persistance) permet ainsi de caractériser la taille de ces éléments :
un trou de “petite taille” aura ainsi un intervalle de persistance trés court.

Le lecteur pourra se reporter, par exemple, a (Edelsbrunner 2008) pour une
présentation détaillée.

3.2.2.7 Intérét en informatique graphique (entre autre)

La topologie algébrique (et en particulier I’homologie) fournit donc un outil pré-
cieux et efficace. Il permet ’extraction d’une information topologique sur les espaces
par un changement de point de vue : le passage aux espaces algébriques. L’homologie
apporte, entre autre, une information précise sur la structure des trous d’un objet.
Son application & des objets discrets permet donc de dépasser la géométrie; les
invariants topologiques s’avérent donc complémentaires aux descripteurs de forme
géométriques.

Avec I’évolution conjointe de la puissance des ordinateurs et d’une algorithmique
efficace de calcul de ’homologie, les applications de ’homologie ont commencé a
émerger depuis une vingtaine d’années. Elles s’étendent des systémes dynamiques a
I’éléctromagnétisme, en passant par la modélisation géométrique, ’analyse d’images,
I’étude de réseaux ou de systémes distribués. Les enjeux applicatifs et théoriques sont
donc trés vastes et beaucoup reste faire.

3.3 Objectifs et organisation des travaux

Comme nous 'avons déja évoqué, le fil conducteur de ces travaux pourrait étre
résumé dans l'objectif suivant : “géométriser” la topologie et “topologiser” la géomé-
trie, structurant ainsi a la fois mes travaux théoriques, algorithmiques et appliqués.
La figure 3.10 synthétise ces contributions, leur position par rapport aux grands
domaines de I’état de 'art (en blanc) et leurs relations.

— Le volet théorique de ces travaux comporte deux parties majeures :

— La définition des HDVF (extension de la théorie de Morse discréte) et
leur étude. Sur cette base, nous avons pu démontrer formellement des
résultats permettant de calculer de maniére rapide les nombres de Betti
en dimension 3.

— La définition d’une notion de mesure géométrique des trous (topologique).

— Le volet algorithmique des travaux s’adosse a ce volet théorique et porte
donc sur I'algorithmique de calcul des HDVF, ainsi que sur un algorithme de
calcul rapide des nombres de Betti en dimension 3. Le gain de performance
nous a d’ores et déja permis une collaboration dans le domaine de la géologie
pour la caractérisation de roches karstiques.

— Le volet applicatif comporte pour I'instant une étude en collaboration avec
le CEREGE (Marseille) sur la caractérisation (topologique) des structures
karstiques. Mais les mesures géométriques associées aux trous, en particulier,
offrent de nombreuses perspectives sur lesquelles nous reviendrons.



3.3. Objectifs et organisation des travaux 71

FIGURE 3.10 — Synthése des travaux en topologie et applications (en couleur, les
travaux de l'auteur et ses co-auteurs).

Comme je 'ai évoqué dans la premiére partie de ce chapitre, I’homologie puise
ses racines dans la géométrie (entre autre, la géométrie des surfaces compactes) et
y trouve également de multiples applications. Nos travaux dans ce domaine s’ins-
crivent dans cette dynamique : développer l'outil topologique dans une direction
géométrique.

Dans cette perspective, la théorie de Morse discréte revét une importance par-
ticuliére et nos travaux ont pris naissance dans le cadre d’'une collaboration avec
Pedro Real Jurado de I’Université de Séville. Dans de nombreux travaux, il avait
exploré l'algorithmique de la théorie discréte de Morse pour les images 2D, dé-
finissant entre autre la notion d’arbre couvrant homologique ((Pilarczyk 2015),
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(Molina-Abril 2012), (Gonzalez-Diaz 2011b), (Gonzélez-Diaz 2011c)). Comme nous
I'avons suggéré précédemment, l'intérét de cette approche réside dans sa combi-
natorialité : 'homologie n’est pas seulement calculée, mais représentée et analysée
comme un graphe sur ’objet initial. Les contractions algébriques peuvent donc étre
interprétées comme une sorte d’amincissement sur I'objet ; topologie et géométrie
sont donc intimement liées.

Malheureusement, au dela de la dimension deux, le graphe de Morse échoue a
calculer ’homologie et les seules approches possibles devenaient donc purement algé-
briques (forme Normale de Smith, homologie effective ou complexe de Morse itéré),
perdant le contact avec I’'objet géométrique initial. La premiére phase de nos travaux
s’est donc concentrée sur une forme “d’extension” de la théorie de Morse discréte : les
HDVF (homological discrete vector fields). Notre but était de définir une structure
combinatoire (graphes) proche des DGVF (reposant donc sur la géométrie), mais
suffisamment souple et expressive pour permettre le calcul de I’homologie. 11 s’est
avéré qu’il était pour cela nécessaire de relacher la condition d’acyclicité des DGVF
en la remplacant par une notion d’inversibilité de la matrice de bord.

Nous avons alors prouvé que les HDVF ainsi définis fournissent bien une ré-
duction puis avons proposé différents algorithmes de calcul des HDVF pour des
complexes cellulaires. Comme attendu, la nature “géométrique” (combinatoire) des
HDVF permet de décrire les algorithmes de calcul en termes de graphes (ajout
d’arétes, inversion ou modification de chemins ...), et donc d’intégrer les travaux
de l'é¢tat de lart (dont, entre autres, les travaux de Forman) dans ce cadre plus
général. De méme, la forme normale de Smith tout comme I’homologie effective, les
complexes de Morse itérés et la persistance homologique peuvent étre revisités dans
ce cadre général.

Une fois les HDVF en place, nos travaux ont alors consisté a mettre en pratique
cet outil et & explorer le lien géométrie-topologie ainsi généré. En particulier, nous
nous sommes penchés sur le calcul rapide des nombres de Betti en dimension trois.
En effet, le calcul général de I’homologie étant de complexité approximativement
cubique, l'application & des données volumineuses reste problématique. Grace aux
HDVF, nous avons pu montrer que les trois premiers nombres de Betti (5p, 51 et
B2) peuvent étre obtenus par simples calculs de composantes connexes, donc en
temps linéaire. Nous avons ainsi proposé des versions séquentielle et paralléle d’un
algorithme baptisé “Vite Betti” dont I'exécution est de 100 & 300 fois plus rapide
que les algorithmes de référence (Redhom (Juda 2016)).

Toujours dans cette perspective de “géométrisation” de la topologie, un second
volet de nos travaux a ensuite exploré les liens entre persistance homologique et
HDVF. Plus précisément, notre intention était de pouvoir caractériser la taille (géo-
meétrique) d’un trou topologique. Nous avons ainsi montré que cette taille ne doit
pas étre évaluée par une mais deux mesures, respectivement baptisées épaisseur
et ampleur (thickness/breadth), qui sont donc des mesures géométriques des trous
(topologiques). Cette piste s’avére particuliérement fertile puisqu’elle a permis d’ob-
tenir, en corollaire, des résultats trés divers : heuristique de calcul de générateurs
d’homologie “optimaux”, algorithme d’ouverture/fermeture des trous topologiques,
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définition de boules de largeur/épaisseur permettant une visualisation des trous.
Nous attendons beaucoup de cette notion également dans le domaine applicatif (ot
des travaux sont en cours dans le domaine de 1’écologie forestiére).

La structure combinatoire des HDVF nous a enfin permis de proposer une notion
des squelettes cellulaires et d’étudier 'algorithmique associée.

Enfin, nous terminerons pas un dernier point important pour situer ces travaux :
leur contexte collaboratif. La quasi-totalité de ces recherches s’inscrit dans le cadre
d’une collaboration de 'auteur et Jean-Luc Mari (Université Aix-Marseille) avec le
Pr. Pedro Real Jurado de I’'Université de Séville, collaboration ayant servi de support
a la thése d’Aldo Gonzalez Lorenzo (soutenue en novembre 2016).

Ces travaux ont donné lieu aux publications suivantes :

Travaux préliminaires

Autour de la question de l’optimalité de la théorie de Morse

(Real 2015) Pedro Real, Helena Molina-Abril, Aldo Gonzalez-Lorenzo, Alexandra
Bac et Jean-Luc MARI. Searching combinatorial optimality using graph-based homo-
logy information. Applicable Algebra in Engineering, Communication and Compu-
ting, vol. 26, no. 1-2, pages pp. 103120, Mars 2015

Topologie algorithmique

Homological Discrete Vector Fields : HDVF

(Gonzalez-Lorenzo 2014) Aldo Gonzalez-Lorenzo, Alexandra Bac, Jean-Luc MARI
et Pedro Real Juarez. Homology cycle calculus based on graphs within discrete objects.
In CTIC, 5th International Workshop on Computational Topology in Image Context,
CTIC 2014, Timisoara, Romania, Septembre 2014

(Gonzalez-Lorenzo 2015¢) Aldo Gonzalez-Lorenzo, Alexandra Bac, Jean-Luc MARI
et Pedro Real. Homological Discrete Vector Fields and homotopy equivalence. In
Applications of Computer Algebra (ACA 2015), Kalamata, Greece, 2015
(Gonzalez-Lorenzo 2017b) Aldo Gonzalez-Lorenzo, Alexandra Bac, Jean-Luc MARI
et Pedro Real. Allowing cycles in discrete Morse theory. Topology and its Applica-
tions, vol. 228, Septembre 2017

Voir annexe D.6

Calcul rapide des nombres de Betti en dimension 3

(Gonzalez-Lorenzo 2015b) Aldo Gonzalez-Lorenzo, Alexandra Bac, Jean-Luc MARI
et Pedro Real. Fast computation of Betti numbers on three-dimensional cubical com-
plexes. In Applications of Computer Algebra (ACA 2015), Kalamata, Greece, 2015
(Gonzalez-Lorenzo 2016¢) Aldo Gonzalez-Lorenzo, Mateusz Juda, Alexandra Bac,
Jean-Luc MARI et Pedro Real. Fust, Simple and Separable Computation of Betti
Numbers on Three-dimensional Cubical Complexes. In Alexandra Bac et Jean-
Luc Mari (Eds.), editeurs, 6th International Workshop on Computational Topology
in Image Context (CTIC 2016), Lecture Notes in Computer Science (LNCS 9667),
pages 130-139, Marseille, France, 2016. Springer

Voir annexe D.7
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Géométrisation de la notion de trou topologique

(Gonzalez-Lorenzo 2016b) Aldo Gonzalez-Lorenzo, Alexandra Bac, Jean-Luc MARI
et Pedro Real. Two Measures for the Homology Groups of Binary Volumes. In
Springer, editeur, 19th TAPR International Conference on Discrete Geometry for
Computer Imagery (DGCI 2016), Lecture Notes in Computer Science (LNCS 9647),
pages 154-165, Nantes, France, 2016

Yoir annexe D.8

Géomeétrie et topologie ‘

Ouverture de trous

(Gonzalez-Lorenzo 2017a) Aldo Gonzalez-Lorenzo, Alexandra Bac et Jean-Luc Mari.
Opening Holes in Discrete Objects with Digital Homotopy. In Walter G. Kropatsch,
Nicole M. Artner et Ines Janusch, editeurs, Discrete Geometry for Computer Imagery,
pages 213-224, Cham, 2017. Springer International Publishing

Squelettes cellulaires

(Gonzalez-Lorenzo 2015a) Aldo Gonzalez-Lorenzo, Alexandra Bac, Jean-Luc MARI
et Pedro Real. Cellular Skeletons: a New Approach to Topological Skeletons with Geo-
metric Features. In 16th International Conference on Computer Analysis of Images
and Patterns (CAIP 2015), Lecture Notes in Computer Science (LNCS 9257), pages
616627, La Valette, Malta, 2015

Applications ‘

Caractérisation (homologique) de roches karstiques

(Dahrabou 2016) Asmae Dahrabou, Sophie Viseur, Aldo Gonzalez-Lorenzo, Jérémy
Rohmer, Alexandra Bac, Pedro Real, Jean-Luc MARI et Pascal Audigane. Topolo-
gical Comparisons of Fluvial Reservoir Rock Volumes Using Betti Numbers: Appli-
cation to CO2 Storage Uncertainty Analysis. In Alexandra Bac et Jean-Luc Mari
(Eds.), editeurs, 6th International Workshop on Computational Topology in Image
Context (CTIC 2016), Lecture Notes in Computer Science (LNCS 9667), pages 101
112, Marseille, France, 2016. Springer

Nous avons par ailleurs organisé en 2016 le symposium international CTIC (Com-
putational Topology in the Image Context), ce qui a contribué a la visibilité de nos
travaux dans la communauté scientifique.

Du fait de sa centralité dans nos travaux, nous avons choisi de développer ici
plus en détails, la structure de HDVF. Puis nous présenterons les mesures topo-
géométriques définies pour les trous, qui constituent un aboutissement dans notre
travail de rapprochement entre topologie et géométrie. Le lecteur pourra se reporter
aux publications annexées (D.6, D.7 et D.8) pour plus de précisions sur ces travaux
ainsi que sur ’algorithme de calcul rapide des nombres de Betti.

3.4 Homological discrete vector fields (HDVF)

Comme je l’ai introduit dans la section précédente, guidés par un souhait de
convergence entre géométrie et la topologie, la premiére partie de notre travail a
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porté sur une forme d’extension de la théorie de Morse discréte permettant d’obte-
nir des champs de vecteurs discrets pour une famille beaucoup plus large de com-
plexes (et idéalement tous). Pour une présentation plus détaillée de ce travail, le
lecteur pourra se reporter & (Gonzalez-Lorenzo 2017b) ou a la thése d’Aldo Gon-
zalez Lorenzo ((Gonzalez Lorenzo 2016a)) au cours de laquelle ces travaux ont été
conduits.

Dans ses travaux sur le calcul des champs de vecteurs discrets, Forman intro-
duit un algorithme itératif de construction d’'un DGVF. Chaque étape consiste bien
entendu & ajouter une aréte (diminuant ainsi le nombre de cellules critiques) en pré-
servant la condition d’acyclicité. Comme 'on pourrait s’y attendre, il est impossible
de déterminer un critére permettant de guider le choix de chaque nouvelle aréte
de maniére optimale (en garantissant que l'on construit progressivement un DGVF
maximal). Le processus de “saturation” peut par conséquent étre bloqué par des
choix incorrects. Dans ce contexte, Forman introduit un algorithme d’inversion de
chemin. Etant données deux cellules critiques voisines (par exemple, les cellules v
et e de la figure 3.8 (a)), 'insertion de l’aréte préserve 'acyclicité si et seulement
si elle ne sont pas reliées par un chemin (chemin bleu clair dans notre exemple).
Forman montre qu’il est cependant possible de poursuivre le processus “glouton”
de construction lorsque ce chemin est unique : le DGVF peut alors étre étendu en
inversant le chemin puis en insérant 1’aréte en question (figure 3.8 (b)).

Malheureusement, si cet algorithme fournit une heuristique de calcul efficace, il
ne permet pas de dépasser les limitations de la théorie de Morse discréte évoquées
précédemment. En particulier, des complexes tels que la “maison de Bing” ou le
“bonnet d’ane” demeurent inaccessibles.

Pour dépasser les limitations de la théorie de Morse discréte, notre travail s’ap-
puie sur I’hypothése que la condition d’acyclicité doit étre allégée. En autorisant
les cycles dans les champs de vecteurs discrets sous certaines conditions (que nous
détaillerons dans la section suivante), nous avons pu définir une structure baptisée
HDVF (homological discrete vector field) correspondant a une sorte de synthése
entre théorie de Morse discréte et homologie effective.

Dans la suite de cette section nous présenterons tout d’abord les HDVF, la réduc-
tion associée (qui garantit que notre structure combinatoire “calcule I’homologie”),
puis évoquerons briévement 1’étude de la complexité et les algorithmes possibles, les
opérations de déformation des HDVF et enfin le lien des HDVF avec les approches
de I’état de I’art présentées a la section 3.2.

3.4.1 Définition des HDVF

Etant donné un champ de vecteurs discret sur un complexe K, I’ensemble des
cellules peut étre partitionné en trois sous-ensembles :

— Cellules primaires (P) : cellules ayant une fléche intégrale sortante

— Cellules secondaires (S) : cellules ayant une fléche intégrale entrante

— Cellules critiques (C') : cellules n’ayant aucune fléche intégrale incidente

Notre travail montre que le champ de vecteur discret lui-méme n’est en fait pas
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nécessaire au calcul de I’homologie : seule cette partition K = PUSUC et la
connaissance de I'opérateur de bord sont indispensables.

Définition. Un champ de vecteur discret homologique (HDVF - homological dis-
crete vector field) sur un complexe K est une partition :

K=°rPUusSuc

telle que la matrice 9(Sy11)|p, (appelée matrice de bord réduite) soit inversible pour
tout ¢ > 0.

Py, Sy dénotent les cellules primaires ou secondaires de dimension q et 9(Sqy1)|p,
désigne la restriction de la matrice de bord de dimension q+ 1 aux colonnes corres-
pondant aux cellules secondaires et lignes correspondant aux cellules primaires.

Pour tout HDVF, il est possible (et c’était bien le coeur de notre travail) de
calculer un champ de vecteurs discret correspondant (au moyen de l’algorithme
de Hopcroft-Karp) ; en revanche, ce champ de vecteurs est non unique. La figure
présente trois DVF correspondant au méme HDVF (et donc a la méme partition).

FIGURE 3.11 — Trois champs de vecteurs discrets induisant le méme HDVF (haut),
chacun comportant deux cycles représentés respectivement en bleu et violet (bas).

Comme évoqué précédemment, contrairement aux DGVF, les HDVF incluent
potentiellement des cycles (deux cycles sur cet exemple), qui peuvent étre insérés a
condition que la matrice de bord réduite soit inversible.

La condition d’acyclicité des DGVF est indispensable & la définition de la réduc-
tion (h, f,g) associée (la fonction h(c) est définie comme une somme 7, -, V(1 —
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OV)*(o) dont la finitude est garantie par l’acyclicité des V-chemins de dimension
q). Il est donc nécessaire de définir une réduction appropriée pour les HDVF :

Théoréme. FEtant donné un complere K et un HDVF X = PUSUC sur K, X

induit la réduction (h, f,g) : (C(K),0) — (A[C],d')? définie par :
P S C C
P 0|00 P s C PO C
h= S|H|0[0]| f= C[F]0]I] g= S|G| o= C|[D]
clolo]o c|T]
avec :

H = (0(S)lp)™
F=-09(5)|c x (9(S)|p)~*
G =—(9(9)lp)~ x 9(CO)lp
D =0(O)lc + Fx9(C)lp =90(C)lc +(F)]c x G

Le lecteur pourra se reporter a (Gonzalez-Lorenzo 2017b) joint en annexe D.6
pour la preuve de réduction.

On obtient ainsi comme corollaire que, tout comme pour la théorie de Morse
discréte, le nombre de cellules critiques de dimension g est supérieur ou égal a f,.

Cependant, il est possible de calculer un HDVF parfait pour des complexes “test”
tels que la “maison de Bing” ou le “bonnet d’ane”. Le nombre de cellules critiques de
ces HDVF coincide donc avec les nombres de Betti et la réduction associée fournit
ainsi une base d’homologie. La figure 3.12 illustre ces deux HDVF.

FIGURE 3.12 — (gauche) HDVF parfait obtenu pour la “maison de Bing”, (droite)
HDVF parfait obtenu pour le “bonnet d’ane”.

L’existence d’'un HDVF parfait est alors une question centrale pour laquelle nous
avons obtenu différents résultats :

2. Ou (C(K),d) désigne le complexe de chaine associé a K et A[C] le groupe libre engendré
par 'ensemble des cellules critiques.
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— Si 'un des groupes d’homologie du complexe K admet une torsion, alors il
n’existe pas de HDVF parfait.

— Si Panneau de coefficients A utilisé pour le calcul d’homologie est un corps,
alors il existe toujours un HDVF parfait.

— Si A est un anneau quelconque (Z par exemple), nous n’avons expérimenta-
lement jamais pu construire un complexe (cellulaire, simplicial ou cubique)
n’admettant pas de HDVF parfait. Notre seul contre-exemple porte sur un
complexe de chaine (ne correspondant a aucun complexe cellulaire, simplicial
ou cubique).

3.4.2 Calcul des HDVF et complexité

Dans la suite de notre travail, nous nous sommes donc penchés sur le calcul
des HDVF. L’élaboration d’un algorithme de calcul repose, comme dans les travaux
de Forman, sur I’élimination progressive des cellules critiques (donc une forme de
“saturation” du graphe). Dans cette perspective, les deux résultats suivants sont
centraux :

Proposition. Etant donné un compleze K muni d’un HDVF P1LUSLIC, soient o(9)
et 7Y dewx cellules critiques, si (0'(),0) est inversible dans A, alors (PU{c})U
(Su{r})u(C\{o,7}) est un HDVF.

Par ailleurs, le résultat suivant permet de ramener la condition “(9'(7), o) est
inversible” & une vision plus géométrique, plus proche de la théorie de Morse discréte :
celle de chemin dans un graphe de Morse.

Proposition. Etant donné un complere K muni d'un HDVEF P LS U C, soient
oD et 7Y deuz cellules critiques, si (9'(1),0) est inversible alors il existe un
V-chemin entre eux.

La suppression de deux cellules critiques par leur ajout respectif & P et S peut
donc étre visualisée comme l'inversion d’un chemin entre ces deux cellules et ’ajout
d’une aréte sortante sur la cellule primaire.

Dépassant cet algorithme naif (ajout itératif de cellules (o, 7) telles que (9'(7), o)
soit inversible), nous avons ensuite étudié de maniére plus précise la complexité du
calcul des HDVF, distinguant le cas de matrices de bord denses ou creuses. Ce travail
permet ainsi de réduire le calcul des HDVF & une complexité de O(n?). 11 est par
ailleurs possible de calculer conjointement la réduction associée sans augmentation
de la complexité totale.

3.4.3 Combinatoire des HDVF

Les algorithmes de calcul des HDVF raffinent ’approche naive consistant & in-
sérer itérativement des couples de cellules critiques (et donc & inverser des chemins
et insérer des arétes). Cette opération combinatoire peut en fait étre étendue en
définissant un ensemble de cing opérations de base sur les HDVF.
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Etant donné un HDVF X = P U S U C sur un complexe K, on définit :
— Opération d’ajout - soient v,7 € C :

AX,7,7) = (PU{yHU(SU{yHu(C\{r.7})
autorisée si (9'(7'),v) inversible.
Opération de suppression - soient o € P,7 € S :

R(X,0,7m) = (P\{o}) U (S\{T}) U(CU{o,7})

autorisée si (h(o), ) inversible.
Opération de déplacement - soient o € P,y € C :

M(X,0,7) = (P\{o} U{r}) uSU(C\{r} U {o})
autorisée si (f(o),~) inversible.
Opération de rotation - soient 7 € S,y € C :

WX, 7, 9) =PUS\{T}U{r}) U (C\{v}U{r})
autorisée si (g(y), ) inversible.
Opération d’inversion de chemin - soient 0 € P,7 € S :

MW(X,o,7) = (P\{o}U{rhHuS\{r}u{e})LC
autorisée si (Oh(c),T) et (hO(T), o) inversibles.

La figure illustre les opérations M, W et MW.

F1GURE 3.13 — Illustration des opérations combinatoires M, W et MW sur les HDVF.
Entourées en bleu, les cellules critiques. Les cellules concernées par la transformation
sont nommeées (o, 7 ou 7) et les fleches modifiées sont représentées en gras.
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On obtient ainsi des opérations combinatoires sur les HDVF, pouvant étre inter-
prétées de maniére géométrique, mais étant cependant purement définies & partir de
la partition P LIS LIC et de la réduction associée. Grace & elles, il est alors possible
de déformer les HDVF, déplacer les cycles générateurs vers des points d’intérét (en
modifiant le graphe de Morse) ou simplement, construire itérativement des HDVF
parfaits. Toutefois, la question de savoir quels HDVF peuvent étre obtenus par dé-
formation d’'un HDVF donné (classes d’équivalence a déformation prés) demeure
ouverte.

Ces opérations ne sont pas sans rappeler les travaux de (Molina-Abril 2012) sur
les DGVEF. Cependant, les trois opérations qui y étaient introduites n’incluaient pas
de conditions et ne garantissaient donc pas l’obtention d’un DGVF.

3.4.4 Les HDVF et “le reste du monde”

Les HDVF ainsi définis s’avérent un formalisme trés central, permettant de re-
visiter et intégrer toutes les approches présentées au chapitre 3.2. Pour ce qui est de
la théorie de Morse discréte, nous avons pu montrer que tout DGVF est un HDVF.
De méme pour les complexes de Morse itérés. La forme normale de Smith peut
également étre exprimée dans ce cadre, en effet, la matrice de bord réduite 9 est
similaire & la diagonalisation du calcul de la FNS. Enfin, le calcul de 'homologie
persistente peut également étre reformulé comme une variante de notre algorithme
de calcul des HDVF. Le lecteur pourra se reporter a (Gonzalez-Lorenzo 2017b) pour
une description détaillée.

La suite de nos travaux, que ce soit ’algorithme de calcul rapide des nombres de
Betti ou les mesures topo-géométriques des trous, repose sur ce formalisme. Nous
avons choisi de ne détailler ici que le second volet, mais ’article introduisant ’algo-
rithme ViteBetti et sa preuve sont joints en annexe D.7.

3.5 Vers la géométrisation de la topologie : mesurer les
trous

3.5.1 Mesurer les trous

Comme nous 'avons évoqué au chapitre 3.2, la persistance homologique permet
d’intégrer a la topologie une information de nature géométrique. Le point de vue
topologique, par nature, s’abstrait de la géométrie pour capturer une information a
déformation (homéomorphisme) prés. L'intégration de caractéristiques géométriques
aux trous ainsi caractérisés est une approche qui s’est avérée fructueuse d’un point
de vue applicatif. Les intervalles de persistance distinguent ainsi des trous de “taille”
différente au regard d’une fonction d’une filtration. Mais comme lillustre la figure
3.9, représentant le calcul des intervalles de persistance d’un tore creux a deux trous
pour la fonction hauteur, I'information ainsi calculée ne correspond pas nécessaire-
ment & I'intuition. Dans le cas du tore & deux trous creux présenté a la figure 3.9,
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comme on peut le voir, la persistance ne produit que des intervalles infinis et ne
caractérise donc pas réellement la “taille” des trous.

De nombreux travaux de I'état de l'art, situés a la frontiére entre homologie
et topologie, concernent précisément cette caractérisation de la “taille” des trous;
le probléme étant abordé via le calcul de cycles générateurs (bases d’homologie)
minimaux. La figure 3.14 illustre cette question. Les bases d’homologie obtenues a
partir des algorithmes de calcul de I’homologie sont généralement quelconques (fi-
gure 3.14 (droite)) et donc difficilement exploitables pour caractériser la “taille” d’un
trou, d’ou l'intérét de calculer des générateurs “bien formés” (qui sont aussi, intui-
tivement, des générateurs “minimaux”). Dans cette perspective, citons par exemple
(Chen 2010) ou (Dey 2008). Malheureusement, les résultats de Chen et Freedman
((Chen 2011)) montrent que le calcul de générateurs minimaux est NP difficile en
dimension quelconque (sauf a déterminer des générateurs de rayon minimal).

FIGURE 3.14 — Exemples de cycles générateurs (ie. de bases d’homologie) pour un
tore, (gauche) générateur “bien formé”, (droite) générateur quelconque.

Notre travail porte sur cette question de la caractérisation de la taille (géomé-
trique) des trous topologiques dans des objets discrets (cubiques). Cependant, au lieu
d’aborder directement la question des cycles minimaux, notre approche, s’appuyant
sur la persistance homologique, définit en fait deux mesures associées aux trous.
Cette intuition s’est avérée fructueuse puisqu’elle apporte, combinée aux HDVF,
non seulement une représentation synthétique des trous, mais aussi une heuristique
de calcul de générateurs d’homologie “bien formés”, ainsi que des algorithmes de
remplissage ou ouverture de trous.

3.5.2 Définition des mesures

La figure 3.15 représente deux objets percés ayant des groupes d’homologie iso-
morphes. A la question de la taille comparative de ces trous, on peut répondre que
celui de gauche est plus petit que celui de droite car sa “cavité est plus petite” (il faut
donc moins de matiére pour le combler). Cependant, le trou de la figure gauche est
plus “solide” que celui de la figure de droite, car son “épaisseur” est plus importante
(il faut donc enlever plus de matiére pour le casser).
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FIGURE 3.15 — Exemples d’objets percés de “méme” groupe d’homologie (& isomor-
phisme prés).

Partant de cette intuition, une maniére assez standard en morphologie mathéma-
tique de mesurer ’épaisseur d’un objet ou I’étendue d’une cavité est de considérer les
opérations d’érosion et de dilatation, que ’on peut exprimer grace a la transformée
en distance signée de 1'objet.

Etant donné O C Z™ un objet discret (cubique) de dimension n, la transformée
en distance signée de O est 'application sdtp : Z"™ — R définie par :

sdto(z) = —min{d(z,y); y €0} sizecO
0 min{d(z,y); y € O} siz €O

ot d(z,y) est une distance de Z" (dans notre cas, la distance Euclidienne). La trans-
formée en distance signée est donc négative a U'intérieur de l'objet (correspondant a
la distance de chaque voxel au bord) et positive a l'extérieur.

Soit K le complexe cubique associé¢ a O (pour une relation de connexité donnée,
voir 3.2.2.1). Partant de la transformée en distance signée, il est alors possible de
définir une filtration F' de K : intuitivement, pour un réel ¢ donné, il suffit de
conserver les voxels dont la transformée en distance signée est inférieure a ¢ (ou pour
étre précis, de considérer leur complexe associé). La figure 3.16 illustre la filtration
ainsi obtenue.

Etant donné PD,(F') le diagramme de persistance de F', on définit :
TB, = {(t,t') € PD,(F); t <0, > 0}

TB, contient exactement [,(K) éléments. On appelle épaisseur (thickness) d’'un
trou le nombre —t et ampleur (breadth) le nombre ¢'. Intuitivement, —¢ correspond
donc au temps nécessaire pour faire disparaitre un trou par érosion, tandis que ¢’
correspond au temps nécessaire pour le supprimer par dilatation. Il s’avére que ces
deux grandeurs correspondent donc précisément & l'intuition illustrée par la figure
3.15. Dans toute la suite, on notera (¢,b) de telles paires de mesures.
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FI1GURE 3.16 — Illustration sur un objet de dimension 3 de la filtration obtenue a
partir de la transformée en distance signée : au milieu, le modeéle initial (obtenu
comme complexe de la filtration pour ¢ = 0), en haut, deux complexes obtenus a ¢
négatif (correspondant donc & des érosions de l'objet), en bas complexes obtenus a
t positif (dilatations).

Tout comme I’homologie persistante, nous avons pu démontrer que nos me-
sures sont résistantes au bruit : en déformant légérement un objet, les mesures
d’épaisseur/ampleur de ses trous varient peu. Le lecteur pourra se reporter a
(Gonzalez-Lorenzo 2016b) pour une présentation détaillée.

3.5.3 Représentation des trous : boules d’épaisseur/ampleur (TB-
balls)

Sans rentrer dans les détails du calcul des intervalles de persistance, chaque
apparition/disparition d’une classe d’homologie est associée a ’adjonction d’une
cellule précise (au cours de la filtration). Chaque intervalle de persistance (¢,b) de
TB, est donc associé & deux cellules (o, 7) de dimension g.

On appelle boule d’épaisseur (thickness ball) associée a (t,b) la boule centrée au
barycentre de o et de rayon ¢ et boule d’ampleur (breadth ball) la boule centrée au
barycentre de 7 et de rayon b.
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FIGURE 3.17 — Exemples de boules d’épaisseur/ampleur obtenues pour deux objets
discrets de dimension 3.

Alors qu’il est communément admis que des générateurs d’homologie minimaux
seraient une bonne représentation des trous (bien que leur calcul soit NP-difficile),
il s’avére que la représentation synthétique de ces trous par les boules d’épais-
seur /ampleur est trés efficace. Les boules d’épaisseur s’insérent précisément au centre
des trous, tandis que les boules d’ampleur se placent sur leurs points de fragilité.
Comme le montrent les nombreux exemples traités dans (Gonzalez-Lorenzo 2016b),
ces mesures offrent un fort potentiel applicatif (dont 1’exploration est I'une de nos
perspectives de recherche a court terme).

3.5.4 Autres corollaires

Partant de l'idée que les boules d’épaisseur/ampleur constituaient une représen-
tation efficace et synthétique des trous, nous nous sommes ensuite penchés sur une
heuristique de calcul de générateurs d’homologie “bien formés”. Pour cela, I'idée est
que les réductions associées, pas aprés pas, aux différents complexes de la filtra-
tion, suivent nécessairement cet épaississement progressif de la forme. Elles doivent
donc pouvoir étre utilisées pour déterminer un “petit générateur” a partir de la
boule d’épaisseur. Partant donc d’une boule d’épaisseur associée a une paire (¢,b),
ainsi que de la réduction associée & la filtration, nous avons ainsi pu proposer un
algorithme déterminant un générateur d’homologie proche du générateur minimal.

Par ailleurs, la dualité des mesures d’épaisseur/ampleur, lice a la symétrie
de la transformée en distance signée, s’avére fortement liée & la dualité homolo-
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gie/cohomologie. Ainsi, la boule d’ampleur d’une paire (¢,b) conduit-elle, de méme
& un générateur de cohomologie proche du générateur minimal.

La figure 3.18 illustre le résultat obtenu par cette heuristique pour deux modéles.
Il est clair que si les générateurs ne sont pas minimaux, ils sont au moins visuellement
plaisants et géométriquement représentatifs.

FiGURE 3.18 — Exemples de générateurs d’homologie et cohomologie “quasi-
minimaux” obtenus a partir des boules d’épaisseur/ampleur.

Dans sa thése, Aldo Gonzalez Lorenzo montre également que ces mesures per-
mettent d’élaborer des algorithmes de remplissage et d’ouverture minimaux de trous.
Le lecteur pourra se reporter a (Gonzalez Lorenzo 2016a) pour plus de détails.

3.6 Conclusion

Les travaux s’inscrivent dans le cadre d’une collaboration avec :

— Pedro Real Jurado, Université de Séville, Espagne, Département de Mathé-
matiques appliquées (co-directeur de la thése de Aldo Gonzalez Lorenzo) -
collaboration principale

— Sophie Viseur, CEREGE, équipe Terre et planétes

Ces travaux ont donc donné lieu & une thése (financée par une bourse ministérielle) :
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Aldo Gonzalez Lorenzo

Computational Homology Applied to Discrete Objects
Septembre 2013 - Novembre 2016

Co-dirigée avec Jean-Luc Mari (AMU, LSIS, Marseille, France)
Bourse de thése ministérielle

Prix de théese GDR IG-RV 2017

Aldo Gonzalez Lorenzo, aprés un Postdoc d’un an au LIRIS a I’Université de
Lyon en 2017-2018 a été recruté comme Maitre de Conférences & I’Université d’Aix-
Marseille ou il prendra son poste en septembre 2018.
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On progresse beaucoup plus en écoutant qu’en parlant. Le pro-
verbe dit "Tu as deux oreilles et une bouche, ce qui veut dire que
tu dois écouter deux fois plus que tu ne dois parler". La parole
nous transforme parce qu’elle nous force & préciser nos idées,
mais 1’écoute est plus puissante, car elle nous ouvre & d’autres
univers que le notre.

Christophe André
Trois amis en quéte de sagesse
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Mes perspectives de recherche sont bien évidemment structurées par la nature
méme des travaux et les trois perspectives :

— Un objet peut étre compris par sa géométrie et l’étude de cette derniére.

— Un objet peut étre compris par sa topologie et I’étude de cette derniére.

— “Topologiser” la géométrie et “géométriser” la topologie.
Le schéma 4.1 présente une synthése des perspectives de travaux que nous allons
détailler dans la suite de ce chapitre.

4.1 Modélisation géométrique

Perspectives a court/moyen terme Un certain nombre de perspectives de re-
cherche viennent naturellement s’inscrire dans la continuité des travaux présentés
dans ce manuscrit. Elles constituent des pistes de travail & court ou moyen terme.
Nos travaux sur la reconstruction de Poisson basée sur des fonctions a base
radiale, permettant 'intégration de modéles a priori, actuellement soumis, sont en-
core préliminaires. J’envisage d’étendre ces travaux en développant une approche
multi-échelle. En effet, si notre algorithme repose sur un partitionnement adaptatif
de lespace (octree), il n’en demeure pas moins que la résolution de 1’équation de
Poisson implique l'inversion de matrices de taille n X n (ot n est le nombre de cel-
lules d’octree). Une approche multi-échelle permettrait donc a la fois d’accélérer et
raffiner la reconstruction. Par ailleurs, alors que notre schéma de Poisson basé sur
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FIGURE 4.1 — Schéma de synthése des perspectives de travaux : (blanc) axes de
recherche passés et notions centrales, (bleu) perspectives de travaux fondamentaux,
(orange) perspectives de travaux appliqués.

les CSRBF est parfaitement générique, l'intégration de modéles a priori s’applique
pour l'instant exclusivement & des modéles tubulaires. Un de mes objectifs est donc
d’étendre 'approche afin de pouvoir intégrer tout modéle a priori. Cela constitue une
perspective naturelle pour nos travaux, puisque notre intérét initial avait été motivé
par les propriétés d’approximation des CSRBF et donc leur capacité a jouer le role
de “modéle pivot”. Ces perspectives fondamentales devraient également déboucher
sur de nombreuses applications dans le domaine d’étude initial : les données LiDAR
en environnement forestier. En particulier, compte-tenu de la taille et de 1’échelle
des jeux de données considérés, une approche multi-échelle serait particuliérement
adaptée.

Une autre thématique de recherche s’ancre dans nos travaux sur les modeéles dé-
formables (“snakes” ouverts croissants généralisés). Comme nous I’avons montré, en
définissant une énergie d’image indépendante de la paramétrisation, il s’avére que
le nouveau schéma de minimisation obtenu régle du méme coup les effets de compé-
tition croissance/minimisation qui parasitent le schéma classique. Cependant, pour
des questions de complexité, notre énergie ne modifie pas le terme de courbure, qui
reste donc dépendant de la paramétrisation. J’envisage de poursuivre cette étude
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afin de définir une énergie et un schéma de minimisation totalement indépendant
de la paramétrisation. Cela me semble étre une idée intéressante car, si ’hypo-
thése de paramétrisation normale est envisageable dans le monde de l'image et des
objets discrets (ou le pixel/voxel est l'unité structurante), elle devient beaucoup
moins naturelle dans celui de la géométrie (un contour quelconque n’est généra-
lement pas paramétré par abscisse curviligne). Par ailleurs, compte tenu de 1'im-
portance de la modélisation surfacique dans mes travaux de recherche, les “snakes”
surfaciques constituent un théme de recherche naturel (rejoignant mes perspectives
a long terme).

Un autre axe de recherche s’appuie sur notre variante de la transformée de
Hough. Je suis persuadée que l’espace de Hough reste encore sous-exploité dans
nos travaux. La localisation de lignes de maxima au moyen de “snakes” est certes
efficace, mais elle ne fait absolument aucun usage de la distribution des scores au-
tour de cette ligne. Ainsi on peut distinguer cercle et ellipse par la présence d’'un
maximum unique ou au contraire de deux maxima reliés par une ligne de scores
élevés. Cette exploration de 'espace de Hough devrait également permettre dans
une certaine mesure de reconstruire la topologie de structures tubulaires plus com-
plexes (noeuds, structures avec branchaison). Nos modéles déformables produisent
pour l'instant un ensemble de structures tubulaires déconnectées, mais I'information
de 'espace de Hough devrait naturellement permettre de reconstruire la topologie
reliant ces éléments. Par ailleurs, ces lignes maximales dans I’espace de Hough sont
clairement liées au squelette (axe médian) de 'objet. Puisque ce dernier est en fait
une surface dans le cadre d’objets 3D, 'intégration d’une information de rayon (et
donc de distance) et la convergence dans un espace 4D pourraient naturellement
produire une “ligne de squelette” (et non plus une surface). Enfin, compte-tenu du
gain que constitue notre variante de la transformée de Hough en cercle par rapport
a Papproche standard (par l’adjonction d’une information de normale), jenvisage
naturellement d’explorer cette approche pour d’autres formes (plans, ellipses).

Je terminerai ce survol des perspectives a court/moyen terme en géométrie par
une application clé dans le domaine de 1’écologie et de la foresterie : la segmentation
des couronnes dans des nuages de points T-LIDAR. C’est tout & la fois une question
ouverte et un enjeu majeur dans ces domaines applicatifs. En effet, la segmentation
des couronnes (que ce soit pour des feuillus ou des coniféres) est un probléme clé aux
multiples applications (évaluation de la biomasse, de la pénétration de la lumiére
dans le couvert végétal et donc de la simulation de croissance ...). Notre approche
préliminaire basée sur une combinaison topologie(connexité)/graphes est promet-
teuse, mais son développement nécessite 'intégration de “connaissances”. Nous envi-
sageons donc d’intégrer un certain nombre de “connaissances métiers” a ’algorithme
au moyen de la logique floue (bouclant ainsi la boucle, d’une certaine maniére, avec
ma thése).

Perspectives a moyen/long terme Mes travaux en géométrie comportent d’une
certaine maniére deux grands volets. Le premier est axé sur des données peu denses,
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maillées, portant principalement sur I’amélioration de la qualité du modéle et ’ana-
lyse de sa géométrie (remaillage, simplification, remplissage de trous ...). Le se-
cond comporte des travaux axés sur ’analyse, la segmentation et la modélisation
de nuages de points denses; les modéles y sont alors utilisés comme un outil de
compréhension, presque un outil sémantique, et non plus seulement comme une fin
et un objectif. Cette double vision du modéle me semble structurante pour des pers-
pectives a plus long terme et j’envisage de prolonger mes travaux sur I'un et 'autre
de ces aspects : les modéles comme objet d’étude ou comme outil, comme vecteur
de sens.

L’analyse de nuages de points denses non structurés n’en est encore qu’a ses bal-
butiements, tant du point de vue des méthodes que des données. La révolution de la
télédétection se poursuit et si, dans les années 2010, elle a été marquée par le LIDAR
terrestre, aujourd’hui c’est le LIDAR embarqué sur drone, la démocratisation de la
photographie haute définition et le développement des caméras temps de vol qui la
ponctuent, chacune de ses méthodes présentant ses limitations, spécificités, avan-
tages et inconvénients. Traiter de telles données consiste a les segmenter, modéliser,
filtrer, bref a leur apporter du sens. Pour cela, I'utilisation de modéles implicites ou
de primitives géométriques s’est avérée payante. C’est dans cette direction que j’en-
visage la poursuite de mes travaux sur ce domaine. Pour cela, le développement de
modéles déformables opérant sur les modéles implicites permettrait de poursuivre
I'idée de la coopération segmentation/modélisation suivie jusqu’ici.

Par ailleurs, comme nous ’avons évoqué au chapitre 2, nos travaux sur les nuages
de points peu denses structurés sont restés relativement embryonnaires. Ils consti-
tuent donc une piste de recherche & moyen /long terme. Dans un nuage de points peu
dense, contrairement aux nuages denses, la “compréhension” de ’objet ne passe pas
par une forme de synthése dans laquelle 'information est contenue dans la “forme
locale” des points. Au contraire, dans un nuage de points peu dense, chaque point
porte une information de la géométrie locale et la structure de maillage apparait
donc comme une maniére naturelle de modéliser et représenter cette information.
C’est pourquoi, je pense que la relation de voisinage présente dans des nuages de
points peu denses structurés doit pouvoir étre prise en compte pour accélérer les
algorithmes liés aux maillages, voire les simplifier en s’appuyant sur cette informa-
tion.

Enfin, je pense que tout comme les applications ont finalement stimulé et ai-
guillonné nos travaux fondamentaux passés, elles constituent un cadre important et
structurant pour mes perspectives futures. Comme je 1’évoquais précédemment dans
ce manuscrit, une thése en collaboration avec I’Université de Sherbrooke est d’ores et
déja programmée (données LiDAR en environnement forestier). Par ailleurs, notre
collaboration avec nos partenaires pétroliers (Institut Frangais du Pétrole, groupe
Total) se poursuit actuellement & travers un contrat d’expertise, et une thése est en
cours de montage. Cet ancrage dans I'industrie ou des domaines applicatifs est un
point auquel je tiens. En effet, puisqu’un de mes axes de travail repose sur 'extrac-
tion de “sens” & partir de données brutes, I'intégration de connaissances métiers est
un point important. La collaboration avec des partenaires industriels, écologistes ou
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géologues apporte par ailleurs un regard critique et un souci d’efficacité, de réalisme
qui me semblent intéressant en paralléle avec des recherches plus fondamentales.

4.2 Topologie

Perspectives a court/moyen terme Les perspectives de travail a court/moyen
terme s’intégrent naturellement dans la continuité de nos travaux. Les HDVF que
nous avons définis étendent la théorie de Morse discréte et en comblent certaines
“bréches”. Les exemples classiques sur lesquels cette derniére échoue (entre les mo-
deéles de “Bing’s house” et “Dunce hat”) admettent tous un HDVF parfait et ce dernier
peut étre construit sans probléme par notre algorithme. Cependant, de nombreuses
questions restent ouvertes :

— Existe-t-il des objets (plus précisément des complexes simpliciaux ou cu-
biques) pour lesquels il n’existe pas de HDVF parfait? Ou pour lesquels
notre algorithme échoue & calculer le HDVF 7 Nous n’avons pas pu trouver
de tel contre-exemple ; mais la question demeure ouverte.

— Une autre question demeure ouverte : compte-tenu des opérations de “dé-
formation” sur les HDVF (permettant de passer d’'un HDVF a un autre),
quels HDVF peuvent étre atteints & partir d'un HDVF donné? S’il existe
plusieurs classes d’équivalence, quelle est leur interprétation topologique ou
géométrique 7

— Enfin un HDVF pouvant étre représenté comme une structure de graphe
s’appuyant sur 'objet initial, quelle est son interprétation géométrique (s'il
en a une) ?

Un des “points faibles” des HDVF demeure leur complexité (cubique), liée au besoin
de calculer une partie de la réduction associée au fur et & mesure du déroulement de
l’algorithme. Réduire la taille du complexe est donc une question importante. Pour
faciliter I'intuition, nous nous placerons dans le cas d’un complexe cubique de di-
mension 3 (mais I'approche peut-étre étendue). Une idée pourrait étre de considérer
une subdivision du complexe par un octree ou kd-tree produisant ainsi un complexe
cellulaire (dans lequel toute “partie pleine” serait remplacée par une unique cellule).
Mon hypothése est que le HDVF global peut alors étre obtenu a partir de celui
du complexe réduit. Cette idée pourrait étre vue comme une premiére approche
multi-échelle, & moyen terme, du calcul de I’homologie.

L’utilisation de notre caractérisation géométrique des trous topologiques dans
différents domaines applicatifs est également une perspective de travail importante.
En effet, aprés un travail préliminaire avec nos partenaires, 'idée apparait comme
prometteuse. La caractérisation homologique des trous via les nombres de Betti ap-
porte une information intéressante (comme ’ont montré nos travaux dans le domaine
de la géologie (Dahrabou 2016)). Cependant, elle présente aussi un défaut majeur :
celui de sa nature méme. Intuitivement, ’homologie “compte les trous”, et le fait
qu’ils soient gros ou petits n’a aucune importance d’'un point de vue topologique.
C’est du reste tout l'intérét et toute la force de la persistance homologique : amener,
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via une fonction de filtration, une forme de caractérisation “quantitative” des trous
topologiques. Les mesures que nous avons définies vont plus loin en fournissant une
sorte de “base géométrique” a chaque trou.

— Dans les environnements forestiers, les couronnes végétales sont précisément
caractérisées par des attributs de porosité, perméabilité et lacunarité, mais
ces valeurs sont extrémement difficiles & extraire & partir des données LiDAR.
Nous pensons que l'utilisation de nos mesures topologico-géométriques de-
vraient permettre de caractériser ces attributs, voire de discriminer certains
types d’essences.

— Dans le domaine médical, I'utilisation de nos mesures pour la caractérisation
de lostéoporose semble également prometteuse (puisqu’il s’agit a la fois de
quantifier la lacunarité des structures, mais aussi leur fragilité).

— Enfin, nous envisageons de poursuivre notre collaboration dans le domaine de
la géologie pour caractériser les structures karstiques (et plus généralement
certaines propriétés des milieux).

Perspectives 4 moyen/long terme Compte-tenu de I'intérét des résultats obte-
nus jusqu’ici, une des thématiques sur lesquelles je souhaite poursuivre mon travail
est le lien géométrie-topologie. En effet, si ’apport de la topologie algorithmique au
monde de la géométrie s’avére trés riche, la réciproque n’en est pas moins vraie. Si
I'intuition intiale de Poincaré consistait & s’abstraire de 'univers métrique pour ne
conserver que le coeur (topologique) des problémes, il n’en demeure pas moins que
les espaces topologiques peuvent étre construits sur des espaces métriques. La géo-
métrie reste donc, quoi qu’il en soit, attachée a la topologie. Les HDVF consistaient
a le reconnaitre et a préserver ce lien dans le calcul homologique.

Jusqu’a présent, les HDVF se sont montrés d’une grande résilience vis a vis des
autres théories et nous avons pu montrer que chacune pouvait étre reformulée dans
ce cadre (théorie de Morse discréte bien sir, mais aussi forme normale de Smith,
homologie efficiente et persistence homologique). Sur cette base, nous espérons donc
que la théorie (récente) de la persistence zigzag (Carlsson 2010)) pourra également
étre revisitée au moyen des HDVF. Nous espérons pouvoir ainsi développer une
méthode de calcul efficace pour cette théorie qui reste, pour ’heure, complexe. In-
tuitivement, comme nous l’avons vu, la persistence homologique s’appuie sur une
filtration f (suite dépendant d’un paramétre ¢ de complexes inclus les uns dans les
autres) pour attribuer a chaque trou un intervalle naissance-mort. La persistence
zigzag étend cette idée en autorisant en quelque sorte f & ne plus étre monotone.

Une application topologico-géométrique de la persistence zigzag pourrait alors
étre de considérer les objets a différents niveaux de détail et donc d’introduire une
notion de topologie multi-échelle (qui n’a bien entendu d’intérét qu’en reconnaissant
que les objets topologiques s’ancrent dans un espace géométrique).

Enfin, au dela de I’application de notre mesure géométrico-topologique, il pour-
rait étre intéressant d’utiliser la méme approche avec d’autres mesures (au lieu de la
distance euclidienne standard). L’intérét serait de pouvoir adapter la mesure pour
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détecter plus précisément certaines propriétés (comme une préférence directionnelle
des trous par exemple).






CHAPITRE 5

Enseignement et travaux en

pédagogie

Le mode de pensée ou de connaissance parcellaire, comparti-
menté, monodisciplinaire, quantificateur nous conduit & une in-
telligence aveugle, dans la mesure méme ou l'aptitude humaine
normale & relier les connaissances s’y trouve sacrifiée au profit
de I'aptitude non moins normale & séparer. Nous devons penser
Penseignement a partir de la considération des effets de plus en
plus graves de I’hyper spécialisation des savoirs et de I'incapacité
a les articuler les uns aux autres. L’hyper spécialisation empéche
de voir le global ainsi que ’essentiel. Or les problémes essentiels
ne sont jamais parcellaires et les problémes globaux sont de plus
en plus essentiels. Nous perdons I'aptitude & globaliser, c’est-
a-~dire & introduire les connaissances dans un ensemble plus ou
moins organisé. Or les conditions de toute connaissance perti-
nente sont justement la contextualisation, la globalisation.

Edgard Morin
Enseigner a vivre

5.1 Expérience d’enseignement

Depuis mon recrutement en 2002 en tant que Maitre de conférences a Polytech

Marseille, je me suis fortement impliquée dans l’enseignement et la pédagogie. Mes

cours se déroulent majoritairement au sein de Polytech Marseille, donc en cycle

d’ingénieur, et portent sur trois axe majeurs :

— enseignements “théoriques” (algébre, optimisation non linéaire, théorie des

graphes)

— enseignements informatiques généraux (algorithmique, programmation, pro-

grammation orientée objets)

— enseignements liés a I'informatique graphique (modélisation géométrique, in-

fographie)

Description plus détaillée des enseignements principaux :
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Polytech Marseille - département d’informatique

Denuis 2010 Méthodologie du raisonnement, algébre, | Responsable 24h  cours /
bt algébre linéaire* de cours 24h TD
. o o Responsable 12h  cours /
Depuis 2012 | Optimisation non linéaire do cours 19h TD
Depuis 2016 | Programmation orientée objet Chargée de TD | 16h TD
Depuis 2016 | Modélisation géométrique Chargée de TD | 4h
2002 a 2016 | Introduction & la programmation Chargée de TD | 16h TD
9002 4 2016 Algorlthmlque et structures de données Chargée de TD | 16h TD
(+ projet)
2004 a 2014 | Théorie des graphes Chargée de TD | 16h TD
9002 4 2010 Cryptographie et codes correcteurs d’er- | Responsable 16h cours /
reur de cours 16h TD

Polytech Marseille - département d’ingénierie biomédicale

1
Depuis 2010 | Introduction a la programmation (C)* Responsable 16h cours!
de cours
’ Polytech Marseille ‘
. , Responsable
Depuis 2015 | Module d’ouverture 20h cours
de cours

’ Master Image et Systémes (Aix-Marseille Université)

|

R bl 15h
Depuis 2012 | Optimisation non linéaire espohsable cours /

de cours 15h TD
) . Responsable 15h  cours /
2015-2017 Méthodes numériques do cours 15 TD
. . . Responsable 9h cours / 9h
Depuis 2015 | Mise a niveau en Mathématiques do cotrs ™
Co-

3h cours / 3h
TD

Depuis 2012 Modélisation géométriques (courbures et responsable de

courbures discétes)

cours

’ Volume moyen d’enseignement par an ‘ 240h ‘

* Cours en pédagogie coopérative (voir section suivante).

5.2 Travail en pédagogie

Les écoles d’ingénieurs universitaires (dont celles du réseau Polytech) offrent une
formation relativement spécialisée, comprenant des technologies avancées. Elles re-
crutent aprés concours des étudiants de profils variés (classes préparatoires classiques
ou intégrées, licences, DUT, étudiants étrangers, voire BTS).

Depuis 2010, constatant I’hétérogénéité croissante des étudiants, et surtout cer-
taines difficultés grandissantes (lacunes dans les enseignements théoriques, mais
aussi difficulté accrue au travail en autonomie et perte du lien de solidarité entre
étudiants), j’ai décidé de mener une expérimentation pédagogique au coceur de mes
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cours. Les enseignements concernés sont principalement ceux d’algébre (module
“lourd” allant de la méthodologie du raisonnement & ’algébre linéaire en passant
par la théorie des groupes en seulement 24h de cours). Mon objectif était de ne
pas céder a la solution de facilité consistant & baisser les bras et & renoncer aux
notions abstraites, conceptuelles ou axiomatiques. Un groupe reste une notion vaste
et axiomatique, et c’est cet espace qui permet de l'utiliser dans autant de contextes
différents. Idem pour une classe d’équivalence et un ensemble quotient. Par ailleurs,
ces notions théoriques me semblent avoir une vertu éducative : former la capacité
a conceptualiser, prendre du recul, formaliser et maitriser un raisonnement. Ces
qualités ne sont-elles pas indispensables a tout scientifique ?

Au début de mon expérimentation, le probléme central me semblait étre celui
du manque d’autonomie des étudiants et son corollaire : le manque de continuité
dans le travail. Détournant un mauvais moyen (la carotte des notes) pour un bon
usage (la stimulation du travail personnel), j’ai donc mis en place en 2010 une inter-
rogation rapide hebdomadaire (une question de cours, une question issue des TDs).
Pour cela, les conditions d’examen ne pouvant étre assurées toutes les semaines, j’ai
développé une application (php/mysql) permettant de générer des interrogations
individuelles par tirage aléatoire parmi des questions équivalentes extraites d’une
base de données. Le résultat en terme de travail personnel fut bien celui attendu :
beaucoup plus de continuité et d’implication. Mais 'effet secondaire inattendu fut
de pointer les lacunes de maniére beaucoup plus nette, suscitant donc un besoin
d’explications supplémentaires. J’ai donc mis en place un systéme de soutiens (sou-
vent bénévoles), mais il s’avére qu’une aide ponctuelle, méme hebdomadaire ne suffit
pas & accompagner des étudiants ayant peu d’expérience des Mathématiques (DUT,

BTS, PACES ...).

A partir de 2012 j’ai donc commencé & étendre mon point du vue : le travail
personnel est une chose, mais la collaboration entre étudiants devrait I’épauler. Alors
qu’un enseignant peut au mieux prendre quelques heures hebdomadaires ponctuelles
pour répondre aux questions, les étudiants peuvent quant a eux, si la dynamique de
travail y incite, étre en contact a longueur de semaine ... Je me suis donc tournée
vers les approches de pédagogie coopérative (dont par exemple (Gatfield 1999)). La
différence majeure étant qu’il fallait développer une approche coopérative au sein
du cadre académique existant. A ma connaissance toutes les approches décrites dans
I’état de ’art reposent sur un chemin inverse : une décision académique de mettre en
place un type de pédagogie alternatif, et donc des aménagements réalisés en fonction
(horaires, moyens, volumes ...).

L’approche mise en place repose sur plusieurs ingrédients :

— des outils : le travail de groupe (autour de la préparation des TDs puis d’exer-
cices de groupe baptisés “challenge” ainsi qu’une évaluation entre pairs réali-
sée via une Web application que je mets a la disposition des étudiants)

— un carburant : celui des notes, qui stimulent le groupe et ses éléments

Le dernier challenge reste pour moi de faire passer progressivement le message
suivant :
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Les notes ne sont pas une fin mais un moyen, un outil informatif sur ce qui est
acquis et ce qui ne l’est pas.

Car a travers ce message se trouve aussi une clé d’autonomie pour les étudiants.

Ce travail pédagogique a donné lieu en 2016 & une publication :

(Bac 2016a) Alexandra Bac, Alexis Ben-Miloud et Axel Rozo-Brezillac. Importing
cooperative pedagogy into postgraduate courses - an experiment. In Future Of Edu-
cation - FOE, Florence, Italy, Juin 2016. Libreriauniversitaria.it

Il a également été reconnu par I’Université Aix-Marseille, qui m’a attribué une des
cing primes d’engagement pédagogique de la campagne 2016.

Un travail d’analyse statistique et qualitatif des résultats s’est réguliérement fait
depuis, permettant de modifier le systéme progressivement et une publication est en
cours de finalisation sur ces résultats.

Depuis 2017, sur demande du département d’ingénierie biomédicale, cette ap-
proche a été étendue & mon cours d’introduction a la programmation que j’y assure
(en collaboration avec les chargés de TD).

5.3 Module d’ouverture : “la connaissance de la connais-
sance”’

Depuis 2015, par ailleurs, je suis responsable d’'un module d’ouverture transversal
a Polytech Marseille. Cet enseignement s’intégre dans le prolongement de mon travail
de pédagogie coopérative, avec pour objectif de s’adresser & I’humain caché derriére
le scientifique. Ce module propose aux étudiants quelques pistes de réflexion sur la
nature de la connaissance, en s’appuyant essentiellement sur les travaux d’Edgar
Morin. Il s’insére & la croisée des chemins entre épistémologie, histoire des sciences,
biologie de la cognition, psychologie, philosophie. Bien loin de pouvoir en présenter
un panorama exhaustif, mon intention est d’explorer le sujet de la connaissance
(qu’est-ce que connaitre) sous différents angles pour souligner I'importance de penser
compleze (en particulier pour des étudiants de cycle supérieur).

“Le vrai probleme (de réforme de pensée) c’est que nous avons trop bien appris
a séparer. Il vaut mieuxr apprendre a relier.” Edgar Morin, La stratégie de reliance
pour l'intelligence de la complexité.
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Date de naissance : 11 février 1975

Lieu de naissance : St Martin d’Heéres (France -
Isére)

Nationalité : frangaise

Adresse professionnelle :
LIS - équipe G-MOD team
Polytech Marseille — Département informatique
Case 925 — Campus de Luminy
13288 Marseille Cedex 09
Téléphone : (+33) 4 91 82 85 32
Mail : alexandra.bac@univ-amu.fr

Situation professionnelle

Maitre de conférences en informatique (section 27)
Spécialité : modélisation géométrique
Equipe de recherche : laboratoire LIS, équipe G-Mod
Département d’enseignement : Polytech Marseille (dépt. informatique)

Titre
Docteur en Mathématiques discrétes et fondements de 'informatique de
I’Université de la Méditerranée
Titre : Logique linéaire indexée du second ordre
Directeurs de these : Jean-Yves Girard et Thomas Ehrhard
Laboratoire : IML - CNRS UPR 9016
Date de soutenance : 18 décembre 2001
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Formation

et dipléomes

Lycée Champollion Grenoble

Classes préparatoires (Maths sup puis Maths spé M’)

Ecole Normale Supérieure Lyon

1993-1995

1995-1999

Licences d’informatique (mention B)

Licence de physique théorique (mention AB)

Licences de Mathématiques (mention B)

Maitrise d’informatique (mention B)

Maitrise de physique théorique (mention B)

DEA de Mathématiques Discrétes et Fondements de I'informatique
(Marseille, Université de la Méditerranée, mention TB)

Dipléme de magistére ENS Lyon (mention TB)

Agrégation de Mathématiques (rang 72¢éme)

1999-2001

Université de la Méditerranée Marseille

Thése de Mathematiques Discretes et Fondements de 'informatique

2002-

Aix-Marseille Université

Polytech Marseille

Maitre de conférences en informatique
Membre du LSIS (LIS depuis le ler janvier 2018), équipe G-Mod

Recherche

Azes de recherche principauz :
Modélisation géométrique, géométrie des surfaces, courbures discrétes,

maillages, sufaces implicites, nuages de points LIDAR (segmentation,

reconstruction, reconnaissance de formes, modélisation)
Topologie algorithmique, homologie algorithmique, lien géométrie-topologie

Collaborations mageures :

- Université de Séville (Pr. Pedro Real Juardo, dépt. de Mathématiques appliquées)
- Université de Sherbrooke (Pr. Richard Founier, dépt. de géomatique appliquée)

- Institut Frangais de Pondichéry (dépt. d’informatique appliquée)

- Institut Frangais du Pétrole (Dr. Jean-Frangois Rainaud, dépt. R&D)
- IGN (Dr. Cédric Véga, lab. de I'inventaire forestier)

- ONF (Dr. Alexandre Piboule, dépt. R&D)

Azxe de recherche secondaire :

Pédagogie (pédagogies ouvertes, coopératives et leur intégration a la formation

académique)

Voir liste des publications jointe au chapitre B.
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Enseignement

Ecole d’ingénieurs Polytech Marseille :
Département d’informatique
algébre, algorithmique, optimisation, modélisation géométrique,
programmation orientée objet
Département de génie biomédical
introduction a la programmation (C)
Master Image et Systéemes, Aix-Marseille Université :
Mise a niveau en Mathématiques
Optimisation
Modélisation géométrique

Encadrements de théses

Nam Van Tran

Traitement de surfaces géologiques pour la construction de modéles structurauz
Septembre 2004 - Mars 2008

Van Sinh Nguyen

3D Modeling of elevation surfaces from vozel structured point clouds extracted
from seismic cubes
Septembre 2009 - Aot 2013

Jules Morel

Reconstruction de surface a partir de donnees LiDAR terrestre acquises en foret
Novembre 2013 - Février 2017

Joris Ravaglia

Reconstruction de formes tubulaires a partir de nuages de points : application a
lestimation de la geometrie forestiere
Septembre 2013 - Décembre 2017

Aldo Gonzalez Lorenzo

Computational Homology Applied to Discrete Objects
Septembre 2013 - Novembre 2016
Prix de thése GDR IG-RV 2017

Autres responsabilités



102

Annexe A. Curriculum vitae

2004-2005 : expert Européen pour le projet I'T.am project
(ERIICTA Insitute — Yerevan Arménie)
Responsable de I’évaluation et refonte des formations scientifiques
2004-2010 : responsable des formations d’aggrégation en algébre et modélisation
(Centre National d’Enseignement & Distance - CNED)
2004-2010 : responsable du recrutement pour ’école d’ingénieurs Polytech Marseille
Depuis 2005 : expert auprés du Fond National pour la Recherche du Luxembourg
(commissions AFR et Core)
2013-2016 : membre du Conseil d’Ecole de Polytech Marseille
2016 : co-organisatrice de la conférence CTIC 2016
(Computational Topology in the Image Context)
2015-2018 : membre du comité de thése de Van-Tho Nguyen (thése ONF/INRA co-encadrée par Ale
membre de trois comités de sélection (Aix-Marseille Université)
membre du jury de thése de Noémie Combe (prévu printemps 2018)
2018 : relectrice pour le journal Mathematics in Computer Science

Langues étrangéres

Anglais : lu, parlé, écrit couramment
Allemand : lu, parlé, écrit
Ttalien, japonais : niveau élémentaire

Autres activités

Pratique et enseignement de I’Aikido
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B.1 Publications par théme

B.1.1 Données structurées

| Travaux préliminaires

Courbures discrétes et classification des sommets d’un maillage
e (Bac 2005) Alexandra Bac, Marc Daniel et Jean-louis MALTRET. 3D
modeling and segmentation with discrete curvatures. Journal of Medical
Informatics and Technology, vol. 9, pages 13-24, 2005
Courbures discrétes et applications
e (Bac 2016b) Alexandra Bac et Jean-Luc Mari, editeurs. Computational
Topology in Image Context, volume 9667 of Lecture Notes in Computer
Science, Marseille, France, Juin 2016. Springer

| Travaux sur les maillages

Simplification anisotrope de maillages
e (Bac 2007) Alexandra Bac, Van TRAN NAM et Marc Daniel. A hybrid
simplification algorithm for triangular meshes. In GraphiCon’2007, pages
17-24, Moscou, Unknown or Invalid Region, 2007

Remplissage de trous et restauration de maillage
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e (Bac 2008a) Alexandra Bac, Van TRAN NAM et Marc Daniel. A multistep
approach to restoration of locally undersampled meshes. In GMP,
Langzhou, China, Avril 2008

e (Bac 2008b) Alexandra Bac, Van TRAN NAM et Marc Daniel. A Multistep
Approach to Restoration of Locally Undersampled Meshes. In F. Chen et
B. Jiittler, editeurs, Advances in Geometric Modeling and Applications,
pages 272-289. 2008

Application de cette approche a la reconstruction de surfaces de

T€Servoir
e (Bac 2009) Alexandra Bac, Marc Daniel, RAINAUD J.F. et Van TRAN

NAM. Surface Improvement for Reservoir Modelling. In MAMERN 2009,
pages 163-167, Unknown, Unknown or Invalid Region, 2009

e (Bac 2013a) Alexandra Bac, Marc Daniel et Van TRAN NAM. Individual
surface representations and optimization. In Editions Technip, editeur,
Shared Earth Modeling: Knowledge driven solutions for building and
managing subsurface 3D geological models, pages 95-113. 2013

Courbures discrétes et leurs applications

e (Bac 2013b) Alexandra Bac, Jean-Luc MARI, Dimitri KUDELSKI,
Van TRAN NAM, Sophie Viseur et Marc Daniel. Application of discrete
curvatures to surface mesh simplification and feature line extraction. In
Discrete Curvature - Theory and Applications, a colloquium on discrete
curvature, Marseille, France, Novembre 2013

| Travaux sur les nuages de points structurés

Simplification anisotrope de surfaces nuages structurés avec
préservation du bord
e (NGUYEN 2013b) Van-Sinh NGUYEN, Alexandra Bac et Marc Daniel.
Stmplification of 3D point clouds sampled from elevation surfaces. In 21th
International Conference on Computer Graphics, Visualization and
Computer Vision, WSCG2013, volume 21 of ISBN 978-80-86943-75-6,
pages 60-69, Plenz, Czech Republic, 2013
Mazllage rapide d’un nuage de point structuré
e (NGUYEN 2014) Van-Sinh NGUYEN, Alexandra Bac et Marc Daniel.
Triangulation of an elevation surface structured by a sparse 3D grid. In The
Fifth IEEE International Conference on Communications and Electronics
IEEE ICCE 2014, pages 464-469, DaNang, Vietnam, 2014

B.1.2 Données non structurées

| Travaux préliminaires

Calcul rapide des normales et octree géométriques
o (Ravaglia 2017a) Joris Ravaglia, Alexandra Bac et Richard A Fournier.
Anisotropic Octrees: a Tool for Fast Normals Estimation on Unorganized
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Point Clouds. In WSCG, Plzen, Czech Republic, Mai 2017

| Travaux fondamentaux

Ezxtraction de modéle numérique de terrain a partir de nuages de points
denses
e (Morel 2016) Jules Morel, Alexandra Bac et Cédric Vega. Digital terrain
model reconstruction from terrestrial LiDAR data using compactly supported
radial basis functions. IEEE Computer Graphics and Applications,
Novembre 2016
Détection de formes tubulaires dans des nuages de points denses
e (Ravaglia 2017b) Joris Ravaglia, Alexandra Bac et Richard A Fournier.
Extraction of tubular shapes from dense point clouds and application to tree
reconstruction from laser scanned data. Computers and Graphics, vol. 66,
pages 23-33, Aott 2017
e (Ravaglia 2017c) Joris Ravaglia, Alexandra Bac et Richard A Fournier.
Extraction of tubular shapes from dense point clouds and application to tree
reconstruction from laser scanned data. In Shape Modeling International,
Berkeley, United States, Juin 2017
e (Ravaglia 2015) Joris A Ravaglia, Alexandra Bac et Richard A Fournier.
Tree stem reconstruction from terrestrial laser scanner point cloud using
Hough transform and open active contours. In Silvilaser 2015, La Grande
Motte, France, Septembre 2015
Reconstruction de Poisson sur CSRBF et application aur formes
tubulaires largement occluses
e (Morel 2018a) Jules Morel, Alexandra Bac et Cédric Vega. Surface
reconstruction of incomplete datasets: a novel Poisson surface approach
based on CSRBF. Computers and Graphics, 2018
e (Morel 2018b) Jules Morel, Alexandra Bac et Cédric Vega. Surface
reconstruction of incomplete datasets: a novel Poisson surface approach
based on CSRBF. In Shape Modelling International, Lisbonne, Portugal,
Juin 2018
e (Morel 2015a) Jules Morel, Alexandra Bac et Cédric Vega. Computation of
tree volume from terrestrial LiDAR data. In MMT, 9th International
Symposium on Mobile Mapping Technology MMT2015, pages 53-59,
Sydney, Australia, Décembre 2015

| Travaux spécifique a ’analyse de données en milieu forestier

Décimation/détection de parties cylindriques par essaims
particulaires/détection d’arcs
e (Ravaglia 2013) Joris Ravaglia, Alexandra Bac et Alexandre Piboule.
Laser-scanned tree stem filtering for forest inventories measurements. In
Digital Heritage, volume 1, pages 649 — 652, Marseille, France, Octobre 2013
Indice de densité corrigé pour les nuages de points T-LiDAR
e (Bac 2014) Alexandra Bac, Joris Ravaglia et Richard Fournier. Spatial
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vegetation density index from terrestrial laser scanner : a continuous

approach applied to forestry. In IGARSS, IGARSS 2014, 35th Canadian

Symposium on Remote Sensing, Québec, Canada, Juillet 2014
Contribution a l’évaluation de la biomasse en environnement forestier a
partir de données T-LiDAR

o (Morel 2015¢) Jules Morel, Alexandra Bac et Cédric Vega. Forest carbon
assessment from LiDAR 3D point cloud analysis. In RFCC - Regional
Forum on Climate Change, Bandkok, Thailand, Juillet 2015

B.1.3 Topologie algorithmique

| Travaux préliminaires

Autour de la question de l’optimalité de la théorie de Morse
e (Real 2015) Pedro Real, Helena Molina-Abril, Aldo Gonzalez-Lorenzo,
Alexandra Bac et Jean-Luc MARI. Searching combinatorial optimality
using graph-based homology information. Applicable Algebra in
Engineering, Communication and Computing, vol. 26, no. 1-2, pages pp.
103-120, Mars 2015

| Topologie algorithmique

Homological Discrete Vector Fields : HDVF

o (Gonzalez-Lorenzo 2014) Aldo Gonzalez-Lorenzo, Alexandra Bac, Jean-Luc
MARI et Pedro Real Juarez. Homology cycle calculus based on graphs
within discrete objects. In CTIC, 5th International Workshop on
Computational Topology in Image Context, CTIC 2014, Timisoara,
Romania, Septembre 2014

e (Gonzalez-Lorenzo 2015c) Aldo Gonzalez-Lorenzo, Alexandra Bac,
Jean-Luc MARI et Pedro Real. Homological Discrete Vector Fields and
homotopy equivalence. In Applications of Computer Algebra (ACA 2015),
Kalamata, Greece, 2015

e (Gonzalez-Lorenzo 2017b) Aldo Gonzalez-Lorenzo, Alexandra Bac,
Jean-Luc MARI et Pedro Real. Allowing cycles in discrete Morse theory.
Topology and its Applications, vol. 228, Septembre 2017

Calcul rapide des nombres de Betti en dimension 3

e (Gonzalez-Lorenzo 2015b) Aldo Gonzalez-Lorenzo, Alexandra Bac,
Jean-Luc MARI et Pedro Real. Fast computation of Betti numbers on
three-dimensional cubical complexes. In Applications of Computer Algebra
(ACA 2015), Kalamata, Greece, 2015

e (Gonzalez-Lorenzo 2016¢) Aldo Gonzalez-Lorenzo, Mateusz Juda,
Alexandra Bac, Jean-Luc MARI et Pedro Real. Fast, Simple and Separable
Computation of Betti Numbers on Three-dimensional Cubical Complezes. In
Alexandra Bac et Jean-Luc Mari (Eds.), editeurs, 6th International
Workshop on Computational Topology in Image Context (CTIC 2016),
Lecture Notes in Computer Science (LNCS 9667), pages 130-139, Marseille,
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France, 2016. Springer
Géométrisation de la notion de trou topologique
e (Gonzalez-Lorenzo 2016b) Aldo Gonzalez-Lorenzo, Alexandra Bac,
Jean-Luc MARI et Pedro Real. Two Measures for the Homology Groups of
Binary Volumes. In Springer, editeur, 19th TAPR International Conference
on Discrete Geometry for Computer Imagery (DGCI 2016), Lecture Notes
in Computer Science (LNCS 9647), pages 154-165, Nantes, France, 2016

| Géométrie et topologie

Ouverture de trous
o (Gonzalez-Lorenzo 2017a) Aldo Gonzalez-Lorenzo, Alexandra Bac et
Jean-Luc Mari. Opening Holes in Discrete Objects with Digital Homotopy.
In Walter G. Kropatsch, Nicole M. Artner et Ines Janusch, editeurs,
Discrete Geometry for Computer Imagery, pages 213-224, Cham, 2017.
Springer International Publishing
Squelettes cellulaires
e (Gonzalez-Lorenzo 2015a) Aldo Gonzalez-Lorenzo, Alexandra Bac,
Jean-Luc MARI et Pedro Real. Cellular Skeletons: a New Approach to
Topological Skeletons with Geometric Features. In 16th International
Conference on Computer Analysis of Images and Patterns (CAIP 2015),
Lecture Notes in Computer Science (LNCS 9257), pages 616-627, La
Valette, Malta, 2015

| Applications

Caractérisation (homologique) de roches karstiques

e (Dahrabou 2016) Asmae Dahrabou, Sophie Viseur, Aldo Gonzalez-Lorenzo,
Jérémy Rohmer, Alexandra Bac, Pedro Real, Jean-Luc MARI et Pascal
Audigane. Topological Comparisons of Fluvial Reservoir Rock Volumes
Using Betti Numbers: Application to CO2 Storage Uncertainty Analysis. In
Alexandra Bac et Jean-Luc Mari (Eds.), editeurs, 6th International
Workshop on Computational Topology in Image Context (CTIC 2016),
Lecture Notes in Computer Science (LNCS 9667), pages 101-112, Marseille,
France, 2016. Springer

B.2 Pédagogie

| Travaux en pédagogie

Importer la pédagogie coopérative au sein de l’enseignement supérieur

e (Bac 2016a)Alexandra Bac, Alexis Ben-Miloud et Axel Rozo-Brezillac. Im-
porting cooperative pedagogy into postgraduate courses - an experiment. In
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An hybrid simplification algorithm for triangular meshes

Alexandra. Bac*
LSIS Marseille

Abstract

This paper deals with an hybrid simplification method for triangu-
lar meshes. Our approach is based on a first simplification step
where vertices are clustered, followed by an iterative edge collapse
step. More precisely, vertices are first clustered into surface patches
through an adaptive segmentation process (using both absolute dis-
crete curvature and principal component analysis); the edge col-
lapse process is based on quadratic error metrics.

Keywords: Simplification, segmentation, adaptive, quadratic error
metric, PCA, large data sets

1 Introduction

Our work originates in the study of triangular mesh surfaces orig-
inated from geology and geologic surface modelling (as part of a
collaboration with the IFP - French Institute of Petroleum). Our
data, obtained by physical measures, are typically inhomogeneous,
sparse, noisy and voluminous. Therefore, we are interested in the
improvement of such surfaces and more particularly in the detec-
tion and filling of holes and faults. However, most improvement
algorithms are both time and space consuming and thus, it is fun-
damental to simplify, smooth and homogenize data before any fur-
ther treatment while preserving curvatures and critical areas such as
faults (see [Bac et al. 2005]).

The present work was undertaken in this context: our hybrid mesh
simplification method allies both vertex clustering and iterative
edge collapse techniques. These approaches are actually com-
plementary: iterative edge contraction (based on quadratic error
metrics, see [Garland 1999]), compared to vertex clustering ap-
proaches, leads to results of good quality but proves very costly
both in terms of time and space. Vertex clustering algorithms are
simple, light and efficient methods but they hardly take into account
the local geometry of the surface. Therefore, our idea was to com-
bine both an adaptive segmentation step followed by an iterative
edge collapse process (this last step ends when the expected simpli-
fication rate is reached).

The paper is organized as follows: in section 2, we present related
works in the field of simplification. In section 3, we introduce our
two step method, while sections 4 and 5 respectively detail each
step. Section 6 emphasizes the very interesting results we obtained
and we conclude in section 7.

*e-mail: alexandra.bac @esil.univmed.fr
Te-mail: van.tran-nam @esil.univmed.fr
te-mail: marc.daniel @esil.univmed.fr

Nam Van Tran®
LSIS Marseille

Marc Daniel?
LSIS Marseille

2 Related works

In the last ten years, the average size of the geometric models han-
dled has drastically increased, therefore, the issue of mesh simpli-
fication has become more and more important. Many studies deal
with this problem; they can be classified into two families: vertices
clustering or iterative edge contraction.

Vertex clustering approaches are based on the following idea: the
initial mesh is split into small patches (called cells); all the ver-
tices of a cell are then replaced by a unique representative vertex.
One of the simplest method has been proposed by Rossignac and
Borrel (see [Rossignac and Borrel 1993]). The mesh is segmented
by subdivision of its bounding box with a regular cubic grid; the
representative vertex of each cell is taken to be the barycenter of
the vertices it contains. The main advantage of this method is that
it is extremely fast, but the quality of its results is however insuf-
ficient. Such insufficiency mostly results from the choice of the
representative vertex (barycenter) which hardly takes into account
the geometry of the surface and cloud of points.

Many other algorithms improve and optimize this choice. Let us
mention the approach of Peter Lindstrom (see [Lindstrom 2000])
in which the representative vertex is computed by minimization of
a quadratic form, namely, the quadratic error metric (see [Garland
1999]). This metric gives for each point z in R®, the sum of the
squared distances between x and the faces of the cell. It is closely
related to the 2-norm of the principal curvatures and this heuristic
gives, in practice, results of better quality than previous methods.

All these methods, based on vertex clustering by means of a uni-
form grid, are very quick. However using such a uniform grid can
produce approximation errors (whatever the quality of the choice of
the representative vertex). Indeed, any detail of the original model
smaller than the size of the grid is lost by the simplification process.
Therefore, it is tempting to introduce the local curvature of the sur-
face in this process: in order to improve the quality of the simplified
surface, more details should be kept in the strongly bent areas. The
R-simp algorithm by Brodsky and Watson [Brodsky and Watson
2000] groups vertices by means of an adaptive process. Starting
from a single cell containing the initial mesh, cutting planes are it-
eratively inserted by means of a principal component analysis of
the normals of the cell. This analysis provides approximate min-
imal and maximal curvature directions for the cell. Subdivisions
are performed until the desired resolution is reached; the represen-
tative vertex of each cell is then computed by minimization of its
quadratic error metric (same as in [Lindstrom 2000]).

Besides the R-simp algorithm, Shaffer and Garland ([Garland and
Shaffer 2002]) presented their own mesh simplification method
consisting of two steps. First, the initial mesh is segmented using a
uniform grid; simultaneously, all the quadratic error metrics of the
cells are computed and then used to compute the representative ver-
tices. Second, an edge collapse step is applied (based on quadratic
error metric) to improve again simplification while preserving the
quality of the resulting mesh.

Let us conclude this section by some elements concerning simpli-
fication algorithms based on iterative edge collapse. Most of these
algorithms use a greedy approach to chose their next target edge. A
cost function is attached to each edge and at each step of the algo-
rithm, the lower cost edge is chosen and collapsed. The difference



between the various algorithms (in terms of quality and computa-
tional efficiency) lies in the choice of this cost function as well as in
that of the vertex towards which the edge is collapsed. Let us men-
tion Garland and Heckbert ([Garland and Heckbert 1997]) where
both the cost and the target vertex are obtained with quadratic error
metrics, and more recently Borouchaki and Frey ([Borouchaki and
Frey 2005]) who use an estimate of the Hausdorff distance between
the original and the simplified mesh.

Other approaches are, of course, possible: Hoppe algorithm
([Hoppe et al. 1993]) is based on the minimization of an energy
function (the number of vertices, their position and topology are
modified in order to decrease the energy of the mesh). This algo-
rithm leads to good visual results (similar to those obtained with
quadratic error metrics) but it proves both time and space consum-
ing.

The “memory less” algorithm of Lindstorm and Turk ([Lindstrom
and Turk 1998]) minimizes geometric deviations between the origi-
nal and simplified meshes (such as volume, area); this minimization
is expressed by linear constraints (their resolution is far lighter than
Hoppe algorithm).

3 Method General presentation

Our work starts from an observation: the approaches to triangular
mesh simplification are various and actually each of them is rele-
vant in its own field. On the one hand, vertex clustering approaches
are particularly interesting in terms of time and space consumption
and will be more efficient for low simplification rates. On the other
hand, iterative edge contraction is slower and requires more mem-
ory, but produces better results (specially for high simplification
rates).

The purpose of our algorithm is to conciliate the advantages of both
approaches in order to efficiently handle models of any size while
preserving the quality of the resulting approximations.

The underlying idea of our algorithm is to combine a first adaptive
segmentation step with a second iterative edge collapse step. This
scheme is summarized in figure 1 (where N denotes the number of
vertices of the mesh and B the expected number of vertices).

no

Simplification
Determination of
collapses costs

Sorting of the
collapses costs

Decimation

Uniform segmentation

Adaptative segmentation

Computation of the
representative vertices

Edge
collapse
Update of the costs

Topology of the
representative vertices

Figure 1: General view of our simplification algorithm

3.1 Vertex grouping: spatial adaptive clustering

The first step of our algorithm consists in a vertices grouping step.
As we have explained previously, in order to obtain satisfactory re-
sults, it is necessary to take into account the local geometry of the
surface and hence to use an adaptive approach. However, if the
original data is inhomogeneous and if some areas of the original

surface are sparse, a purely adaptive approach can lose too many
informations in these areas. Therefore, in order to avoid such prob-
lems, our algorithm starts from a rough regular grid. This initial
grid is then refined by successive approximations: splitting planes
are determined by a principal component analysis and inserted in
the cells where more detail is necessary (see section 4.2).

In order to split cells efficiently, it is necessary to define a priority
for their treatment. We chose to estimate the absolute curvature
at each vertex (we use the estimation by Meyer et al. [Meyer et al.
2002], see section 4.1). The indicator attached to a cell is the sum of
the absolute curvatures of its vertices; cells are processed according
to this indicator.

Last, a representative vertex is computed for each cell (by mini-
mization of the quadratic error metric associated to the cell), and
a topology is rebuilt over these vertices, inherited from the initial
topology (see section 4.2.3).

3.2 Iterative edge collapse

Starting from the intermediate approximation of the mesh obtained
by vertices grouping together with the quadratic error matrices pre-
viously computed, an iterative edge collapse process is applied in
order to produce a smaller and smoother simplification (see section
5).

4 Vertex clustering : adaptive segmentation

4.1 Discrete curvatures

A triangular mesh is a piecewise linear surface. Therefore, its cur-
vature (in the sense of differential geometry) is null everywhere
except on the edges where it is not defined. However, it can be in-
teresting to consider such a surface as a discrete approximation of a
continuous surface. In this perspective, one can define discrete cur-
vature indicators; ideally these discrete indicators should converge
to the continuous ones as the mesh density increases. Several def-
initions have been proposed for such discrete curvature indicators
(see [Cazals and Pouget 2005], [Meyer et al. 2002], [Taubin 1995]).
We chose to use the definition by M. Meyer and al. ([Meyer et al.
2002]) as it constitutes a good trade-off between quality and com-
plexity (convergence results have been formally obtained by G. Xu
in [Xu 2006]).

For any vertex v, we use Meyer’s estimates to compute both mean
curvature H and Gaussian curvature K at v. Let x1 and ko
be the principal curvatures at vertex v, then: ki1k2 = K and
K1 + k2 = 2H. Therefore x1 and k2 are the roots of the polyno-
mial X? — 2H - K + K. The absolute curvature at v is defined by:
Kaps = |k1| + |#2]- In our algorithm, this indicator is used through-
out the vertex clustering process. Figure 2 presents absolute curva-
ture fields for both a geological surface and the well known rocker
arm model.

Figure 2: Discrete absolute curvature fields: left, a rocker arm -
right, a geological surface



4.2 Adaptive segmentation

The spatial vertex partition is technically handled using a forest of
BSP trees in order to control efficiently the size of the resulting
mesh. Provided that each leaf of the BSP trees eventually produces
a vertex, the leaves of the BSP tree are subdivided until the desired
number of vertices is reached.

This process consists of three steps: initialization, adaptive segmen-
tation, and last post-processing. Let us now detail each of them.

4.2.1 Initialization

After loading the mesh, the initialisation step consists both in regu-
larly segmenting the surface (subdividing the whole mesh by a 3D
regular grid) and in computing for each vertex the corresponding
absolute curvature indicator. The number of trees created corre-
sponds to the number of cells of the uniform grid used for segmen-
tation. Each root of this forest maintains a list of vertices and an
absolute curvature value (defined as the sum of the absolute curva-
tures at the vertices of the cell).

Note that the size of the uniform grid does not directly control those
of the resulting segmented mesh: this control arises from the adap-
tive segmentation step.

When the input data are voluminous, it is important that the size
of the regular grid cells be small enough to simplify and acceler-
ate the adaptive segmentation step. Moreover, in the sparse areas,
the initial uniform clustering step prevents that too distant vertices
be grouped by adaptive segmentation (which would result in distor-
tions).

4.2.2 Adaptive segmentation of the mesh

Once the surface has been segmented by means of a regular grid (as
described previously) we obtain an array of n BSP trees (where n
is the number of cells of the initial regular grid). Moreover, these
trees are sorted in a priority queue ordered by decreasing absolute
curvature value.

The BSP tree is then iteratively updated as follows (let n be the
number of leaves of the forest and let m be the number of vertices
required for the simplified mesh):

While n < m:
1. chose the leaf of maximal absolute curvature
2. create a subdivision plane by PCA analysis
3. subdivide the leaf according to this plane and update the
BSP tree

In order to determine a subdivision plane appropriate to the repar-
tition of vertices in the cell (see [Garland and Shaffer 2002]), we
use a principal component analysis of the normals of the cell (see
[Jolliffe 1986]).

Let us recall the main results on principal component analysis. Let

{z1,...,x,} be aset of vertices. The covariance matrix of this set
is defined by:
1 n
Z = 2 — ) (mi — )"
) @ - D) - )
i=1
where ¥ denotes the average of the set {z1,...,Zn}.

The eigenvectors of this matrix give the main variation directions
of the set of vectors (for a cloud of points inscribed in a rugby ball,

these directions are the axes of the ball). The eigenvector associ-
ated to the largest (resp. smallest) eigenvalue corresponds to the
direction in which vectors spread out' the most (resp. the least).

In our setting, at each step of the adaptive process, the strongly
bent cells are split in order to decrease their curvature as much as
possible. Ideally, the subdivision plane should be orthogonal to the
direction of maximal curvature (see figure 3). However, contrarily
to figure 3, we are not interested in smooth surfaces but in cells
issued from a triangular mesh. Therefore, it is necessary to find a
discrete approximation of principal directions.

Figure 3: Principal curvatures on smooth surfaces: (in red, direc-
tion of maximal curvature - in blue, direction of minimal curvature)

Normal curvature in direction 7 is the normal component of accel-
eration in this direction. Therefore, principal directions correspond
to directions (in the tangent plane) of minimal and maximal varia-
tion of the normal vector.

In the discrete case, principal component analysis of the set of nor-
mals of the cell provides the main spreading directions of this set.
Let e1, e2 and ez be unitary eigenvectors of the covariance ma-
trix, associated to eigenvalues A1 < A2 < A3 (eigenvalues and
eigenvectors are computed with the Jacobi method [Vertterling et al.
2003]) . Direction e; is that of minimal variance, therefore it ap-
proximates the average normal vector of the cell. Direction e3 (or-
thogonal to e1) is that of maximal variance. Thus it approaches the
principal direction of maximal curvature and we will take e3 to be
the normal of the splitting plane.

Moreover, the affine subdivision plane should be inserted around
the vertex of maximal curvature; but in order to split the cell effi-
ciently, this vertex should not be too close from the border. There-
fore, we insert the splitting plane at the barycenter of the vertices
weighted by their absolute curvature. The resulting clustering is
quite satisfactory both for large and small cells (see figure 4).

Once the subdivision plane is determined, the leaf corresponding
to the considered cell in the BSP tree is split into two new leaves.
Vertices of the original cell are assigned to one of these leaves de-
pending on their position with respect to the splitting plane. Then,
we assign each triangle to the set of cells its vertices belong (thus,
a triangle generally belongs to up to three cells). The discrete sur-
faces we are studying are topologically connected. However, nodes
can contain distinct disconnected components. In such a case, re-
placing the vertices of the cell by a single vertex would produce
a non-manifold mesh; thus we test the connectivity of nodes and
eventually split the non connected leaves into their connected com-
ponents.

The direction in which vectors spread out the most is actually the direc-
tion of maximal variance



Figure 4: Splitting planes for small cells (top) and a 300 vertices
cell

The following test is applied to each leaf of the BSP tree; the algo-
rithm uses a list L (initially containing all the vertices of the leaf)
and a queue f (initially empty).

o Get the head of L into v
e Insert v into f
e While f is not empty :
— Get the head of f into v
— For any v’ neighbour of v:
if v’ belongs to L then
* Insert v’ into f
* Remove v’ from L

At the end of this test, if L is empty, the cell contains a single con-
nected component and thus, the simplification process goes on nor-
mally. If L is not empty, the cell contains disconnected compo-
nents. The leaf is split into two new leaves respectively containing
the vertices still present in L and the others. The topological test
goes on on the first set until all the connected components have been
identified.

In spite of its cost, this test is necessary to guarantee the topologi-
cal properties of the simplified surface. Figure 5 presents both the
uniform cells and those obtained after the adaptive subdivision pro-
cess.

4.2.3 Post-processing

Once the cells have been split and the expected decimation rate is
reached, a representative vertex must be computed for each of them
(together with an appropriate topology, inherited from the original
mesh).

In order to approximate cells as precisely as possible, we use a
method similar to [Brodsky and Watson 2000], [Lindstrom 2000]
and [Shaffer and Garland 2001]. For each cell, we define a
quadratic form (called quadratic error metric) estimating the dis-
tance between any point of space and the cell. The optimal posi-

Figure 5: Results of the adaptive subdivision process: left, uniform
clustering - right, adaptive clustering

tion of the representative vertex is obtained by minimization of this
quadratic form.

Let us now define this quadratic form. For any triangle ¢ in the cell,
let P; be the plane defined by ¢, the quadratic form @ : R® - R
associated to ¢ is defined by Q¢(v) = d(v,P;)?. The cartesian
equation of P; can be written: n"v + d = 0 where n denotes the
unitary normal of ¢ and d is a constant. The distance d(v, P;)* can
thus be written as d(v, P;)? = v' (nn" )v + 2(dn" v + d*. Let
us define:
Q:(v) = v A + QBtTv +C

with Ay =nn', By =dn' and C; = d>.

Observe that the axes produced by the principal component analysis
of the cell (represented in blue) are quite similar to the axes of the
quadratic error metric’.

We have dQ(v).h = 0 and as matrix A is symmetric and non neg-
ative, minimizing () comes to solving Av + B = 0. This linear
system is solved by singular values decomposition: A = ULV T
where 3 is a diagonal matrix and U and V' are orthogonal matrices.
Let us define matrix £ by:

(1) = { Zo if 245 # 0
0 else

Let & be the barycenter of the cell. The closest point to £ satisfying
equation Az + B = 0 is given by:

z=4-VISTUT (B + A%)

Once this representative vertex is determined for each cell, it re-
mains to rebuild a topology over these vertices, inherited from the
initial topology of the surface. The algorithm is as follows:

For any face f in the initial mesh:
o if f belongs to three different cells, it is kept,
e otherwise, it is degenerate (reduced to a segment or vertex
in the new mesh) and therefore, it is removed.
The remaining faces generate the topology over the set of rep-
resentative vertices and the quadratic error metric of each cell
becomes that of its representative vertex.

2Which is not so surprising as
1
A= n¢ng whereas Z = —— ng —n —a)T"
> ning k—lz(t )(ne — 1)
tecell tecell

where n; denotes the normal of triangle ¢ and 72 the average normal of the
cell.



Figure 6: Quadratic error metric for different cells - top: a saddle
cell - bottom: a convex cell

Let us point out that this post-processing (also used by [Brodsky
and Watson 2000], [Lindstrom 2000] and [Shaffer and Garland
2001]) does not guarantee the manifoldness of the result (only that
generally, it is manifold). The following example (figure 7) illus-
trates such a topological problem. The initial mesh (drawn in black
on the left figure) is split into four cells and thus, the simplified
mesh (in red) is non-manifold. Flipping edge (e, i) solves the prob-
lem (see right figure).

Figure 7: Heuristic for the well known topological problem (non-
manifoldness): left, the original mesh - right, the corrected mesh
(an edge has been flipped) which gives rise to a manifold simplified
mesh

Our idea is to detect and avoid edges causing non-manifoldness,
and actually, edges of the original mesh belonging to two triangles
that will be non degenerate are one of the main cause for such prob-
lems (as they produce crossing edges). Therefore, before building
the topology of the simplified mesh, we apply the following heuris-
tic to the initial mesh:

1. select the edges (vi,v2) of the initial mesh incident
to two different non degenerate triangles ((v1,v2,vs3)
and (v1,v2,v4)); these edges are responsible for non-
manifoldness

2. for each of these edges:

if (v3,v4) belongs to a single cell
flip (v1,v2) ((v1, v2) is replaced by (vs, v4)):

In the previous example, only edge (e, ) is concerned and its flip
makes the simplified mesh a manifold surface.

All this data (representative vertices, topology and quadratic error
metric) is transmitted to the second step of our simplification algo-
rithm.

5 Iterative edge collapse

The second step of our algorithm consists in simplifying more
finely (by iterative edge collapse) the intermediate mesh previously
obtained. We apply the method introduced by Garland and al.
([Garland 1999]) with the quadratic error metrics previously com-
puted.

Contracting a pair of vertices (v1,v2) — o consists in replacing
the vertices v, and v2 by a new vertex ¥ minimizing the resulting
error (where error is measured with the quadratic error metric just
described). Vertex v is then linked with the neighbours of v; and
V2.

Let us now come into details. The quadratic error made on the edge
(v1,v2) is estimated by Q (v, ,v0)(V) = Qu, (V) + Qu,(v). The
algorithm is as follows:

o For any edge (v1,v2), compute U the vertex minimizing
error Q v, ,vy) (V). The cost of contraction (v1,v2) — U
is defined as Q (v, vy) (D).
o Order the pairs in a stack by increasing order.
o While the desired decimation rate is not reached:
— remove the pair (vi,v2) of lower cost from the
stack,
— contract this pair, the quadratic error metric asso-
ciated to the new vertex v is Qs = Quv; + Quy
— update the contractions (position of the optimal ver-
tices) and their costs for the 1-neighbour ring of ©

6 Results

The performances of the simplification process strongly depend on
the following parameters: first the size of the intermediate mesh
(that is the simplified mesh obtained after the first step), second, the
size of the uniform grid.

The size of the uniform grid mustn’t be too small, otherwise, the
following adaptive subdivision makes no more sense and wouldn’t
improve uniform segmentation anymore. However, this parameter
provides a control over the errors made by adaptive segmentation:
at worst, after the adaptive segmentation step, the size of the cells
equals those of the grid. In practice, a good choice for the size
of the cells is to take them between 1.5 and 2 times the average
length of the edges. As for the size of the intermediate mesh, we
experimentally choose a ratio between 0.5 and 0.8 of the size of the
initial mesh. Both parameters must actually be chosen in order to
let enough “’place” to both steps to work over the data.

As one can observe (figure 8 and 9, the simplified surfaces are vi-
sually very satisfactory; actually, they are very close to those ob-
tained by a pure iterative edge contraction - this will illustrated
when studying the Hausdorff distance between the initial surface



Figure 8: The rocker arm model simplified by our method: initial model, 40k vertices (left) - simplified model, 5k vertices, Dyq = 0.00029,
Daye = 0.0000345 (right) - size of the uniform grid: 41x24x78, size of the intermediate mesh: 20088 vertices

and the simplified one. Observe that the sharp edges are well pre-
served. For geological surfaces, it is essential as these characteris-
tic lines are of particular interest for the geological interpretation of
surfaces.

Figure 9: A geological surface simplified with our method: ini-
tial model, 112k vertices (left) - simplified model, 3k vertices - size
of the uniform grid: 151x188x27, size of the intermediate mesh:
56136 vertices

In order to estimate the quality of our results, we have first com-
pared them with those obtained by Shaffer and Garland with their
mixed approach ([Garland and Shaffer 2002]). The tests have been
performed with two models: the “lucky lady” model (500k ver-
tices) and the “dragon” model (437k vertices). Table 1 presents the
numerical results obtained for this comparison. Figure 11 and 10
present the related graphical results. Observe that besides the nu-
merical results, our method visually preserves well the sharp folds
of the models and produces regular meshes.

In order to estimate the quality of our simplified meshes, we have
compared them with surfaces obtained by the pure iterative edge
collapse algorithm ([Garland 1999]). Figure 12 presents running
times and error maps for both of these algorithms.

Therefore, the quality of our results is similar to [Garland 1999]
whereas our running time is three times lower.

7 Conclusion

The purpose of our algorithm, was to propose an alternative to ver-
tex clustering simplification methods and to iterative edge collapse
methods, by a compromise between both approaches. Regarding
the results presented in section 6, this objective is reached. The
main interest of this approach is to provide results of high qual-
ity (very similar to those obtained by an iterative edge collapse
method) but with lower running times (by factors around 3 and up
to 5) and memory consumption. Actually, our algorithms behaves
well as for the average errors between the original and the simplified
mesh and the maximal errors are significantly reduced compared to
[Garland and Shaffer 2002]. Moreover, the heuristic we apply in
order to avoid the well known topological problems resulting from
simplification based on vertex clustering proves quite efficient.

In the geological field (in which our questions originated), this hy-
brid method allowed us to solve our initial problem, namely, to sim-

plify very voluminous data while preserving strongly bent areas and
curvatures.
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(1) Garland and al. - (2) our method

both models (see[Aspert et al. 2002] for more details)
o Non-manifold edges is the number of non-manifold edges resulting from vertex clustering (our heuristic aims at avoiding them)

Vin is the size of the initial model and V4, is that of the simplified model
Grid size is the size of the uniform grid
Occupied cells is the number of leaves in the final BSP tree
I°" phase mesh size is the size of the intermediate mesh

Time (s) is the running time of the whole simplification process
Error: D is the Hausdorff distance between the original and the simplified mesh - D,y is the average symmetric distance between

Table 1: Numerical comparison between our algorithm and Garland and al. 2002

Figure 10: Comparison of our method and Garland and al. 2002 - the "venus” model (134k vertices) - simplified model: 20K vertices




Figure 11: Comparison of our method and Garland and al. 2002 - the "lucky lady” model (500k vertices) - simplified model: 100K vertices

Figure 12: Comparison of the map of errors for our method and Garland and al. 1999 - the "venus” model (134k vertices)
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Abstract. The paper deals with the problem of remeshing and fairing of
undersampled areas (called "holes”) in triangular meshes. In this work,
we are particularly interested in meshes constructed with geological data
but the method can however be applied to any kind of data. With such
input data, the point density is often drastically lesser in some regions
than in others: this leads to what we call ”holes”. Once these holes iden-
tified, they are filled using a multistep approach. We iteratively: insert
vertices in the hole in order to progressively converge towards the den-
sity of its neighbourhood, then deform this patch mesh (by minimizing
a discrete thin-plate energy) in order to restore the local curvature and
guarantee the smoothness of the hole boundary. The main goal of our
method is to control both time and space complexity in order to handle
huge models while producing quality meshes.

Key words: Resampling, holes, meshes, thin plate energy, surface fair-
ing, multistep

1 Introduction

Petrol industry has acquired in the last years, an enormous amount of seismic
data which is, up to now, neither interpreted nor transformed into some ”Shared
Earth Model”. In order to satisfy the needs of petrol companies, methodologies
were recently proposed to reconstruct updatable, modifiable and extendable 3D
geological models constructed with such data [BS*05b].

The construction process starts by the acquisition of point clouds defining
the geologic surfaces (called “horizons”). These clouds are dense and unorga-
nized. Triangular or parametric meshes (with BSpline surfaces) can be used to
mesh these clouds [Hje00] , [Hje01]. However, triangular meshes are preferable
due to their simplicity and accuracy for data representation. According to the
complexity of the geologic surfaces and the data acquisition technology (e.g.
geoseismic or geomagnetic), data can miss in some regions of the surfaces. Fig-
ure 1 presents such cases. Such undersampled (if not empty) regions are called
”holes”. Such holes are not acceptable either for geologists or computer scien-
tists and can induce unexpected results when reconstructing 3D models. Other
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Fig. 1. Example of "holes” in a geological surface: (a): a horizon is represented by a
point cloud (22,000 vertices), (b): a closer view of a hole region and (c): a fault region
of the triangular mesh. Notice that in the regions where data is lacking, the triangle
geometries are totally different to those of the surrounding triangles.

important regions of interest are geological faults. A fault consists in a brutal
discontinuity in the horizon which often corresponds to a change in the point
density of the data (fig. 1c). But the treatment of faults is of different nature
and does not overlap with our hole filling process.

Fig. 2. The steps of our filling process for a simple object: (a) Hole identification,
followed by a succession of (b;) hole refinement, (c;) fairing of the inserted patch.

Our approach is directed by the nature of the problem: geological surfaces
can be very large (we expect to handle billion triangle surfaces) and as sur-
face improvement is only a preliminary step, its running time must remain low.
Therefore, a global approach is not possible (for both space and time reasons).
Moreover, as our input data is issued from seismic techniques, the “holes” we
have to fill are localized - the input data is generally rather uniformly sampled,
except in the holes where it is absent.

For efficiency, our method consists in a multistep approach (see figure 2).
First, hole areas are identified (section 3). Then, we iteratively: (1) refine (or fill)
holes (section 4) - vertices are inserted in order to progressively approach the
density of the hole neighbourhood - and (2) fair the inserted patches (section
5) in order to satisfy a blending condition and restore the local shape of the
surface. At step (2), we use a partial differential equation scheme (PDE) issued
from a discretization of the bending energy (the thin plate energy) to restore the
inserted patch shape. Results of this local resampling method and comparisons
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with other existing approaches, briefly recalled in section 2, are presented in
section 7.

2 Related works

Various methods have been proposed to fill undesirable holes in triangular meshes.
The most popular approach for surface reconstruction and repairing is based on
the use of implicit or parametric functions. In [CFB97], Carr and al use Ra-
dial Basis Functions to represent scattered data. Other techniques based on the
Moving Least Square projection [MOOQ7], [TCO04] are also proposed. The holes
are then filled by extracting iso-surfaces from the implicit representation. Like
any other implicit methods, these hole filling algorithms construct their implicit
representations from the neighbourhood of the holes. Therefore, they tend to
poorly perform if the hole topology is complex or if the hole geometry is twisted.
Nevertheless, these algorithms guarantee that the hole filling patches smoothly
blend with the original model.

In [DMGLO02], Davis and al apply a volumetric diffusion technique to fill
holes in range scans. The technique aims at reconstructing densely sampled
incomplete closed surfaces. The process consists in converting a surface into
a voxel-based representation with a clamped signed distance function; the final
surface is extracted using marching cubes. This method is relevant to fill complex
holes but does not guarantee the boundary continuity.

In [Ju04], T. Ju, starting from a similar octree representation, partitions the
space into disjoint inside and outside volumes (by means of a sign function con-
sistently generated over the voxels). A closed surface is then extracted using a
contouring algorithm such as a the marching cubes algorithm of dual contour-
ing (see [JLSWO02]). In [JE05] obtains such a closed surface by generating, from
the voxelization of the space, a closed membrane (the algorithm si similar to
the a-shape algorithm). This membrane is approximated to produce a closed
discrete or smooth surface. Let us also mention the algorithm proposed by A.
Hornung and L. Kobbelt in [AHO06]; instead of using a reconstructing the surface
as the zero level-set of a sign function (as in [Ju04]), they compute a dilated
crust around the cloud of points together with a distance function (local surface
confidence). The closed surface maximizing the global confidence is obtained as
a max cut over a weighted graph structure. Last, this surface is smoothed us-
ing an iterative bilaplacian operator. Such approaches efficiently produce closed
smooth surfaces starting from irregular noisy data. However, in our setting, such
global approaches are not appropriate. First, because undersampling is a local
phenomenon in very dense and large clouds of points (millions to billions of
points) and second because they produce closed surfaces whereas our surfaces
are clearly not closed.

In [Lie03] holes are first identified and filled by minimizing the area trian-
gulation and the dihedral angle of its 3D contour. The triangulation is then
refined with respect to the point density of neighbouring areas. Inserted patches
are finally smoothed using an umbrella operator [KCVS98]. A method relatively
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similar to [Lie03] is proposed by Pernot et als [PP06] for hole filling in reverse en-
gineering. Pernot and al fill a hole with a regular grid, after having removed dis-
torted triangles around the hole contour. The patch mesh is then deformed with
the minimum of external force variation. Two other fairing processes ([Lie03],
[PP06]) are obtained by solving linear systems. Let us mention that both [Lie03]
and [PPO06] focus on hole filling inside surfaces (and do not consider the problem
of boundary holes which often occurs in the geological setting).

Schneider and al [SKO1] propose a smoothing technique satisfying a G*
boundary condition (actually a pseudo-G! condition adapted to the discrete
case) based on solving non-linear fourth order partial differential equations. They
introduce a notion of outer fairness (corresponding to the smoothness in the
classical sense) and an inner fairness (the regularity of the vertex distribution).
These criteria are used in their fairing process. In [NISA07], the authors exploit
these results in their freeform designing system from a collection of 3D curves.
Recently, Xu et al [XP06] used surface diffusion flows of high order to solve dif-
ferent problems of smooth surface reconstruction. This approach guarantees a G
(fourth order PDE) and a G? (sixth order PDE) continuity along the boundary
curves. For a similar surface restoration problem, Clarenz and al, in [CDD*04],
use a finite element method to solve Willmore equations (let us also mention
the work of Bobenko and Schrder [BS05a] using Discrete Willmore Flow). In
[KCVS98], L. Kobbelt and al. present a fast multi-resolution smoothing algo-
rithm based on incremental fairing (by means of the “umbrella” operator (see
[SKO01])) of an improved hierarchy of nested spaces. Let us finally mention that
in [CDD*04], the fairing techniques require an iterative resolution process.

The approaches by Liepa and Pernot are more relevant in our setting as
their behaviour is purely local. Our approach, based on Liepa, intends on the
one hand to improve the quality of the patching meshes (both for boundary and
internal holes) and on the other hand to enhance the efficiency of the process.
Our goal is reached by developping first a more appropriate filling procedure for
open surfaces (adequate for boundary holes), second a new discretization of the
thin plate energy in order to improve the quality of fairing and third a multistep
process in order to enhance the efficiency of our algorithm in terms of both space
and time.

3 Identification of hole regions

As explained in the introduction, our method has been designed to be as local
as possible. Therefore, the first step consists in identifying the so-called hole
regions: areas where the data is sparser than elsewhere (or absent) in the point
cloud. In the geological setting, such areas are actually patches corresponding
to an absence of seismic response. Many techniques are available to solve such
problems (such as the powerful algorithm of a-shapes for instance), but they are
computationally complex whereas this detection is only a preliminary step for
us. As for the methods proposed in [JE05], [AH06] and [Ju04], they are based on
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a voxelization of the space and produce a global smooth approximation of the
cloud of point, not a local one.

Actually, once the data is triangulated (fig.1) using a Delaunay-like trian-
gulation, hole regions can be properly detected by means of an elementary ge-
ometric parameter: comparison between the perimeter of triangles and the av-
erage perimeter over the mesh. This criterion performs particularly well on the
Delaunay-like triangulations.

As pointed out in the first section, there also exist fault areas in geological
surfaces inside which triangles present similar singular perimeter characteristics.
In the present work, these areas are identified by a simple procedure based on the
variation of the local normal with respect to the average normal of the surface.
Such areas are discarded in the hole detection step (and therefore in the whole
subsequent filling process). Indeed in the 3D reservoir modelling process, faults
receive an appropriate and dedicated treatment.

Let us mention that the detection of faults can be improved through an
efficient two steps algorithm. First, the rough detection previously mentionned,
based on the variation of the local normal, is performed; second, the identified
regions are more precisely analysed with techniques based on ridge and ravine
detection (see for instance [YBS05]). But this is not the purpose of the present
article and still work in progress.

4 Filling hole

Once undersampled regions have been detected, we wish to fill each one with a
patch mesh approximating the density of the surrounding mesh. We inspire on
the idea mentioned in [PS96], [Lie03]. The principle consists in distributing the
average length of the edges around the hole by subdividing the triangles and by
exchanging the interior edges to improve the mesh regularity.

In order to create a regular patch mesh, vertices are inserted in singular
triangles according to their geometry. We consider two cases: for sharp triangles,
as in [Lie03], a new point is inserted at the barycenter of the triangle which
is therefore replaced by three new triangles. However, for obtuse triangles, the
resulting new triangles would be even stretcher than the original one (fig. 3a); in
particular the triangles along the boundary (which are most often obtuse) would
become stretcher and stretcher eventually compromising the convergence of the
filling process. Therefore in the case of obtuse triangles (which mostly occur on
the boundary), we inspire on Rivara bisection: the new point is inserted in the
middle of the obtuse edge (fig. 3b).

In order to maintain the Delaunay-like criterion, newly inserted edges are
optimized by checking whether the condition "o + 8 > II” (f) is true of false
(fig. 4). If it is true, the newly inserted point C' lies inside the circum-circle of the
triangle opposite to this edge, in this case, in order to maintain the Delaunay-like
criterion (see [Hje00]), such an edge is flipped. This conditional edge flip will be
called relaxation.
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Fig. 3. (1) Sharp triangle - (2) Obtuse triangle (a) new point C' inserted at the barycen-
ter of triangles, one of the three new triangles is stretcher than the original one, (b)
new point C' inserted on the longest edge, both new triangles are more regular.

Given the final edge length ¢, the density control factor A and || - | the
Euclidean distance, the hole refinement algorithm can be summarized as follows:

1. For each triangle 7 (P;, P;, Py;) in the hole regions:
— If T is sharp,
if for any m =1, j, k,
ICPall > Axt,
with C the barycenter of T
tri-subdivide 7 (Fig. 31)
and then relax edges (P;Pj, Pj Py, P;Py)
— If T is obtuse,
let e is the edge opposite to the obtuse angle (ie. P;P;)
let 77 be the triangle sharing edge e with 7
if |le|]| > A= ¢
where
bi-subdivide 7 and 7' (Fig. 31-b)
and relax edges (P; Py, P; Py, PPy, P;P])
2. If no new points were inserted in step 1, the hole filling process is complete.
3. Do
relax all edges in the patch mesh
While some edges are exchanged
4. Go to step 1

We have also tested other edge optimization criteria such as: triangle qual-
ity factor [FB99] or curvature variation [DHKLO0O]. However, the Delaunay-like
condition (f) experimentally led to better patch mesh regularity quality as well
as shorter running time.

Even if the method is stable, the result can slightly change with the choice of
parameters A and £. This choice is based on experimentations of different types
of input models. In our implementation, choosing the parameter ¢ to be slightly
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less than the average edge length of the 2-neighbour ring and the density control
factor A in the range [0.7...1.4] yields to good experimental results (ie. to patch
meshes that visually match the density of surrounding mesh).

Fig. 4. Flip of the interior edges P P>

5 Fairing hole

After the previous hole filling process, the vertex density on the resulting surface
is homogeneous but the surface is not smooth enough as we have used so far only
C%-like continuity conditions. Restoring the shape of hole area in order to obtain
a smoother or more visually pleasant result is necessary.

For continuous surfaces, it is popular to minimize a fairness functional which
is usually chosen according to either physical analogy (e.g. minimizing a mem-
brane or thin plate energy functional) or geometric reasoning (e.g. minimizing
area, curvature or curvature variations). In our case, we will focus on the thin
plate energy functional:

S [ a(k?+K3) +2(1 — b)k1kadws
2

where S : {2 — R? is a parameterized surface, dwg denotes the surface element,
k1 and ko are the principal curvatures of the surface and a and b are respectively
constants describing resistance to bending and sheering. In the special case (a =
b = 1), this formula becomes:

ETP(S) = fQ(/{% + I{%)de = fQ ((kl =+ kj2)2 — lekg) de (1)
= [, 4H? - 2Kdws (2)

where H = % and K = k1Ko are respectively the mean and Gaussian cur-
vature of the surface.
5.1 Minimization of the thin plate energy

Naturally, this thin plate energy functional can not be directly applied to the
discrete surfaces. Let us first derive a discrete equivalent to this formula.
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Approaches such as [SK01] overcome the difficulty of the high order of Erp
by transforming it into the following simplified version (which is quadratic and
hence easily minimized):

JERE A )

where F,,,,, F,, and F,, denote the second order partial derivatives.

In our setting, starting from equation (2), by the Gauss-Bonnet theorem, the
integral of Gaussian curvature can be expressed as the integral of the geodesic
curvature over the boundary of the hole surface. This boundary and the tangent
planes along it will be preserved throughout the fairing process. Therefore, min-
imization of the thin plate energy reduces to the minimization of the following
energy: [ H%dw.

In [Gre94], Greiner shows that a good approximation (better than equation
(3) is given by:

S'—)/(ASOS|ASOS>de (4)
0

where Sy is a parametrized surface close to the desired surface, Ag, is the
Laplace-Beltrami operator related to Sp and (-|-) denotes the euclidean scalar
product. This functional is a positive definite, quadratic function. Therefore,
the variational calculus leads to a simple characterization of the minimum of its
energy:

A% S =0. (5)

There exist several discretization schemes for the Laplace-Beltrami operator.
We adopt the approach mentioned in [DMS99] and [MDSBO02]. For a vertex P,
with valence m, denote by N = {P,,, P,,,...,P;, } the set of the P; one-ring
neighbours.

cot ai;; + cot B
AP — i i (p _p
sP= Y e up, - p) (6)
PjGN
t «;; + cot By
AP, = CO i) TCRPij (AP — AP,
P 2 Ty (A AR "

where Qi = Z(Pi,Pj_l,Pj), Bj = Z(Pi,Pj+1,Pj) and the factor A(PZ) de-
notes the area of the Voronoi cell around vertex P; (fig. 5). The evaluation of

Fig. 5. Left : The definition of c;; and Bi;. Right: The Voronoi cell A(P;)
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A%(P) = brings the two-ring neighbourhood of P into play. Therefore, a hole
detected in section 3 is extended with its two-ring neighbourhood (we will speak
about “extended hole”); vertices of the hole are tagged outer if they belong to
this neighbourhood and inner otherwise. Outer vertices are fixed, therefore, the
boundary of the extended hole and the tangent planes along it are constant dur-
ing the fairing process. Thus, we are in position to use equation (5) to minimize
the thin plate energy.

Let Py, ...P, be the set of inner vertices of the hole, P,,;1,..., P, be the outer
vertices, let us set P = [Py, ..., P,]T € R"*3 and AgP = [AgPy,...,AsP,]T €
R™*3, where AgP; is the discrete Laplace-Beltrami operator at vertex P; and
N1(P;) = {i1,42,..,%m the set of the vertex indices of one-ring neighbourhood
of Pl

Equation(6) can be written in matrix form (the inner vertices are treated as
unknowns in the discretized equations and the outer vertices are incorporated
into its left-hand side):

AgP =MBp— BY) (8)

where M (1) = {wg)}zjzl with

- EkENl(Pi) et gikj(igit)ﬁik ifi=j
WS) = COtQDéxi]:((;gf)Bij j € Ni(P;), j inner (9)
0 otherwhise
(j inner means that P; is an inner vertex) and BM) = (V. o] e rRnx3
with . 4 cot 3
az Z 2 X A(-P7,) k ( )
kEN1(P;)
k outer

(k outer means that Py is an outer vertex). It follows from equations (7) and (8)
that:

A%P — MOy p (M(l)B(l) + B(2>) (11)
where B?) = [04&2) . ..a7(12)]T € R™*3 with
o = 30w xasP (12)
JEN1(Ps)
j outer

Then, similarly, B®) can be written as:

B® = M@ p _ BB (13)
Now substituting B by (13) in (11), we obtain:
A’P=MP - B (14)

with M = MOM® + M@ and B= MO BD + BG)

The matrix M is sparse and non symmetric, using the ”compact memory
technique” storage of array and the preconditioned bi-conjugate gradient stabi-
lized method [Rie01] to solve equation 14 provides good results (fig. 6).
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Fig. 6. Shape evolution at different iteration steps of the fairing process by BiGCS
(from left to right).

5.2 Boundary Condition

Notice that the previous discretization of the second order Laplace-Beltrami
operator involves the 2-neighbour ring of the considered vertex. Therefore, it is
inapplicable to the boundary of the surface.

As a consequence, in our implementation, we discretize the quadric Laplace-
Beltrami operator only for vertices (inner and outer) having a topological dis-
tance to the boundary greater than 1, and we only perform a first order dis-
cretization for vertices at distance 1 of the boundary. For boundary inner ver-
tices for which the neighbouring information exists only on one side, applying
such a discretization, would eventually shrink the surface. Such vertices usually
exist in our setting. It would be tempting either to fix these vertices and treat
them as outer vertices or to add some further constraints for boundary vertices
displacement (see [DMAO2]). However, the first solution leads to visually un-
pleasant results whereas the second one yields to non linear systems or to large
linear systems (due to the addition of Lagrange factors).

In order to overcome these limits, we want to control the displacement of
boundary vertices with respect to their neighbours on the boundary. The dis-
cretizations (6) and (7) become:

. 1
AR = Z wij(Pj - R) with Wi = HPPH (15)
P;EN1(P;) L
AZH = Z wij(APj - APZ) (16)
P;eN1(F;)

where {P;} cq1...n, (P} are the neighbours of the boundary vertex P;.

Developing (16)(15) as previously, we obtain again equation (14). Therefore,
we solve two linear systems: one for boundary inner vertices and the other for
other inner vertices (after having updated the new position of boundary inner
vertices). Technically, it is however possible to regroup both of these systems in
order to solve them simultaneously.
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5.3 Fairing method efficiency

In order to estimate and compare the efficiency of our method (especially of the
fairing step), it is necessary to define quality measures for the results. An impor-
tant criterion is the restoration quality: starting from regular mesh surfaces in
which holes have been created, we estimate the Hausdorff distance between the
original and the restored surface. More precisely, we will call D,,,, this Haus-
dorff distance and Dy, the average symmetric distance between both surfaces
[ASCE02].

Another interesting quality criterion is the smoothness of the restored surface.
Many characterizations of smoothness exist in terms of: curvature and curvature
variations, parametric and geometric continuity behaviour of the reflection lines
of the surface... Because of this diversity, their is no clear and absolute math-
ematical characterization of the smoothness of discrete surfaces. We chose a
measure of smoothness issued from the domain of physics: the thin plate energy.
In the 2-neighbourhood of the hole areas, we compare the thin plate energy of
the surfaces before and after the fairing process.

Table 1 and the figure 8 present a comparison of two fairing approaches: after
identifying and filling holes (as described in sections 3 and 4), in (1) the mesh
is faired by the Kobbelt “umbrella” operator weighted by a cotangent factor
whereas in (2) we minimize the thin plate energy as described in section 5.

In conclusion, fairing by minimizing the thin plate energy leads to better
results (in terms of restauration quality as well as in terms of smoothness which
is well illustrated by a lower thin plate energy of faired patches and visually by a
uniform distribution of errors (see figure 8d)). However, as the size of the faired
area becomes larger, thin plate energy minimization becomes slower and slower.
Our goal in section 6, is to introduce a multistep fairing approach (based on our
thin plate energy minimization) combining quality and speed.

6 A multiphase approach to fairing

Whatever the fairing method, restoration of large holes or strongly bent surfaces
is expensive since many new vertices must be inserted during the filling step,
leading to a large and expensive fairing step.

In order to propose a new approach, we started from the following observa-
tion: for large holes, fairing by minimizing the thin plate energy is computation-
ally expensive. Therefore, instead of first filling and second fairing the patch, we
only partially fill the hole (see figure 9), fair it, then fill again the resulting patch
and fair the inserted vertices. Thus, each fairing step is now pretty quick whereas
the quality of the final mesh is similar to the previous simple step approach. The
first step actually restores the global shape of the hole whereas the second step
adjusts its density and its smoothness. The global process is presented in figure
7. Observe that our multistep approach is not a multi-scale approach: only newly
inserted vertices are considered as inner - and thus faired.

In order to produce a quality smooth surface, one main parameter is the
choice of the filling rate of each algorithm step which is basically controlled by
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Hole detection Hole filling > Hole fairing

r . |

Fig. 7. Multistep hole filling process

the density factor A; (defined in section 4). We start with a factor Ay larger
than A in the first step and take Ay equals the user’s defined value A. In our
implementation, we use two filling-fairing steps and the first filling parameter Ay
is chosen in [1.5...2.5] (whereas Az € [0.7...1.4]). However, more steps can be
used, especially for large holes. An optimal strategy defining the best number of
step could be developed.

7 Results and Conclusions

We implemented the hole-filling algorithm previously described using C/C++.
In order to estimate the efficiency of our method, we have tested it over different
models (a simple sphere model, a horse model and two geological surfaces). We
have also run Liepa’s algorithm on the same models. The results of these tests
are presented in table 2 and illustrated in figure 10.

For a same number of inserted vertices, our method produces better results
(the average error is between 4% to 40% lesser) with shorter running times
(for large holes, our running times are from 3 to 7 times shorter). Therefore,
the combination of the thin plate minimization and of our multistep approach
fairing proves efficient.

We have then applied our algorithm to geological surfaces (our initial moti-
vation). Each surface describes a geological horizon. A set of such surfaces tells
about the evolution of the basement across geological ages. In order to create
the initial triangulation of the point cloud, we use an incremental Delaunay tri-
angulation algorithm (see [Hje00]). The resulting meshes are quite voluminous
and noisy (they contain thousands to hundreds of thousands of vertices). In or-
der to simultaneously reduce the mesh complexity and homogenize them, the
surfaces are pre-treated by a mesh simplification algorithm. We then apply our
hole-filling algorithm to these simpler surfaces. Figure 11 and 13 present the
results of our hole-filling process for both geological surfaces mentioned in table
2.

In conclusion, we propose a complete hole filling process for triangular meshes
based on a multistep filling/fairing approach. Hole fairing is performed by min-
imizing a discretization of the thin-plate energy, which avoids the estimation of
normals, tangents and curvatures on the hole neighbourhood. This method pro-
duces meshes of good quality (reconstructed surfaces are smooth and very close
from the initial model) and our multistep approach leads to low running times.
Also, because we do not use intermediate implicit surfaces, our approach is very
fast and light. Let us mention that it can also apply to the reconstruction of



A multistep approach to restoration of locally undersampled meshes 13

meshes from curve nets (e.g. reconstruction of fault surfaces (fig. 1) from ridge
and ravine curves).
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Fig. 8. Comparison between different fairing techniques: (a) initial model - (b) filled
and faired model (minimization of the thin plate energy) - (c) error map for Liepa’s
algorithm - (d) error map for the thin plate energy minimization

Fig. 9. Multistep hole filling process: top, first step - bottom, second step.
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No. of test|(1)/(2)| N |Time (s)| Fo Eq gl) g(aZI)n Diaz | Davg | Gmaz | Gavg
I (1) |276| 0.81 |41918.7|7944.28 0.02491 (0.21834
(2) [276| 0.73 |41918.7|2175.92| 72.61% | 0.01171 |0.12277|53.00%43.77%
2 (1) |576 2.3 [65213.5| 7048.2 0.01779 (0.17484
(2) |572 4.4 |65213.5|3764.32| 46.59% | 0.01090 [0.11734|38.74%|32.88%
3 (1) 1994 8.5 86574 (7749.57 0.014195|0.13887
(2) 1994| 14.1 | 86574 [5761.98| 25.65% [0.010731|0.11610|24.40%|16.40%
;1) (Fig. (1) |1564| 21.1 |143608|11890.3 0.01290 (0.13296
(2) |1564| 61.3 |143608(8629.52| 27.42% | 0.01103 |0.11949|14.55%10.13%
where:

— N is the number of inserted vertices in the filling step
— Eo (resp. E1) is the thin plate energy of the surface before (resp. after) the fairing
process
— FE; gain is the difference between the thin plate energy of the surfaces obtained
with both fairing approaches
— Dimar and Dgyg are the Hausdorff and average Hausdorff distance between the
original and the restored surfaces
— Gmaa and Gavg are the gains between both approaches for Dy,qz and Dayg

Table 1. Comparison of two fairing methods: (1) Kobbelt umbrella operator weighted
by a cotangent factor (Liepa)-(2) our method: minimization of the thin plate energy
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Model Model size|(1)/(2)|Inserted vertices| Time ()| Dmaz | Davg | Gavg
Sphere 7787 | (1) 1872 33 [0.12094]0.01123
(2) 1861 9 0.11686/0.01077| 4.12%
(1) 1402 17 0.12143/0.01160
(2) 1406 4 0.11852]0.01095| 5.59%
(1) 1089 10 0.14645|0.01384
(2) 1077 3 0.11718]0.01084|21.67%
(1) 878 6.7 0.14559(0.01417
(2) 879 2.2 [0.116280.01081(23.72%
Horse (Fig. 10) 4276 | (1) 4788 131 |0.18913|0.00240
(2) 4827 20 |0.18269|0.00230| 4.32%
(1) 3702 76 0.18487|0.00302
(2) 3816 11 0.18340/0.00237|21.45%
(1) 2888 48 0.19388|0.00342
(2) 2812 6 0.18422(0.00240(29.79%
©) 1910 21 |0.19749]0.00416
(2) 1933 3 0.18607(0.00239|42.57%
Surface 1 (Fig. 11) | 20628 | (1) 3615 312 # # #
(2) 3647 8.19 # # #
Surface 1 simplified
(Fig. 12) 6500 | (2) 573 0.3 # # “
Surface 2 (Fig. 13) 6080 (2) 2179 35 # # #

Table 2. Comparison between (1) Liepa’s algorithm - (2) our multistep algorithm. For
the surface 1 and 2, Dpaz, Dmin and Gavg are not computable because of inexistence
of the reference surfaces
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Fig. 10. Hole filling with our multistep method on a horse model: (a) initial model
(44276 vertices) - (b) filled model (4827 vertices have been inserted) - (c), (d), (e)
closer view of filled areas
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Fig. 11. Results of our hole-filling method for the geological surfaces 1. Top figures
represent the initial model whereas bottom figures present the filled models
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Fig. 12. Results of our hole-filling method for the simplified geological surfaces 1. Top
figures represent the initial model whereas bottom figures present the filled models

Fig. 13. Results of our hole-filling method for two geological surfaces 2. The top figures
represent the initial model whereas the bottom figures present the filled models
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Digital terrain model reconstruction from terrestial
LiDAR data using compactly supported radial basis

Jules Morel, Alexandra Bac, and Cédric Véga

Abstract—This paper introduces a surface approximation algo-
rithm dedicated to extracting Digital Terrain Models (DTM) from
terrestrial laser scanning (TLS) data acquired in forest areas. The
method combines simultaneously DTM reconstruction and hole
filling. It is based on the combination of a quadtree subdivision
of space guided by the local density and distribution of data
together with a modeling of DTM via radial basis functions,
used as partitions of unity for merging local quadratic patches.
The DTM is eventually provided as a triangular irregular mesh.

Index Terms—terrestrial LIDAR, digital terrain model, radial
basis function, quadtree.

I. INTRODUCTION

IGITAL terrain model (DTM) extraction is an open
issue in the field of LiDAR remote sensing of the Earth
surface. Many filtering algorithms have been proposed in the
last two decades to solve this problem using Airborne LiDAR
sensors (ALS) data [1]. They operate either on the raw data
point cloud, on interpolated surfaces, or on a combination
of both [2]. They can be classified into two groups: vir-
tual deforestation algorithms, progressively filtering out above
ground objects [3] and densification algorithms, progressively
enriching the initial surface according to geometrical criteria
(ie. distance and angle) such as the triangulated irregular
network iterative approach proposed by [4]. Until now, the
later approach is considered as one of the best methods for
ground filtering and terrain modeling from ALS data [1], [2].
The development of terrestrial Laser scanning (TLS) tech-
nologies was initiated while ALS processing algorithms were
already available, and those algorithms were largely applied to
TLS data. However ALS and TLS point clouds differ in many
ways, making it interesting to develop dedicated processing
chains for TLS-based DTM modeling [5]. Compared to ALS
point clouds, TLS ones provide very dense sampling rates at
the ground level, describing the micro-topography around the
sensor. However, the presence of vegetation and the terrain
topography itself generate strong occlusions causing large data
gaps at the ground level, and a risk of integrating objects
above the ground within the DTM. Additionally, the scanning
intensity of TLS devices depends by nature on the distance
to the sensor, resulting in spatial variations in point density.
These locally extreme differences in point density at ground
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605001 Pondicherry, India, e-mail: jules.morel @ifpindia.org

A. Bac is with the Laboratoire des Sciences de 1’Information et des
Systemes , 163 AV. de Luminy, 13288 Marseille, France

C. Véga is with Institut National de I’Information Géographique et
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level and the potential noise created by low vegetation are
difficult to handle using algorithms designed for ALS as far
as a fine description of the ground surface is required.

Due to these sampling properties, one might consider that
DTM extraction from TLS data related more to a surface
reconstruction problem than a classification issue. To the best
of our knowledge, reconstruction approaches have never been
considered in this context. Based on this statement, we propose
an innovative approach designed to reconstruct detailed DTMs
from TLS data under forest canopies. Our approach is based on
techniques developed for surface reconstruction from scattered
data and relied on an original multi-scale data interpolation
framework and a surface approximation with implicit surfaces.

The paper is organized as follows. Section II provides a
review of surface reconstruction approaches based on Radial
Basis Function (RBF). Section III introduces definitions and
concepts used throughout this paper, and further describe the
different steps of our algorithm. Section IV, V and VI are
dedicated to experimental, results and conclusion respectively.

II. RELATED WORK

The pioneering works of Turk and O'Brien [6] demonstrated
that implicit surfaces such as RBF were efficient to repair
incomplete or noisy data sets. And several approaches were
built on the variational nature of global RBF to obtain interpo-
lation or approximation results [7]. However, such approaches
entail inverting large dense matrices as the approximation is
not local. Starting from the work of Morse et al. [8], the
class of compactly supported RBF (CSRBF) has been largely
studied for data approximation: it provides a local control over
the reconstruction and entails only the inversion of extremely
sparse matrices. Another way to repair incomplete and noisy
data sets is to use a support vector machine approach [9].
However such methods are not local enough to be used as a
filtering method.

Because TLS data might show extreme variations in density
due to occlusions, we hypothesize that CSRBF models are
appropriate in order to both fill holes and to produce a
continuous surface as an approximation of the ground. Our
idea originates in Ohtakes work on surface reconstruction from
unstructured point clouds using so-called functional RBF (see
[10] and previous work). This approach differs from other
RBF approaches in the sense that it combines local parametric
surface patches and compactly supported Wendland's RBF
functions [11]. The latter are actually used as partitions of
unity in order to merge local patches.

Based on this background work, we propose an innovative
method to overcome the flaws of TLS data. We manage the
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Abstract

We propose a novel method for detecting and reconstructing tubular shapes in dense, noisy, occluded and unorganized point
clouds. The STEP method (Snakes for Tuboid Extraction from Point clouds) was originally designed to reconstruct woody parts
of trees scanned with terrestrial LIDAR in natural forest environments. The STEP method deals with the acquisition artefacts of
point clouds from terrestrial LIDAR which include three important constraints: a varying sampling rate, signal occlusion, and the
presence of noise. The STEP method uses a combination of an original Hough transform and a new form of growing active contours
(also referred to as ”’snakes”) to overcome these constraints while being able to handle large data sets. The framework proves to be
resilient under various conditions as a general shape recognition and reconstruction tool. In the field of forestry, the method was
demonstrated to be robust to the previously highlighted limitations (with errors in the range of manual forest measurements, that is
1 cm diameter error). The STEP method has therefore the potential to improve current forest inventories as well as being applied

to a wide array of other applications, such as pipeline reconstruction and the assessment of industrial structures.

Keywords: tubular shape, point cloud, shape reconstruction, Hough transform, active contours

1. Introduction

With the increasing popularity of laser scanning technolo-
gies and photogrammetry, point cloud processing turned into an
important field of research. The acquired dense 3D point clouds
describe objects’ surfaces with high accuracy (e.g. millimetric
level for laser scanning). In spite of this accuracy, data acquired
by such sensing technologies share common constraints such as
non homogeneous sampling, occlusion and noise. Therefore,
advanced point cloud analysis is required to segment, model
and reconstruct objects of interest from a raw point clouds prior
building any higher-level knowledge.

A large set of real-world objects are composed of tubular
shapes, such as pipes, poles, stems or monument pillars. Ex-
traction of tubular shapes from point clouds is of major impor-
tance, since they can be used to monitor, among others, fac-
tory constructions, refinery pipelines, or power plant structures.
Tubular shape extraction is also required in forestry since tree
cross-sections are commonly modelled by a circular shape. The
precise reconstruction of trees and derived measurements have
many applications ranging from ecology (allometric relation-
ships, growth modelling, carbon storage assessment) to forestry
(forest monitoring, sustainable development) or industry (har-
vests planning, sawmill optimisation).

In this paper, we introduce a novel algorithm designed to
extract tubular shapes from dense point clouds. The proposed
methodology is intended to reconstruct each tube present in the
initial data as a separate item. We tested the tubular shape re-
construction capabilities, including a noise and occlusion sen-
sitivity analysis, on an abstract object and on forest trees, which

Preprint submitted to Computers & Graphics

is our main investigation field. Besides the algorithm itself, our
work incorporates two main innovations. Firstly, it introduces
a novel and fast cylinder variant of the Hough transform (HT)
which uses the normal vectors to lower the complexity of the
classical HT. Secondly, it includes the curve parametrisation in
generalised open active contour models.

Terrestrial laser scanning (TLS) acquisitions in natural for-
est environments include additional constraints when compared
to those made in urban, or industrial point clouds. These con-
straints are tied to the remote sensing technique and to the com-
plexity of the natural forest environments. TLS point cloud
sampling rate may vary from one set-up to another, and the
spherical geometry of the sensor results in a non-homogeneous
sampling density. In addition, occlusions are particularly im-
portant in forest environments. The TLS geometry paired with
the presence of vegetation (branches and leaves), induce oc-
cluded areas expanding both in size and number with increasing
distance from the sensor. Moreover, noise brings supplemen-
tary confusion at surfaces extremities and is severely present in
foliages. With these constraints, it is frequent that a given stem
is probed with different conditions from its base up to the lo-
cation where branching dominates. Forest measurements from
TLS data also suffer from objects specific limitations. Even
though tree stems can be assumed to have almost circular cross
sections, they often deviate from this hypothesis. The non-
trivial topology of the woody parts of the trees together with
intricate occlusions of numerous branches complicate the point
clouds processing. Furthermore, stem’s bark can be irregular
and rough, and hence produces disturbed surfaces. In addition,
TLS point clouds of trees may be affected by wind and multiple
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scan alignment issues. Therefore, several artefacts induce point
cloud distortions and generate crooked objects. With these is-
sues specific to the natural environments, forest measurements
from TLS data have to overcome more constraints than those
present in urban or industrial settings.

The remainder of the paper is organized as follows. After
presenting previous works in section 2 and the theoretical back-
ground of our work in section 3, we introduce our approach in
section 4: we first define our original cylinder Hough transform
in section 4.1, then in section 4.2 we define and study gener-
alized open growing contours. In section 5 we present a vali-
dation of our approach, including a sensitivity study, both for
synthetic data and terrestrial LIDAR data acquired in forest en-
vironment. These results are discussed in section 6 before we
conclude in section 7.

2. Related works

Different recent approaches for tubular shapes detection are

promising for the delineation of tree stems from TLS data. Among

them, the so-called “arterial snakes”, introduced by Li et al. in
[1] are designed to detect such shapes. After computing a lon-
gitudinal vector field (locally orthogonal to normals), snakelets
are initialised after clustering nearby points with similar reli-
able directions. They are then competitively grown, eventu-
ally merged to handle the object topology, and regularized to
provide the final results. However, the clustering step for ini-
tialising snakelets may face limitations when confronted with a
conical shape. In such case the normals to the clustered points
cannot provide an orthogonal longitudinal direction, and thus
no snakelets can be initialised. Also, the “arterial snakes” ap-
proach requires heavy computations, implying point neighbour-
hood search for euclidean clustering and snakes skin matching,
and solving large linear systems (processing a 100k point cloud
requires approximately 5 minutes). Therefore, in spite of its
similarity with our work, this approach is not applicable in the
context of tubular shape extraction in forest environments with
major occlusions and noise, and where a single tree is sampled
with several hundreds of thousands points.

Tubular structures have also been studied in [2] from an im-
age sequence. Their method first detects and filters the junc-
tions of the tubular structures. Then the final geometry is re-
constructed using a sweeping circle along the skeleton together
with a rod simulation. However, this approach requires a vol-
umetric representation of the object, which can not be derived
from single-side scanned point clouds.

Other examples of methods detecting tubular shapes were
developed in the medical field. Particularly, the approach pro-
posed by H. Li et A. Yuzzi [3], is based on the observation that
tubular shapes can be modelled by continuous curves in a 4D
space. From this assumption, they use a minimal path tech-
nique to extract vessels skeletons and surfaces. However, such
minimal path techniques include volumetric integration that ap-
ply only to images. As a consequence, this approach, as many
works dedicated to medical data, is not applicable in the context
of unstructured point clouds.

As yet, another approach integrating the normal vectors in-
formation straightforwardly has also been explored [4]. This
approach accumulates information along the normals in the orig-
inal 3D space in which maxima correspond to convergence vox-
els. Hence the result is a pure skeleton curve rather than a tubu-
lar surface. The approach only considers fixed-radius objects
and is sensitive to noise, occlusions and shape variations, which
is prohibitive in our context. Another skeletal curve extraction
method involving normal vectors is proposed in [5]. Similarly
to the study discussed above, this method does not reconstruct
tubular shapes since radii are not estimated. Furthermore its
complexity has to be evaluated since for each point of the input
cloud, several potentially costly computations are required, in-
cluding plane cutting and graph creation. Finally, the presented
results illustrate that the final skeletal curve is not necessarily
located at the centre of the shape. Thus reconstructing an accu-
rate tube would require additional computations.

The forest point clouds require dedicated approaches to deal
with specific constraints. Algorithms adapted to forest envi-
ronment reconstruction have been proposed. They can be di-
vided into two major classes: a “knowledge-driven modelling”
class and a “geometry-driven modelling” class. Algorithms
from the “knowledge-driven modelling” class circumvent the
issue of geometric complexity by producing visually appeal-
ing and realistic “synthetic” trees. The tree reconstruction in
these algorithms is initiated with data points and refined with
botanical or forest knowledge (e.g. allometry!, vegetation self-
similarity, pipe model, etc) but with no shape approximation
guarantee (see [6] or [7] for instance). The “geometry-driven
modelling” class includes algorithms whose objective is to pro-
duce an accurate description of the trees based solely on data
points and thus provide accurate forest information. These al-
gorithms build models approximating the data with few assump-
tions on the shape of the objects to reconstruct.

“Knowledge-driven modelling” algorithms usually rely on
areconstruction of the tree skeleton and topology followed by a
simulation entailing allometric relationships and/or L-systems?.
First, a weighted adjacency graph is created from the data points
and a defined neighbourhood. Then the tree skeleton is esti-
mated using either shortest path computations with Dijkstra’s
algorithm, or minimum spanning tree extractions from a priori
estimated root points for each tree. Finally, the geometry of the
stems is predicted starting from its skeleton paired with allomet-
ric relationships to estimate stem and branches radii. Missing
parts or foliage may be added based on self-similarity or L-
Systems. Therefore, resulting reconstructions are designed to
be visually pleasing and close to the data points, but neither ap-
proximation properties nor precise measurements are actually
guaranteed. Hence, such approaches are generally dedicated to
rendering applications more than to forest monitoring.

! Allometry consists of a set of general relations derived from a large com-
pilation of forest measurements. It provides an estimate of the tree structure
according to few given parameters such as the diameter at breast height (DBH,
diameter of the stem 1.30 m above ground) and the tree height.

2L-systems are grammars that can be adapted to generate models of plant
structures according to a set of generative rules.



“Geometry-driven modelling” algorithms aim at reconstruct-
ing trees by simultaneously approximating closely the data points
and segmenting the woody parts of trees. Estimation of the di-
ameter at breast height (DBH, 1.30 m above the ground surface)
is essential for allometric relationships (see [8, 9, 10]). How-
ever, reconstruction of tree taper is more complex. Several al-
gorithms have been designed to process TLS point clouds to es-
timate DBH and stem taper under the assumption that tree stem
cross-sections can be approximated by a circle. This assump-
tion leads to methods using shape fitting and pattern recognition
algorithms. Shape fitting requires a segmentation of the point
cloud into clusters to identify the points that must be fitted. For
example, clusters can be produced by considering the distance
from a point to its neighbour or to the cluster [11, 12], by em-
ploying a variant of k-means clustering [13], by using a struc-
tural element [14], by dividing the point cloud into patches that
can then be further merged [15], or within 2D rasters [16]. Even
approaches based on iterative cylinder fitting perform such clus-
tering since points that are close to a shifted cylinder are used as
a cluster for the next shape fitting step [17]. Otherwise, density-
based spatial clustering may be adopted. Identified clusters are
then used to fit one of the following shapes for tree stem recon-
struction:

Circles can be fitted into horizontal layers [18, 12]. However,
inclined stems or branches can no longer be estimated
accurately since their horizontal cross-sections cannot be
approximated by a circle. Ellipse fitting was also tested,
but this approach faces some limitations [19, 20].

Cylinders takes into account the local orientation of tree branches.

Iterative methods are capable of reconstructing entire trees
from an appropriate starting point. RANSAC algorithm
or principal component analysis (PCA) have been used to
support cylinder fitting [16].

Cones can be used to consider stem tapering. However they
are not widely used for entire stem reconstruction and
produce results that are similar to cylinder fitting [21, 22].

Other shapes have also been used to achieve more precise re-
sults. For instance, B-spline fitting on horizontal layers
tends to precisely match the stem shape, but its use is lim-
ited when having to describe a single-scanned tree stem
[23]. Cross-sectional polygons can also be used [24].

Shape fitting approaches encounter limitations. For exam-
ple, a decision is required to accept or reject the fitted shape.
It is usually based on a threshold that is set on the RMSE of
the shape fitting. This threshold has to be set carefully and may
vary from one data set to another. Moreover, least-squares fit-
ting is influenced by noise, and its robustness to occlusion de-
pends upon the quality of prior clustering operations. Shape
fitting has been successfully applied to data sets that have been
acquired under favourable conditions, but their performances
may decline when the technique is applied to complex forest
scenes.

Aside from shape fitting, the HT has been adapted to iden-
tify circles in order to estimate DBH or pre-locate trees [25, 26,

16]. The classical HT is not a predominant approach, mainly
because of its algorithmic complexity and its high requirements
for computer resources. In addition, the analysis of the HT re-
sult can be a complex task which involves several empirical cri-
teria and thresholds. Therefore, the HT is generally reduced
to a pre-localisation step. Nevertheless, the HT is attractive
despite these drawbacks since it has the potential to deal effi-
ciently with current constraints on TLS point clouds acquired
in complex forest scenes.

The main objective of our study is to propose an automatic
algorithm for tubular shapes reconstruction that handles the main
constraints of TLS data in forest environments. Confronted
to an object containing a unique connected tubular part, our
method is intended to produce a single tube, whereas a shape
combining several intersecting tubular parts will result in the re-
construction of an equal number of disconnected tuboids. Two
methodological choices precluded the selection of solutions to
deal with TLS constraints. First, we took advantage of the ben-
efits of the HT and reduced the complexity of its computation.
Thus, one of the main drawbacks of the classical HT was min-
imised. Second, we reconstructed each tree stem as a single
entity by developing generalized open growing contours for the
4D Hough space. By doing so, we expected greater control on
the smoothness and coherence of stem reconstructions.

3. Theoretical background

Our approach is based on an original HT combined with
generalized open active contours. Therefore, in order to define
them properly in sections 4.1 and 4.2 respectively, we briefly
review both the classical HT and the active contours algorithms.

3.1. Hough transform

The HT is a powerful pattern recognition tool that was first
presented by Hough in [27]. It uses an accumulator to extract a
set of occurrences of a shape within a data set. It was initially
devised to recognise straight lines in a picture. Since then, it
has been used to detect a wide range of shape models within
different types of data [28, 29, 30]. We will now give a general
and formal presentation of the HT. However, with the multiple
applications and descriptions of the HT, more complete presen-
tations can be found in several references such as [31, 32].

Roughly speaking, the HT of the shape model is the func-
tion which associates the number of data points matching the
shape to each potential occurrence of the model. In other words,
each data point votes for the set of occurrences that it matches.
Let us consider a set of n data points D = {d;, i € 1,--- ,n}
and a mathematical shape model M with m parameters. Let
P = P; x--- x P, be the parameter space with P; the domain
of the j™ parameter. Any set of parameters p € P gives rise to
an occurrence M(p) of the model. Let us denote by f,(d) the
binary function testing if a data point d belongs to M(p). Given
k < m, the k-Hough transform is defined as:

HT,: M — N*
p — Y 1, (D
dePy(D)



where Py(D) € D is the set of combinations of k elements
among D, and 1,(d) determines if the tuple d = (dy,--- ,dy)
matches the model M(p):

Lp(di, - do) D' — 0,1

o d) — T fdy P

In practice, the parameter space is discrete, and is referred to
as Hough space (HS). Each element of the HS represents an
occurrence of the model and is associated with a score corre-
sponding to the number of votes. Hence the score describes the
level of matching between an occurrence of the shape model
and the data points. Shape reconstruction is then computed by
extracting elements of high score in the HS. However, HS anal-
ysis is dependent upon the specific shape model and algorithm
settings. Therefore, filtering, thresholding and detecting max-
ima in the HS are key issues and must be adapted to optimise
the algorithm for a specific application.

The HT is a powerful approach which reduces a general pat-
tern recognition problem to a simpler discrete space analysis. It
does not require an initial guess of the results (e.g. location or
number of occurrences) and extracts an exhaustive set of shapes
in a single step. Score accumulation tends to be robust to irreg-
ular sampling, noise and occlusions, as it is able to identify the
most probable occurrence (hence a “full” shape) from partial
data. However, it may require a lot of computation time and
memory. Therefore the main feature of the HT described in
section 4.1 is to lessen the complexity while setting an appro-
priate HS analysis.

3.2. Open active contours

An open active contour, also called snake, is an open para-
metric curve c(u) embedded in a discrete space (traditionally
called image) and minimising an associated global energy E,
[33]. The energy is defined such that it reaches its minimum
when the curve fulfils desired properties. Minimising this en-
ergy results in a compromise between different constraints that
are expressed through its definition. Active contours were ini-
tially introduced by Kass et al. in [33] and further developed
[34, 35, 36]. It classically uses the following energy:

E, = f |[Eicw) + Ea(c@) + Ec@)] du  (3)

where E; (c(u)) = alc’@)* + Blc” )| is related to the inter-
nal geometry of the curve, E;(c(u)) is a data-related term that
depends upon the value of the image, and E,(c(?)) is a more
general term that includes external (i.e. user defined) additional
constraints, such as local repulsive forces. Specifically E; aims
at controlling the elasticity and curvature by applying a con-
straint upon the first and second derivatives of the curve, and
E, constraints the curve to evolve toward elements of interest
in the data image.

The computation of active contours relies on the minimisa-
tion of E,, and thus, on a multi-variable optimisation scheme.
This optimisation requires, in turn, an initial guess of the lo-
cation of the curve in the neighbourhood of its optimal state.

Using Euler-Lagrange equations, the minimisation is first trans-
formed into a partial differential equation, and then solved iter-
atively using Euler schemes through time #:

() = (A+yD) (yelt = 1) = VE4(1 = 1)) “

where A is a pentadiagonal banded matrix used to approximate
the derivatives of the curve and y a time step. The resulting
curve is a compromise between different constraints: mainly,
the curve geometry and its position in the image. Thus, it rep-
resents a powerful and attractive tool for extracting a desired
smooth curve in possibly noisy data.

4. Methodology

Let us define a tuboid as an ordinated series of 3D circles
with continuous locations, orientations and radii. It is equiva-
lent to the envelope of a continuous series of spheres. Our algo-
rithm extracts such tuboids from dense point clouds. Actually,
in addition to the point cloud, our approach requires a normal
vector field which can be either provided with the point cloud
(according to the scanning technology used) or computed. Such
normals computation has been widely studied and we refer the
reader to [37] for a survey. Our method involves two main com-
ponents (Fig. 1): (1) defining an original HT to identify effi-
ciently 3D circles (or equivalently spheres) in raw point clouds.
A previous work by Kimme et al. [38] bears some similarities
but identifies 2D circles in 2D images. And (2) defining gener-
alized growing open active contours within HS to identify and
link the most representative 3D circles, thereby forming a fully
coherent tuboid via energy minimisation. Finally, we transform
each active contour back into tuboids in the original Cartesian
space. This procedure identifies a set of tuboids within a global
scene. In the context of point clouds from TLS acquisitions in
forest area, each tuboid represents a tree stem with direct access
to DBH and taper. In the sequel, we will refer to our approach
as Snakes for Tuboid Extraction from Point clouds (STEP).

4.1. Point-normal circles Hough transform

The first part of the STEP method is to define and design a
computationally efficient HT to identify potential 3D circles (or
equivalently spheres). The resulting HS will then provide a re-
liable space for initialising growing open active contours from
local maxima. Our HT relies on three main elements. First,
normal directions of the points are used as additional informa-
tion to reduce the complexity of the HT calculation. Second, a
filter is applied in the HS to discard elements of low interest,
thereby reducing the complexity of the subsequent space analy-
sis. Third, maximal HS elements are selected as the best candi-
dates for extracting circular cross-sections, and further used as
seeds for active contour growing.

4.1.1. Hough space computation

We intend to tailor the classical HT to detect 3D circles. In
a straightforward approach, a circle is represented by 7 param-
eters: C = (&,,r) where ¢ € R? is the location of the centre
of the circle, # € R? its normal direction and r its radius. Such
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Figure 1: Overview of the STEP methodology.

settings would therefore classically lead to the computation of
a 7D discrete HS, which is both time consuming and memory
costly. However, in a tuboid, orientations of circles can be re-
trieved later from the skeleton. Therefore, we reduce the num-
ber of dimensions of the HS to 4, namely (¢, r). Doing so, we
take advantage of the HT while reducing the space complexity
of the HS.

Our HT also reduces the algorithmic complexity of the vot-
ing phase by considering the information provided by normal
directions, in addition to points location. We start from the fol-
lowing property of circles: given a point p on a circle C and
its normal 7, (oriented outward), the half-line defined by p and
—ii, passes through the centre of C. That is, the opposite nor-
mal vectors of the points on a circle converge towards its centre
(Fig. 2a). Therefore, the set of circles containing (p, fz’p) is the
set of circles C = (¢, r) of centre ¢ and radius r satisfying the
following system of equations, which is the parametric equation

(a) (b)

Figure 2: Normal convergence properties: (a) Opposite normal directions con-
verge towards the center of a circle. (b) A point p with normal 77 votes for a set
of circles (blue). Considering —# involves a second set of circles (red).

of a half line:

c=p-An
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However, estimating a coherent vector field of outward-oriented
normal vectors on a point cloud is a challenging issue. When
there is no possibility of choosing a consistent orientation, both
directions have to be considered and points then vote for two
half lines in the 4D HS (Fig. 2b):

=px A
CEPEM . yleR* (6)

r=2A1

Hence, depending on whether the normals are oriented or not,
Equations (5) or (6) are used to accumulate the votes of the
data points. These votes can be computed efficiently in linear
time (with respect to the HS resolution) using fast-ray tracing
algorithms (such as [39]) adapted to 4D spaces.

4.1.2. Maxima detection

The resulting HS is a discrete 4D image in which each el-
ement represents an occurrence of a 3D circle. The value of
each element within this space is the voting score of the cor-
responding circle. The HS must be analysed to extract circles
of interest: elements with the highest score are most represen-
tative of the data. Yet, the score itself cannot be considered as
the only reliable criterion for circle extraction: two effects al-
ter the number of points that are sampled on each circle. First,
point sampling rate varies with the distance to the sensor. Stem
cross-sections with similar radii can then be described by dif-
ferent number of points. Second, even if constant sampling is
assumed, circles of smaller radius will be sampled by a fewer
points. Under such conditions, circles of interest cannot be ex-
tracted with a given threshold or solely with a local maxima
detection over the HS, as can be done in other applications.
Rather, in a first step we extract local maxima (considering a
direct 4D neighbourhood), regardless of their scores, and use
them as seeds for growing active contours.

4.2. Growing open active contours

Our second step is to analyse the HS to identify sets of
tuboids. Tuboids are open curves in the Hough space, hence
we need to extract smooth curves that pass through the local
highest scores of the HS. Therefore, growing open active con-
tours emerge as a well suited extraction approach. However,



Figure 3: HS represented as a 2D image with intensity related to the HS score.
Left: potential growing directions within a neighbourhood (light red) cone over-
laid with an active contour (red). Centre: directions are normalised (top) and
scaled according to their score (bottom), while the final growing direction (light
red) is found by UPCA. Right: a point is added in this direction from the con-
tour’s extremity.

we noticed unwanted interaction between the classical snake
energy and the growth process: energy minimisation actually
hinders the growth. We define a new energy for active contours
which prevents such interactions by taking parametrisation into
account.

4.2.1. Energy definition and minimisation

In the context of our study, we intend to extract (1) smooth
curves (i.e. smooth tuboids in terms of location, orientation
and radius), and (2) curves passing through elements with high
score in the HS. We define a new global energy E,(c(u)) ex-
pressing both of these constraints for the open active contour:

Eq(c(w) = f [Ei(c(u)) + Eq(cw)) lIc’ )] du (7

Actually, most active contour approaches are used in the con-
text of images or binary volumes. Hence classical snakes are
based on pixels and implicitly assume curvilinear parametrisa-
tion of the curve. However, we model snakes as continuous,
piecewise linear curves deforming over time. Therefore, un-
like classical energy (Eq. 3), the term E (c(«)) ||c’(w)|| com-
putes the integral of the data energy along the curve (given
in general parametrisation). We thus obtain a parametrisation-
independent formulation of the data energy. This consideration
entails important changes in the minimisation scheme and pro-
vides a stable growth of the curves.

Let us now more precisely define E;(c(u)). We denote H(u) =
HS (c(u)) as the value of the HS at ¢(u), H,, and Hy, the respec-
tive minimum and maximum values of the HS, and 4,,(1) and
hy(u) the respective minimum and maximum values of HS in
the neighbourhood of c(x). We define data energy as follows:

H,, — H(u) I (u) — H(u)
Hy — Hy, g () = hin(u)

It is the weighted sum of a global and a local term with a € [0, 1]
a balancing variable. The global term normalises HS scores
over the entire space. However, such normalisation does not
take into account local score variations. The local term does
account for local variations, but induces high energy variation
in small areas. The proposed data energy combines both ex-
pressions above to obtain a regular energy value over the HS,
while preserving the importance of the local score.

Eq(cw) = a +(-a) ®

Our global energy is the integral of a functional F:

E, = fF(u, c(u), ' (u), ¢’ (u)) du 9)

From Euler-Lagrange equations, Equation (9) reaches its mini-
mum when:
oF d ([ OF d oF '\ _ 0
dcw) du\dc’w)]  du \oc"(u)]

Developing Equation (10) for the energy given in Equation (7)
leads to:

(10)
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Interestingly enough, v;(u) is the component of the data energy
gradient orthogonal to the curve tangent, and v,(u) is the com-
ponent of the second derivative orthogonal to the curve tangent.
Discretising the first and second derivatives, Equation (11) be-
comes:

Ac+vi—wyy, =0 (14)

Following the approach introduced by [33], we then consider
the active contours as dynamic systems through time ¢, the steady
state of which is given by Equation (14). We solve the result-
ing partial differential equation using a combination of implicit
and explicit Euler schemes. Thus a solution is found using the
following iterative scheme:

o) = (A+ D™ (yelt = D =vi(t= D+ wia(t= 1) (15)
where 7y is a time step. Integrating the data energy along the
curve without assuming curvilinear parametrisation induces a
major difference with the appearance of —v;(# — 1) + wv,(t — 1)
replacing the gradient of the data energy term present in the
original optimisation scheme (Eq. 4). In particular, it follows
that the minimisation of the data energy only deforms the con-
tour in directions orthogonal to the curve. This point is funda-
mental for growing open active contours. Indeed, snakes grow
along lines of high scores; such lines themselves contain local
maxima and gradient along them can either shrink or stretch the
curve with the classical snake energy formulation.

With our generalized active contours, data energy constraint
does not conflict any more with the curve growth at its extrem-
ities. Therefore, our optimisation scheme has a major effect on
curve evolution towards its optimal position, which is an im-
portant consideration when dealing with growing open active
contours.



4.2.2. Initialisation

In point clouds, no a priori information is available regard-
ing the location or the length of the tuboid that is to be recon-
structed. To address the initial location issue, we take advantage
of the previously extracted HS local maxima. For each local
maximum e of the HS, a segment is initialised as a growing
open active contour seed. Let n; - - - n; be the set of neighbours

of e with a respective score s;. Forany i = 1, - - - , k, we consider
- n,—e
the weighted direction d; = s;———— (Fig. 3). We then run an
lln; — el

uncentred principal component analysis (UPCA) on the set of
directions d;. The orientation of the initial segment is set to the
eigenvector that is associated with the highest eigenvalue of the
UPCA.

4.2.3. Curve growth and stopping criterion

Initial segments iteratively grow towards high scores in the
neighbouring HS outside the minimisation scheme. The en-
ergy minimisation procedure is instead regularly interleaved be-
tween curve growth operations and performed again as a final
step. At each iteration, and for both extremities of the curve,
a growing direction is computed. We avoided the growth of
the curve towards the closest local maxima since noise would
impact this local choice. Moreover, this might induce a rigid
growth of the curve when a smooth one is preferred. Instead
the computation takes into account a fixed number of the HS
elements of highest score inside a cone that is centred at each
ending point of the active contour. Each selected element within
this cone is considered as an attractor for the curve. The poten-
tial growing directions are computed in a manner similar to that
of the orientation of the initial segment, except that only neigh-
bours inside the cone are considered for UPCA. As previously,
the growing direction G is considered to be the eigenvector as-
sociated with the highest eigenvalue of the UPCA.

Growth stops when the curve reaches the boundaries of the
HS or when a stopping criterion is met. In our study, the lack of
preferential growth direction is used as a stopping criterion. Let
us denote the eigenvalues of the UPCA by 4 < 1) < A3 < Ay.

A
A+ A+ /13 + Ay
old, the first component of the UPCA is no longer considered
sufficiently important to describe a growing direction and the
growth of the curve is stopped.

Combining (1) the initial location of small curves at the lo-
cal maxima of the HS, (2) curve growth along HS elements with
high scores, and (3) energy minimisation solves the lack of a
priori information on the final tuboids that are to be detected.

When the ratio o0 = is lower than a thresh-

4.3. Elements of complexity

In order to better appreciate the advantages of our HT with
respect to the classical HT, let us provide some elements on
the complexity of both approaches. The classical HT can ac-
tually be either many-to-one (a set of points votes for a single
model) or one-to-many (a point votes for the set of models it
belongs to. The complexity of the many-fo-one approach for
circles or spheres is O(nf,), with n,, the number of data points.

This is thus impracticable on point clouds containing several
millions of points. The one-to-many approach would be more
suitable. However, even in this case, for any radius r in the
range of [, "max] discretised into n, bins, a point votes for a
full sphere of radius r in the 3-dimensional space of centre loca-
tions. This voting procedure is thus O(n,n,r3,,.) , which is still
computationally expensive. In contrast, the normal information
integrated to our method reduces this complexity. According
to Equation (6), each point votes for a discrete line in the HS.
With a fast raytracing algorithm, the vote is thus linear with re-
spect to the number of bins. In turn, the global complexity of
our variant of the HT is only O(n,n,). Once the HT has been
computed, the active contours complexity is dominated by the
energy minimisation since the growth is computed in constant
time. The complexity of the energy minimisation scheme de-
pends on the number k of samples in the active contour. The
most costly operation during this procedure is the inversion of
the k X k matrix A. This matrix being pentadiagonal, the com-
plexity of this inversion is O(k?).

The memory footprint of the proposed methodology de-
pends on the implementation: whether the HS is represented
as a dense or as a sparse 4D matrix. In the case of a dense ma-
trix, assuming that an integer is coded on 4 bytes, the creation a
HS of dimension d., dy, d., d, requires 4 X d, X d, X d, X d, bytes.
Let us consider, for example, a (10 m)? point cloud where the
radius of the reconstructed tubes vary from 5 cm to 20 cm. The
creation of a HS with a resolution of 2 cm for the x, y, and z
dimension and 1 cm for the radius results in a 1.88 x 10° ele-
ments array, which is close to the maximum integer 2.15 x 10°
and would require approximately 7.5 Go of main memory. In
contrast, it is hard to precisely estimate the memory footprint
of sparse implementations as it depends on the distribution of
points. The HS footprint for reconstructing the trees presented
in the results section is in the approximative range of 400Mo to
900Mo. As an additional indicator, a 15 m radius circular forest
plots with trees up to 20 m height with the same resolutions as
above required approximately 5.5Go in memory. Even though
our method is demanding, such requirements are in the range
of current hardware capacities.

5. Results and interpretation

The STEP method was tested on four different data sets. For
all of them, we used the plugin available in Meshlab to estimate
a coherent normal vector field for the point cloud. The first one
was composed of simulated point clouds sampled over cylin-
ders. They were used to evaluate the sensitivity of the STEP
method to specific constraints of TLS data. The second data
set involved simulated acquisitions of a complex tubular object
(Fig. 5). It was exploited to show the capacity of the STEP
algorithm to reconstruct objects with varying geometry under
different sampling conditions. The third data set was composed
of in situ TLS acquisitions of a tree in a natural forest plot.
The comparison of our stem reconstruction with high precision
measurements allowed quantifying the pertinence of the STEP
method in a real forest environment. The last data set was in-
cluded to show the ability of our algorithm to extract the main
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Figure 5: Second data set. Left: 3D model used to simulate the point clouds,
the diameter of different areas of interest are indicated. Right: simulated single-
sided point cloud.

branching structures of a natural stand using a TLS point cloud.

First data set. The first data set was composed of a cylinder
with a fixed radius of 50 cm and a fixed length of 2 m, scanned
under different conditions to exhibit the behaviour of our ap-
proach with respect to several issues: undersampling, occlusion
and noise. The resolution of the corresponding HS was of 2 cm
for the x, y, and z dimensions and 1 cm for the radius.

It was first scanned with ten decreasing point densities, rang-
ing from 14 pts/cm? to almost 1,4000 pts/cm”. Each simulated
cylinder was reconstructed with a radius estimation error rang-
ing from 0 to 0.75 cm, with an average error, for each cylinder,
ranging from 0.026 cm to 0.54 cm and a standard deviation of
0.17 cm (Fig. 4a). These results thus demonstrated the robust-
ness of the STEP method to changes in point density, keeping
the error on the estimates of cylinder radii generally less than
0.5 cm.

In the second test, the same cylinder was used to produce
occluded point clouds. To simulate occlusion, the cylinder was
sampled as if only a small portion of its surface was visible.
This sampled portion of the cylinder varied from 10°(only a
small part of the cylinder is sampled) to 360°(the whole cylin-
der is sampled) by increasing steps of 10°. The cylinders were
reconstructed using the STEP algorithm, with recorded errors
on the radii in the range of 0.004 cm to 1.37 cm (Fig. 4b). Av-
erage error on the radius was 0.27 cm with a standard deviation
of 0.38 cm.

The third test evaluated the effect of surface noise on our
algorithm. It was evaluated by simulating acquisitions with dif-

ferent amounts of random noise in the points coordinates. The
amount of noise varied from O cm to 5 cm (corresponding to
0% to 10% of the cylinder radius). The overall average error on
stem diameter using the STEP method was 0.32 cm with a stan-
dard deviation of 0.22 cm (Fig. 4c). Considering the amount of
noise in the data set and the maximum average error of 0.82 cm,
the error is well within the expected accuracy range of 1 cm.

The results obtained from these three tests set illustrate the
stability of our algorithm despite the limitations of TLS data.
Whatever the sampling rate, the error is within the range of the
HS radius resolution used. Indeed, the property of normal con-
vergence does not depend on sampling issues. The second tests
demonstrate the resilience of the STEP method to occlusion.
From (Fig. 4b), it appears that with a sampled portion of more
than 40°, the errors are below 1 cm and lessen as visibility in-
creases. The simulations also illustrate the rise of the recon-
struction error with respect to additional surface noise. With
errors less than 1 cm for each level of noise, the response of the
STEP algorithm is coherent with the chosen resolution. Actu-
ally, surface noise lowers the quality of normals vector compu-
tation and decreases the uniformity of the normal vector field.
However, since the HT is an accumulation approach, the score
convergence is still observable and the noise may compensate
itself. This effect is visible on figure 4c where the error lessen
for a higher level of surface noise while we expected the error
to increase the reconstruction error.

Second data set. The second data set contains simulations of
time-of-flight camera acquisitions of the geometrical model de-
picted in figure 5. With this object, we intended to analyse the
behaviour of our approach on challenging features that may ap-
pear in real data such as tapering, windings, and strong radii
variations.

We simulated two acquisitions approximating a common
TLS resolution of 3 pts/cm? 10 meters away from the sensor:
one from the front of the object, and the other from the back.
Since the model is larger than the previous cylinder, the HS res-
olutions were set to 3 cm for the x, y, and z dimensions and 1 cm
for the radius. These two configurations allowed looking at the
accuracy of the shape reconstruction for a single-sided and a
two-sided point cloud of a complex object. In order to evaluate
the robustness of our method with respect noise and undersam-



(a) 25% of missing points (b) 50% of missing points

(c) 75 % of missing points (d) 90 % of missing points

Figure 6: Evaluation of the robustness of the STEP method when confronted to various amounts of points. While the top and bottom rows illustrate respectively the
reconstruction of the single-sided model and two-sided model, the amount of missing points is specified for each corresponding column.

pling, we generated several data sets: first we decimated the
point clouds, generating new data containing only 75%, 50%,
25% and 10% of the initial clouds (Fig. 6), and second, we
added an amount of surface noise varying from 1 cm to 4 cm
(i.e. ranging from 1% to 5% in thick parts of the model, and
from 3% to 40% in thin parts) (Fig. 7).

The tuboid reconstruction procedure took in average 110
seconds, including 1 second for computing the HT (0.5 second
in the case of single-sided acquisition). Actually, many HS lo-
cal maxima of low score used as seeds for tuboid growth are
further discarded (the generated snake are non significant, cor-
respond to to noise or conflict an existing tuboid). Therefore,
fixing a maximum number of tuboids to be extracted avoids the
analysis of such maxima and reduces the computing time to 50
seconds. With these results, the STEP algorithm proves its ro-
bustness for both scanning configuration (single-sided or full
shape) even in the presence of noise or undersampling.

The results obtained from this data set provide material to
analyse the ability of our algorithm to face complex models.
They also illustrate the effects of the acquisition protocol (num-
ber of points of view), as well as those of the sampling resolu-
tion and homogeneity. Figure 7 confirms, that the surface noise
impacts the reconstructions quality. Due to perturbations, the
lack of local consistency in the computed normal vector field
disturbs normals convergence. This either creates cuts in the
reconstructed shapes (Fig. 7d, top and 7e, top and bottom) or
perturbs the stopping criterion, leading to a single snake cov-
ering multiple parts of the object (Fig. 7b, top, and 7e, top).
However, these results also underline the resilience of our ap-
proach; even with the highest level of noise, the shape is glob-
ally properly reconstructed. The amount of missing points in
the data also deteriorates the extracted tuboids. However, our
tests present a significant quality of reconstruction up to 75% of
missing points with respect to a common TLS acquisition sam-
pling resolution. Multiple points of view enhance the recon-
structions and its resilience compared to a single scan acqui-
sition: reconstruction is stable in registered clouds up to 4 cm
noise.

Third data set. The third data set was selected to apply the
STEP algorithm to a natural forest point cloud. A tree was iso-
lated by an operator from the original TLS point cloud by keep-
ing the points of the stem along with 15 cm of the surrounding

branches (Fig. 8). Similar to the first test, the resolution of the
corresponding HS was of 2 cm for the x, y, and z dimensions
and 1 cm for the radius. After the in sifu acquisition, the target
tree was cut down, the branches were pruned, and the remain-
ing log was scanned by a very high precision scanner. This pro-
cedure gave access to a reliable reference measurement of the
stem taper. Comparison between the STEP reconstruction and
reference values provided a quantitative analysis on the error of
the estimated stem taper (Fig. 8). It is important to note that the
reference diameter measurement did not include the tree bark.
Hence the presented taper error incorporates a 0.4 cm bias.
This test showed how the STEP algorithm is adapted to TLS
scans in natural forest. The measured error in the stem taper
was mainly under 1 cm up to 6 metres from the ground. Be-
yond that point, the branches generated large occlusions and
noise points (points located between two surfaces hit by a TLS
laser beam). However, even above 6 m, the attractors inside the
growing search cone were still sufficient to capture a general but
less accurate description of the tree (Fig. 8). The obtained re-
sults are in the range of acceptable forest measurements, which
demonstrates the relevance of the algorithm on forestry data.

Fourth data set. Some TLS acquisitions of trees in a forest
plot were taken from the SimpleTree© open data page [40] to
demonstrate the capacity of the STEP algorithm to extract the
main branching structure of the trees (Fig. 9 and 10). Even
though each tree was isolated in a single point cloud and auto-
matically denoised, the registration of several acquisitions gen-
erated defects in the point clouds. The radius resolution of the
HS was set to 1 cm and the x, y, and z resolution of the HS were
set to 4 cm to decrease the running time compared to 2 cm. The
main structures of 12 Erythrophleum fordii and 12 Quercus pe-
traea trees were reconstructed. The STEP method extracted the
tree’s structure within the range of 1min20s to 2min, including
2 to 5 seconds for the HS computation. Limiting the number of
tuboids to be extracted to 10 reduced the running time between
30 and 50 seconds. As an additional robustness test, we ran the
STEP method on the same data sets after randomly selecting
only 50, 25 and 10% of the point clouds (Fig. 9 and 10). The
standard parametrisation of the method was not appropriate for
only 10% of the points. We then modified the x, y, z resolutions
of the HS to 5 cm in order to better observe the normals con-
vergence. Finally, these last tests established the ability of the



(a) no noise (b) 1 cm noise

(c) 2 cm noise

(d) 3 cm noise (e) 4 cm noise

Figure 7: Reconstruction of a tubular object scanned with increasing noise. The top row illustrates the results for a single scan while the bottom row shows the

reconstruction from two point clouds acquired from different points of view.
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Figure 8: Reconstruction of a noisy and occluded coniferous tree scanned with
TLS. Left: The resulting tuboid overcome these limitations to reconstruct the
upper part of the stem. Right: tapering error of the scanned tree.

STEP algorithm to retrieve the main structure of woody parts
of tree in spite of TLS artefacts and subsampling. This way we
indicate the potential of the STEP algorithm to measure stem
taper, but also to furnish higher level information of interest in
forest monitoring.

6. Discussion

We propose an novel algorithm using pattern recognition
tools which reconstructs tuboids as single entities in order to ob-
tain greater control on the output shape. We extended and com-
bined two well-known mathematical tools that had not been ex-
ploited to their full potential to treat the tubular shape extraction
issue. We first defined an original cylinder Hough transform to
efficiently extract tuboids from a point cloud with normals. This
innovation was accomplished by reducing the HS dimensions
to 4 and developing a specific HS analysis, since the usual HS
analyses do not match our objectives. We also generalized the
active contours energy by taking into account curve parametri-
sation in the data energy term, and thus obtain an adapted open
growing contour algorithm. This novelty has a large effect on
the energy minimisation procedure. Results have illustrated the
resilience of the STEP algorithm to limitations that are inher-
ent to unstructured point clouds, and especially to TLS data,
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viz. different sampling densities within the point cloud, signal
occlusion and presence of noise. Overall, average reconstruc-
tion errors were in the range of the used HS resolution. Our
algorithm proves to be stable, to reconstruct complex shapes,
and to be resilient to noise and shifts in sampling resolution
with acceptable reconstruction until 75% subsampling. More-
over, the STEP algorithm is able to reconstruct cone shapes. In
the context of tree reconstruction, the methodology is entirely
different from what is currently used for stem taper estimation
[26, 41, 42]. However, it shows robust competences to over-
come the TLS limitations and presents an accuracy acceptable
in operational forest inventories. Not only the main stem, but
also the major structure can be reconstructed. Thus, we be-
lieve that with improvements, our algorithm has the potential
to provide a complete QSM model of trees. Compared to other
tubular reconstruction methods, the STEP algorithm offers ad-
ditional advantages for dealing with noisy and occluded point
clouds that are typical of data acquisition in natural forest envi-
ronments (Fig. 8).

For a better understanding of the STEP method, we provide
more insights on its application. First, the STEP method aims at
extracting tuboids from point clouds by observing normal con-
vergence towards the centres of circles. However, even though
normal computation on point clouds has been previously stud-
ied, is still a challenging task. Especially with the geometry of
forest structures which makes it difficult to estimate an accu-
rate normal vector for each point. The quality of STEP method
results suffers from inaccurate estimates of normals, since con-
vergence of normals is not assured in such cases. Figure 8 ac-
tually shows that the STEP method’s accuracy decreases when
confronted to higher occlusions and noise in the upper part of
the tree. This can be explained by the difficulty to obtain accu-
rate normals under such conditions. However, when the point
cloud is not affected by these limitations, the results have shown
that optimisation-based normals estimation procedures consti-
tute good candidates to overcome this issue. Also, like shape fit-
ting procedures, the STEP method faces limitations when deal-
ing with irregular (non-circular) tree stem shapes since normal
convergence is not observable. Second, two conditions are re-
quired for consistent reconstructions with the STEP method:



(a) Original cloud. (b) 100% of the points.

(¢) 50% of the points.

(d) 25% of the points. (e) 10% of the points.

Figure 9: Reconstruction of the main branching structure of 12 Erytrophelum fordii trees with with increasing decimation of points. The wind combined to the point

clouds registration produced misalignments.

(1) HS resolution for the x, y and z parameters must be at least
twice the HS resolution for the radius parameter, and (2) HS ra-
dius resolution must be below than the radius of the smallest ra-
dius to be reconstructed. These two conditions ensure that score
accumulation due to the convergence of the normals will be ob-
served. Very fine-scale resolution may not be adapted since the
accumulation of scores in the HS can not be observed in such
cases (because of errors on the normals or because of stem ir-
regularities). The high dimensionality of the HS (4D) requires
a large amount of memory, especially when the scene is large
or the HS of high resolution. Thus, HS resolutions must be
carefully adapted both to the input point cloud, as illustrated by
the tests made on the fourth data set, and to computer perfor-
mances. Third, the results analysis indicate that an a priori esti-
mation about the number of tubular shapes to be reconstructed
significantly limits the running time of the algorithm. Unfor-
tunately, this information is not always known and interferes
with the principle of a fully automated method. Fourth, the
STEP method does not reconstruct the topology of the scanned
objects. Instead, it generates numerous independent non inter-
secting tuboids. Regardless, through our tests at this point, the
STEP method has demonstrated capabilities to extract tubular
shapes and measure trees attributes from TLS data acquired in
various sampling conditions.

The new developments that are presented here lead to sev-
eral directions for future work. Indeed, a novel multi-scale ap-
proach could be set to improve efficiency of the STEP algo-
rithm (both in running time and memory requirements). A more
adapted growth stopping criterion could also increase the over-
all results. Finally, the next step for our algorithm is to handle
the objects topology. The STEP algorithm can be used effec-
tively even without these improvements. Hence, we plan to
test it in operational contexts of forest inventory on diversified
forest stand structures and finely assess its limitations before
implementing further improvements.

7. Conclusion

We have proposed the STEP method as a new mathematical
approach for reconstructing general tubular shapes with spe-
cial attention to tree reconstructions from TLS data. We suc-
cessfully extracted complex shapes from data affected by dif-
ferent levels of noise and subsampling, as well as tree stem ta-
per from TLS data that were collected from forest plots. This
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method was developed to overcome the limitations of existing
approaches, and especially for TLS acquisition in forest envi-
ronment that hinder these approaches by their specificities (such
as non-homogeneous sampling densities, signal occlusion and
noise which are major issues in natural forest environments).
We propose an original HT taking advantage of point normals
to accelerate the computation and we defined generalised grow-
ing open active contours to incorporate curve parametrisation
in the data energy. We thus introduce a clear and robust mathe-
matical framework for the STEP method that allows automatic
complex tubular shapes reconstruction and in particular, stem
taper estimation. Tubular shapes are recovered as a curve in
the 4D Hough space, which enhances the coherence of the re-
construction process. Another major advantage of the STEP
method is its ability to handle the complete point cloud of a
scene (and especially a forest scene) without the need to isolate
objects for their reconstruction. The method can be applied to
any unstructured point cloud and proved to be efficient for its
favourite target, namely raw TLS point clouds, which are po-
tentially composed of several aligned scans.

The STEP method opens several promising perspectives for
future developments. The mathematical framework that we have
adopted and developed is flexible, and therefore can be op-
timised for forest inventory or for other applications like the
extraction of specific objects in urban or industrial scenes that
have been acquired with TLS or photogrametry. An additional
development will be to handle the structure of scanned objects.
The current implementation of the method includes a non in-
tersecting rule for the extracted tuboids. We actually expect
to be able to design an appropriate method to connect and fuse
some of the isolated tuboids into higher level objects and higher
level representations. Furthermore, a multi-scale version of the
STEP method is being designed to reduce the requirements of
memory and computing time. Further tests are planned as the
next steps towards validation within operational forest inven-
tory. Finally, other tests should be performed within industrial
and urban monitoring or refinery reconstruction.
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This paper introduces a novel surface reconstruction method based on unorganized
point clouds, which focuses on offering complete and closed mesh models of partially
sampled object surfaces. To accomplish this task, our approach builds upon a known
a priori model that coarsely describes the scanned object to guide the modeling of the
shape based on heavily occluded point clouds. In the region of space visible to the
scanner, we retrieve the surface by following the resolution of a Poisson problem: the
surface is modeled as the zero level-set of an implicit function whose gradient is the
closest to the vector field induced by the 3D sample normals. In the occluded region of
space, we consider the a priori model as a sufficiently accurate descriptor of the shape.
Both models, which are expressed in the same basis of compactly supported radial
functions to ensure computation and memory efficiency, are then blended to obtain a
closed model of the scanned object. Our method is finally tested on traditional testing
datasets to assess its accuracy and on simulated terrestrial LIDAR scanning (TLS) point
clouds of trees to assess its ability to handle complex shapes with occlusions.
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1. Introduction

10 tifacts modeling, quality control for production, and medical
imaging. However, despite their accuracy, the data acquired by

The reconstruction of 3D surfaces from scattered data has
received increasing attention with the emergence of new close-
range 3D acquisition technologies, such as laser scanning de-
vices (LiDAR), close-range photogrammetry and time-of-flight
cameras. The dense 3D point clouds thus acquired accurately
describe object surfaces (e.g., millimeter resolution for laser
scanning). Such scanning processes have a wide range of ap-
plications: urban reconstruction and modeling, architecture, ar-
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these sensing technologies share common constraints, such as
non-homogeneous sampling, occlusion and noise. In view of
their characteristics and complexity, dedicated algorithms are
required to segment, model and reconstruct objects of interest
from raw point clouds. Terrestrial laser scanning (TLS) tech-
nology is broadly used in forest studies. TLS enables 3D forest
structures to be acquired as point clouds in record time [1], with
applications ranging from ecology (allometric relationships',

! Allometry consists of a set of general relations derived from a large com-
pilation of forest measurements. It provides an estimate of the tree structure ac-
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and growth modeling carbon storage assessment) to forestry
(forest monitoring, sustainable development) and industry (har-
vest planning, sawmill optimization). However, the features of
such data are even more challenging with respect to reconstruct- 7
ing models and extracting information (e.g., more challenging
than classic applicative data, such as urban environments or iso-
lated objects, because the clouds are extremely dense, inhomo-
geneous, noisy and present large occlusions). These constraints
arise both from the remote sensing technology and from the s
complexity of forest environments. The TLS point cloud sam-
pling rate may vary from one scanner to another, and the spheri-
cal geometry of the sensor results in irregular sampling density.
Moreover, the combination of TLS geometry and the vegetation
itself (branches, leaves, low vegetation) results in large and nu- s
merous occluded areas that expand both in size and number far
from the sensor. Noise contributes additional confusion at sur-
face extremities and in foliage. Therefore, data obtained from a
given tree have different characteristics from the base up to the
crown. Forest measurements from TLS data also suffer from so
object-specific limitations. Stems bark can be rough and there-
fore produce highly uneven surfaces. Moreover, the non-trivial
topology of branches and the intricate occlusions produced by
these branches are highly challenging for point cloud process-
ing. Finally, let us note that LiDAR scanning of trees may be o
affected by wind and thus create multiple scan alignment is-
sues. All these artifacts induce specific point cloud distortions
and generate crooked objects. Therefore, in the context of Li-
DAR data, reconstruction is necessary to handle partially de-
scribed objects. To overcome the data distribution characteris—wo
tics inherent to TLS point clouds, especially for data acquired
in forests, our idea was to rely on a priori knowledge about the
forest elements expressed as geometrical models. This paper
presents a novel surface reconstruction method that is specifi-
cally designed for the reconstruction of partially described ob—105
jects based on 3D point clouds. We address this challenge by
introducing a novel surface reconstruction method based on
a Poisson scheme, building upon sturdy approximating basis
functions. On the basis of this innovation, our algorithm lets
us integrate a priori models of occluded areas, expressed us-
ing basis functions, to describe partially tubular objects. This!°
approach provides good estimates of missing data and enables
complete reconstruction of forest objects. This algorithm was
tested and validated against “classic” datasets and on occluded
almost-tubular shapes and tree sections. In section 2, we present

a short literature review of surface reconstruction and tree mod-''5
eling from TLS samples.

2. State of the art

Pioneering works on surface reconstruction from raw point'
clouds date to the late nineties and are usually classified as ex-
plicit or implicit according to the underlying model (see [2, 3, 4]
for complete surveys). There are two types of explicit surfaces,

parametric and meshes, both of which have been investigated in
125

cording to a few given parameters, such as the diameter at breast height (DBH,
diameter of the stem 1.30 m above the ground) and the tree height.

this context. Parametric surfaces, such as B-splines [5, 6] and
NURBS [7], entail determining a 2D parameter space together
with a set of associated control points. Such surfaces are con-
trolled by these points but not as an approximation or interpola-
tion. Therefore, complex surfaces are not easily representable,
and parameterization is a complex issue for scattered data, espe-
cially in the presence of noise, inhomogeneity and occlusions.
In [8], the authors define polynomial splines over locally refined
parameter spaces in any dimension and thus successfully recon-
struct sharp features and details from point clouds. However,
although the approach performs well on terrain data, its para-
metric nature, as well as its complexity, limit its application to
data from complex scenes. Triangular mesh reconstruction re-
ceived substantial attention through Delaunay triangulation, al-
pha shape reconstruction and Voronoi diagrams [9, 10, 11, 12].
However, scanning devices, such as LiDAR scanners, produce
dense, noisy and potentially occluded point clouds that cannot
be accurately modeled by meshes. The successive re-meshing
required to obtain an adequate model multiplies the cumber-
some computations. Moreover, the inhomogeneity of sampling
leads to unbalanced meshes, with larger polygons far from the
sensor, tiny polygons close to it (where the point density can
reach 1 million points/m? ) and stretched polygons in occluded
areas.

Therefore, the unstructured, nonplanar nature of point clouds
makes implicit surfaces a key modeling tool. Moreover, such
models structurally smooth the noise by approximating the in-
put points and are tolerant to inhomogeneity and limited occlu-
sion. Implicit surface reconstruction is the process of finding
a function that best fits the input data. However, the implicit
representation of a surface needs to be post-processed to be vi-
sualized. Marching cube [13, 14] is the best-known method to
generate a triangulated surface from the implicit representation
of the surface. Because the surface is extracted as a level set
of an implicit function, the resulting mesh is guaranteed to be a
watertight manifold.

Computing implicit functions from point clouds as an ap-
proximate of the signed distance function has been extensively
studied [15]. However, such approaches prove to be unstable
in the presence of nonuniform sampling. The moving least-
squares method (introduced in [16], see [17] for a complete
survey) addresses this problem but struggles in the presence of
missing data, as noted in [2]: the large spatial support of basis
functions required near holes spoils the reconstruction. Another
class of methods, namely, global reconstruction methods, was
proposed by Carr et al. [18]. These approaches are based on ra-
dial basis functions (RBFs) and take advantage of their approxi-
mating properties. RBFs are positive definite basis of functions
and hence guarantee approximation feasibility (see [19, 20] for
more details). The benefits of modeling surfaces with RBFs
are broadly recognized ( [21, 22, 23, 24]). However, poly-
harmonic RBFs have global support; hence, reconstruction en-
tails inverting dense ill-conditioned matrices. To mitigate this
problem, further works focused on compactly supported radial
basis functions (CSRBFs) (either used directly [25] or as blend-
ing functions between local reconstructions [26, 27, 28] or both
[29]). The finite support of such functions enables faster filling
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of the interpolation matrix[30], which simultaneously becomes
sparse. Matrix inversion can thus be accelerated by using a di-
rect sparse matrix solver (see Morse[31] for a summary of the
advantages of CSRBF over classic RBF). A different approach
takes advantage of both global and local fitting schemes by1so
approximating the field of estimated normals through Poisson
reconstruction [32]. Owing to the representation as a Poisson
problem, this method is robust to nonuniform sampling, noise,
outliers and to a certain extent, missing data. These qualities
make it a choice method for surface reconstruction from TLS1ss
point clouds. However, for computational reasons, implicit sur-
faces are computed and expressed in a basis of functions ob-
tained by convolution of a box-filter with itself. Unfortunately,
this basis is not positive definite (unlike radial basis functions)
and thus it does not have sufficient approximation properties t0zoo
express any a priori information about occluded areas. While
these surface reconstruction methods have proven to produce
sharp models from point clouds, none is able to fill the large
gaps created by occlusion in LiDAR point clouds acquired in
forests. 205

To solve this problem and extract the information needed
in forestry, scientists rely on a common assumption: a woody
tree structure is assumed to be a network of quasi cylinders.
Thus, the tree structure, branching organization and branch size,, |
distribution are modeled through so-called quantitative struc-
ture models that summarize this information by describing the
tree components in hierarchical order as a stack of elemen-
tary building blocks. This approach has been widely explored.
[33] proposed an architectural model combined with a skeletal,,,,
curve approach to retrieve the tree structure and allometric rela-
tionship to build the branching structure and further assess the
amount of foliage. [1] introduced a semi-automatic approach
to model tree architecture using cylinders and to estimate tree
parameters, such as tree volume. [34] introduced a method in-
volving clusterization and segmentation of the point cloud, fol-
lowed by reconstruction of the tree architecture using cylinders.
They combined this geometric and hierarchical information intozeo
the concept of quantitative structure modeling (QSM). A simi-
lar cylinder-based tree-reconstruction method was proposed by
[35] using a sphere-following approach to progressively recon-
struct the tree structure from the ground to the apex. Switching
from tree-level reconstruction to plot-level reconstruction is azes
challenging task. Intermingling crowns and occlusions due to
branches and leaves in the signal path makes it difficult to accu-
rately segment trees. [36] used a clusterization approach to de-
tect tree bases, followed by a distance-based expansion proce-
dure to allocate the remaining clusters to the detected trees. [37]zs0
used clustering and shortest-path algorithms to detect trees and
segment associated crowns. Combining Hough transform and
active contours, [38] and [39] introduced a method to automat-
ically detect and reconstruct largely occluded tubular shapes.
This approach bears some similarities with skeleton extractionzss
methods such as [40]. However, it mitigates the effects of noise
and longitudinal occlusions which are both highly present in
LiDAR point clouds. While these methods are effective for ex-
tracting structural parameters, they propose discontinuous mod-
els and rely on local cylindrical (and thus purely tubular) ap-24

proximations, which has proven to be the best local approxi-
mation but can lead to substantial error. Indeed, the assump-
tion that a tree is composed of cylinders can be far from real-
ity, especially when we consider tropical trees. [41] found an
error of 50% in the computation of the volume from field mea-
surements at the tree level by such approximations in tropical
forests. Therefore, even if QSM approaches are well suited to
reconstruct the structure of trees from LiDAR data, they pro-
vide only a rough estimate of the structure. Hence, sharper 3D
modeling is required to more accurately describe the shape and
improve the geometric model to precisely assess tree properties.

In spite of this specific initial context, our approach is actu-
ally general: in order to reconstruct largely occluded, roughly
tubular data, we assumed that a detailed reconstruction can
be achieved only in reasonably sampled areas, but the recon-
structed model should be resilient enough to integrate an a pri-
ori model of occluded (tubular) areas. Such “roughly tubular”
shapes, locally well sampled and partly occluded are quite com-
mon in LiDAR data (such as archeological, urban or natural
data for instance). The aim of our work is to build a model
which proves both locally accurate (in properly sampled areas)
and globally coherent (according to a priori information).

Using a priori models to guide the reconstruction is not
new. Previous works are based on priors on the surface using
Bayesian approaches (works on medical data), global match-
ing of the shape using priors stored in a database (see [42] for
instance) or local shape priors (see [43]). However such ap-
proaches are based on the assumption that the shape is globally
or locally known a priori, and thus focus on matching data and
priors. However in our context, we intend to reconstruct the
shape as accurately as possible in visible areas (and the shape is
unknown there) and priors are used only to reconstruct occluded
areas in a coherent way.

3. Overview of the approach

Our work introduces two significant innovations. We propose
a new 3D reconstruction method based on a Poisson scheme
developed over CSRBF, whose approximating properties have
already been mentioned and provide the “resilient” setting for
further integration of a priori knowledge. In addition to the
reconstruction efficiency demonstrated in our validation, this
choice of basis function enables the expression and integration
of a priori knowledge in occluded areas.

Our method hence focuses on accurately approximating data
points while managing occlusions to produce a closed surface.
To do so in our application context, the method identifies and
separately processes visible and occluded areas. For the vis-
ible portions of the object, a novel Poisson surface algorithm
finely reconstructs the surface. In occluded areas, the tree sur-
face is represented using a a priori model characterized by a
tubular profile that is adapted to approximate the shape of the
tree. The smoothing characteristic of the CSRBF then guaran-
tees the continuity of shape between models.

The following two sections describe both pre-processing
steps, upon which our method builds: the computation of the
point normals, which are required by the Poisson surface solver,
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Fig. 1: Overview of the method: For preliminary processing, we compute a QSM and the normal of the points. Then, we consider each building block of the QSM
independently. left) Data points are distributed over the part of the trunk exposed to the LiDAR beam, dividing the space into occluded and visible areas. top) Based
on a QSM, we estimate the tree shape as a tubular model expressed as an implicit surface. bottom) In the visible area, we compute a Poisson surface reconstruction
based on CSRBEF. right) The algorithm approximates the surface of the tree as a Poisson surface in the visible area and closes the surface using the tubular model in

the occluded area. The tree surface is retrieved by blending the models computed for each QSM building block.

and the computation of the tubular shape (or QSM) to guide re-
construction in occluded areas.

3.1. Point normals computation

Let P = {p;}i=1..v C R? be the input point cloud. As a prelim-
inary processing step, Poisson surface reconstruction requires
computation of a consistent normal field for each sample. We
use the method introduced by Hoppe [15] to compute a normal
n; at each point p;. Actually, more accurate algorithms exist
(local triangulation, quadric fitting...), however, LiDAR point
clouds can be made of billions of points, making the compu-
tation time a critical issue. Following [15], we first study the
neighborhood of each point p; to compute a normal n; , then we
direct consistently the normals by propagating their orientation
on a minimum spanning tree.

3.2. Tubular guide estimation

In our next preliminary processing step, we compute a QSM
of the tree (in the context of our application, we used the Hough
transform approach introduced by [38]). From this discontinu-

ous stack of cylinders, the global outline of the tree is modeled®®

by a continuous tubular shape, as introduced in [44]. Follow-
ing this approach, in each slice along the Oz axis, the cylinder
(centered in c¢;) is used as an initialization to fit a cylindrical
quadratic function g;, whose influence lies in the sphere of ra-
dius 0. Each radius ¢ is thus computed so that the set of

260

spheres S(c;,0") covers the whole tree. The tubular model is
then expressed as an implicit function obtained by blending the
quadratic approximations g; together with a CSRBF, namely,
Wenland’s CSRBF [30]. Therefore, the a priori model of the
tree is expressed as:

F@ =) 2@ Pollg - cill, (1)

where i ranges over the indices of slices {Z;} along the Oz axis,
gi 1s a quadratic function and W, is the Wendland ¢3 ; CSRBF
centered on ¢; and of support radius o~

4. CSRBF Poisson surface reconstruction guided by a
model known a priori

As illustrated in figure 1, following the previous pre-
processing steps, our method is based on five steps.

e We divide the space into two parts, namely, occluded
and visible areas, by analyzing the angular distribution of
points.

e We define a space of functions based on a CSRBF with
high resolution near the points and near the surface of the
tubular model and coarser resolution away from them.

e In visible areas, we set up and solve the Poisson equation.
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o In occluded areas, taking advantage of the approximating
properties of the CSRBF, we express the tubular shape in
our space of functions and insert it into the solution.

e Finally, we extract an isosurface of the resulting implicit
function.

The details of each steps are provided in the following subsec-

tions. a10

4.1. Mark off the occluded areas

As illustrated in figure 1, the QSM computation described in
section 3.2 provides a division of space into several slices Z;
along the stem axis. In each subset, an analysis of the angular
distribution of points enables the detection of holes: among the
points contained in Z;, if two points are separated by an an-
gle larger than a given user-defined threshold, then the portion
of space between them is considered to be occluded. In this
way, we eventually obtain a boundary between the visible and
occluded areas for the whole set of slices.

4.2. Problem discretization

To efficiently solve the Poisson scheme, our model needs to
be refined close to the points and the tubular model surface. We
perform this adaptive subdivision using an octree, which allows
us to adjust the resolution locally while providing rapid access
to neighborhoods and a low memory footprint. The octree sub-
division process is illustrated in figure 2. We define the octree
as the minimal octree so that every point falls into a leaf of a res-
olution fixed by the user. Then, we force octree division close
to the tubular shape by analyzing the eight corners of each leaf
falling in the occluded area; the sign of the implicit function is
given in section 3.2. Subdivision occurs if at least one corner
of a leaf has a different sign. Finally, we refine this octree by
allowing a maximum difference of levels equal to one between
a leaf and its neighbors to guarantee smooth variation in res-
olution. We denote by O,;sipe and Opeeiugeq the leaves falling,
respectively, in visible areas and occluded areas, as defined in
section 4.1. The resulting set of leaves O form a partition of
space.

4.3. Definition of the function space

Let P denote the input point cloud (set of points of R?).
Given {Oy,...,Oy}, a partition of £ (in our case, the previ-
ously defined octree subdivision of space), for each subset O;
(or cell) we denote by o, the center of O;. To build our implicit
model, we define a space of functions as the span of translates
of Wendland’s CSRBF: for every node o € O, we thus set @, to
be the CSRBF centered on o, with radius o, defined hereafter
to ensure a sufficient coverage of space:

Oy, (Ilq — o,ll) = ¢ (M) o

Oo

More precisely, we use ¢(r) = (1 — r)i(l + 4r), where + repre-
sents (x), = xif x > 0 and (x), = 0 otherwise. The radii o, are
adjusted to recover the details of smaller cells while limiting the

overlapping of supports for larger cells. With this in mind, we
compute o, as:

0y = a X Sizemin + V3/2 X Size,, (3)

with Size, the size of the smallest octree leaf, Size, the size of
leaf 0 and a a parameter tuned by the user. S pan{® }, the set

of independent basis functions @, is used as a basis to express
the implicit functions computed in the following sections.

4.4. Setup of the Poisson problem

Poisson surface reconstruction methods are motivated by the
computation of the characteristic function y of a solid M with
surface boundary dM. In [32], the authors highlighted an
integral relation between the gradient Vy (where y has been
smoothed to become at least C?) and the field of oriented point
normals. Hence, y can be computed as an implicit function y
whose gradient approximates a vector field V induced by the
normals of the sample points. Given p € IM:

vw*?xmzif F(a-p) n-dp, @)
M

where ¥ is a smoothing filter. Because YV is rarely integrable,
this variational problem is transformed into a standard Poisson
problem by applying the divergence operator:

Ay = V.V (5)

The definition of the discrete approximation of V is a critical
step. The main point is to discretize and approximate equation
5. First, following [32], equation 5 is discretized as a sum over
data points by assuming that any point p of normal n describes
an elementary patch of surface A, which leads to the following
formula:

V=) A F@-p)-n (©)

peP

Then, for computational efficiency, in order to avoid this inte-
gral over data points, the influence of each sample point and its
normal are distributed in the surrounding octree cells. Given a
point p € P, a coeflicient «,, is introduced to account for the
share of p attributed to cell 0. We define these coefficients using
the basis functions themselves. Let N'(p) be the neighborhood
of a sample point p, that is, N(p) = {0 € Oyisipie, [P~ 0cl| < 7}
We define a,p as:

W~ Dolp—odD -
Py D (lp-ol)
o’eN(p)

Now, before defining the vector field V, let us consider the data
inhomogeneity. As mentioned in [32], local variations in point
density should be considered to adjust the contribution of data
points. We follow a kernel density estimation approach and
estimate the local density as:

W@=), . ap® (lg—ol), @®)

peP 0eN(p)

with ®'(r) = 1 — r being a Wendland’s CSRBF of first order.
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Fig. 2: Overview of the discretization in 2D: a) The first division of the octree is driven by the points distribution: every points should fall into a leaf, then b) leaves
are divided close to the tubular shape (represented as a grey circle) and finally c) the octree is refined by allowing a maximum difference of levels equal to one

between a leaf and its neighbors.

We can now approximate the vector field defined by equation
6 as:

D, p®s,(la-odd-n. (9

0eN(p)

1
V(g = Z W)

peP

4.5. Resolution of the Poisson equation
We express y in the space S pan{®,,} as the linear combina-

tion: 335

X@= > %, (lg - o). (10)
0€0yisibie
By projecting the Poisson equation onto this space of func-

tions, we obtain:
Yo' € Oyisivies { My, P, ) =(V -V, 0y, ),
where Ay(q) = 3,

0€0yisible

Denote by L the matrix of elements (AD,,,, ), v the vec-

Xo - ADg, (llq = oc|D.

tor of (V- V,®, ,) elements and x the unknown vector com-sss

posed of the linear coefficient of y. Because our basis function
is not orthonormal, we solve the Poisson problem by minimiz-
ing ||.L-x— v||? in the least-squares sense. In our case, the matrix
L is self-adjoint and positive definite owing to the properties
of functions ®,, and Ad,,. Moreover, it is sparse because of
the compact support of the basis functions; thus, solving this
problem directly is not expensive. Therefore, we use the LDLT
Cholesky decomposition for sparse matrices implemented in
the Eigen library. In the next section, we provide further de-
tails about the efficient resolution of this Poisson problem with
CSRBEF. In fact, we make explicit the system of equations and
deduce the symmetry properties that enable us to optimize its
resolution.

4.6. Optimization

The Poisson equation 5 can be expressed in its matrix form
as:

<Aq)a'{, P CDO'(,/ > Xo| = <V : (V’ CDO'(,/ > . (12)

(1 1)340

The dot product is that of L*(R): given f : R® — R and g :
R? — R, two compactly supported functions, and Q, the union
of their compact supports, the dot product can be expressed as
follows:

<f,g)=fRSf(q)'g(Q)‘dQ=fgf(@’g(Q)dq. 13)

Keeping with the definitions introduced earlier in this docu-
ment, we denote by L = (AD, , D, ) the Laplacian matrix
and by V the vector {V - V, D, ))oco-

A study of the symmetries of this system, presented in detail
in section Appendix A, allows to reduce the number of compu-
tations required to solve the system. Table 1, in particular illus-
trates the drastic reduction in the number of computations for
reconstruction of the Stanford bunny. For each explored radii
value, among the hundreds of thousands of matrix entries that
need to be estimated, only a few dozen are actually computed
thanks to the symmetry; the remaining are retrieved by a simple
search in the hash table.

Table 1: Evolution of the number of integral computations L, s and D,
to reconstruct the Stanford bunny model according to the radii o, of the basis
functions (parameter a in equation 3) for an octree resolution of 1 mm).

a Non-zero entries in £  Entries actually computed for:

<A(D(T,, 5 (I)(an > <V : (V, (I)(T()>
1.5 4773131 14 31
1.6 4781877 16 38
1.7 4785120 18 44
1.8 4785766 19 47
1.9 4786511 21 52
2.0 4786627 22 54

4.7. Injection of the tubular shape

To include the tubular shape defined in section 3.2, the im-
plicit function f describing the tubular shape must be approx-
imated in the space S pan{®,,}. We compute the function by
interpolating f at collocations {0.,0 € O}. To accomplish this
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task, we consider the system:
(14)

where A, , = (D, Dy, ).

According to the properties of Wendland’s CSRBF @, , this
matrix is self-adjoint and positive definite. Thus, the system
is inverted by using the LDLT Cholesky decomposition imple-
mented in the Eigen library.

Finally, we obtain the linear decomposition of f in
S pan{®,,} as:

f@= D, vo ®,la-ocl. (15)

0€0 ccluded

4.8. Smoothing between visible and occluded areas

In most cases, the transition between y, the implicit func-
tion defined in the visible areas, and f, the implicit function de-
fined in the occluded areas, is handled by the smoothing charac-
teristic of Wendland’s CSRBF. Nevertheless, for complex tree
shapes, the transition might be too rough. To overcome this is-
sue, we define an overlap portion of space, whose size 0, is
defined by the user, in which we linearly mix the implicit func-
tions. In this sub-part of O,ipie, called Oyyeriap, We have Poisson’"
reconstruction (3, x, - ®,) and a priori model (3}, y, - Oo,).
Thus, we consider the implicit function k defined as:

K@) = D) [ %o+ (1= a0) -yl O, (lg—ocl, (16)

0€0,veriap

380

°— is the coefficient of the linear interpolation

where a, = 1—

between x, and y}:)wgccording to the angular position @, of the
center of 0 in Oyyeriap-
Finally, our resulting implicit function # is expressed as: i =
X + k+ f, as illustrated in figure 3.
385

4.9. Surface extraction

Following from our modeling choices (namely, Wendland’s
RBF and quadrics), the implicit function f is C?. Hence, it
is possible to use a polygonization algorithm to represent the
zero-level set of implicit function 4. In the space defined by the
union of spheres of radius o, / is discretized into a scalar field,,
whose resolution is set by the user. From this scalar field, the
polygonizer computes a set of triangles approximating the im-
plicit surface A by using a marching-cube-like algorithm [45].

5. Complexity 3%

In the visible areas, the scheme transforms the integral on
the points into an integral on octree cells by distributing each
point influence in the neighboring cells through the a, p coefli-
cients. The complexity thus mainly arises from construction ofseo
the sparse N X N matrix, where N is the octree size and the reso-
lution of the associated linear system. Owing to the symmetries

Fig. 3: Smoothing of the final surface in the overlap area by linearly combining
the implicit function solution of the Poisson equation y and the implicit function
of the tubular model f.

presented in section Appendix A, the matrix construction in-
volves at most one hundred integrals.

In the occluded areas, the complexity originates from the ex-
pression of the a priori model in the CSRBF basis. The main
operation is also the inversion of a symmetric and positive def-
inite sparse matrix.

6. Results and validation

The quality of our algorithm is assessed based on three ex-
periments: in section 6.1, we compare the surface generated
by our approach to the Poisson surface reconstruction found
in the literature, namely, the un-screened version of the Pois-
son reconstruction developed in [32]. Then, in section 6.2, we
compare how the two methods address occlusions. Finally, in
section 6.3, we analyze the improvement to tree modeling.

6.1. Comparison without occlusion

To test the robustness of our version of Poisson surface re-
construction, we compare the surface we generate to the one
created by Kazhdan, which acts as a reference in this field of
research. We solved the Poisson problem on a non-occluded
well-known standard model (the Stanford bunny) and directly
produced a surface model without injecting any shape in the
solution, i.e., we ran only the part of the algorithm described
in section 4.4, 4.5 and 4.9. Figure 4 presents the reconstructed
surfaces of the bunny.

Then, we estimated the distances to the reference for the un-
screened Poisson surface reconstruction and for our method.
This quality assessment was performed by comparing the refer-
ence mesh model with the outputs of the algorithms using the
Hausdorff distance implementation available in Meshlab.
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Fig. 4: Reconstruction of the Stanford bunny surface with different methods:
(Center, white) The reference surface reconstructed by the “zipper” program
and provided by Stanford University. (Right, green) The Poisson surface recon-
structed by Kazhdan’s algorithm implemented in Meshlab for an octree depth
of 7. (Left, blue) The Poisson surface reconstructed by our method for an octree
depth of 7.

Table 2: Hausdorff distance statistics (mm) for the reconstruction of the Stan-
ford bunny

min max mean RMS
Un-screened PSR 0.00 2.17 0.21 0.32
CSRBF PSR 000 174 022 0.30

As an additional validation step, we evaluate the reconstruc-
tion force of our method on the data set provided by [4]. Among
the simulated point clouds available in this benchmark, we con-
sidered the ones describing the anchor, the gargoyle, and Quasi-
moto. For each of these objects, surfaces were reconstructed
on 16 point clouds, for an octree resolution of 0.5 cm. Figure
5 presents the Hausdorff distances computed between the sur-
faces produced by our algorithm and the reference, which is
also provided in the benchmark. Figures 6, 7 and 8 gives an
insight of the reconstructed surfaces quality.

6.2. Occlusion management

The development of our method ensues from the need to

manage holes in surface reconstruction from 3D point samplesas

collected in forests. Indeed, the state-of-the-art approaches in
the literature struggle to address holes. In particular, when con-
sidering trees described by single TLS scans, only the bark fac-
ing the scanner is described by the point samples: the entire
back side remains occluded. To compare our approach to tra-
ditional PSR in this situation, we generated point clouds dis-

tributed on a cylinder with a 1 meter radius and a decreasinguss

angular distribution to simulate a widening occlusion. Visual
assessment of the surface reconstruction on the occluded cylin-
ders (figure 9) demonstrated how our approach can handle data
gaps over 50% of the surface owing to the completion of the
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Fig. 5: Mean Hausdorff distance between the computed mesh and the reference
for the three objects considered.

Fig. 6: Insight of the results obtained on Quasimoto.

shape by the a priori model. In this case, the point samples are
distributed only on half of the cylinder, similar to the conditions
of a single scan in a forest. On the opposite side, traditional PSR
shows shape inconsistencies starting at 15° and fails to close the
shape when the occluded areas exceed 20°.

6.3. Modeling of trees

The following step of our validation focuses on testing the
efficiency of our reconstruction approach with respect to the
cylindroid fitting method proposed in [44]. To that end, por-
tions of real trees were used to generate a reference model and
associated volume. The efficiency of the method was assessed
by estimating the volumes and computing the distances be-
tween the input point cloud and the reconstructed surface mesh.
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Fig. 7: Insight of the results obtained on the gargoyle.
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Fig. 8: Insight of the results obtained on the anchor.
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We chose four portions of real trees, whose surfaces and vol-
umes were previously estimated, to serve as a reference. On
these four datasets, we ran a TLS simulator to generate several
single-view scans from varying points of view. To artificially

increase the size of our testing sample, we generated a set ofso

single-point-of-view scans by setting up virtual scan positions
that were evenly distributed around the reference mesh. The
simulated point clouds were used to compute the tree volume
following two approaches: 1) a method based on cylindrical

quadrics and RBF and 2) our Poisson surface reconstructionsos

method based on CSRBF. Sixteen simulated point clouds were
produced for each tree, resulting in a validation set of a total of
64 computations of volume for the two methods.

Figure 12 gives an insight of the level of details restoredsio

by our reconstruction, especially in the branches and on the
butressesses. It highlights the improvement on tree modeling
induced by the use of continuous surface.

7. Discussion

First, in order to demonstrate the generality of our Poisson
reconstruction scheme, we compared our method, used without
any a priori information, to the un-screened Poisson surface re-
construction that is well-known in the computer graphics field
of surface reconstruction. Despite the longer computation time
required to compute the matrix terms due to the Monte Carlo
integration, our method proved to be slightly more efficient to
rebuild the surface mesh of the Stanford bunny, with less noise,
higher accuracy and no holes. Indeed, the distance between the
input point cloud and the reconstructed surface presented in ta-
ble 2 has the same magnitude for both methods (slightly lower
for our approach). Our method produces a slightly more de-
tailed surface owing to the smaller radius of the kernels. The un-
screened Poisson reconstruction surface produces a smoother
and less-detailed surface for the same octree refinement. As a
second validation step without priors, we estimated the differ-
ence in between our reconstructions on the simulated scans pro-
posed in the benchmark [? ] and the supplied references. Ata 5
mm resolution, our method showed good results on the rounded
objects that are the gragoyle and Quasimoto, with errors close
to 2 mm. Errors increased to almost 3 mm on the more angular
object, the anchor, presenting sometimes artifacts on the sharp
edges. Those unstabilities, where the normal direction tends
to change abruptly, will be tackle by a better discretization in-
duced by the multiscale approach discussed later on.

The next step of the validation was to evaluate the effect of
occlusion for simple tubular shapes on both methods. The re-
sults of the experiment presented in figure 9 clearly show the
limit of un-screened Poisson surface reconstruction: for an an-
gular occlusion greater than 20°, which corresponds to a hole of
35 cm on a cylinder of points with a 1 meter radius, the method
diverges (the surface represented in figure 9 is the extraction of
the isosurface in the bounding box of the cylinder, thus diver-
gence appears as a hole in the reconstructed surface). On the
other hand, our approach solves this occlusion issue up to 180°
by guiding the reconstruction using an a priori shape.

In the last part of the validation, we “measured the added
value of our method for modeling trees and computing their
volume. The model that our method produces was compared
to the tubular shape based on quadrics and CSRBF described
in section 3.2 (which was itself 50% more accurate than stan-
dard QSM approaches). Overall, the proposed Poisson CSRBF
based approach provided an improved approximation of the ob-
ject shape and volume. The method is particularly well suited to
reconstruct irregular shapes and is thus more flexible to handle
the diversity of shapes found in natural environments.

The method is particularly useful for reconstructing crown
branches whose shapes can be distorted due to gravity, as well
as tree buttresses, which remain difficult to model and could
contain a significant portion of the tree volume and biomass.
Figure 13 presents an example of surface reconstruction in an
unfavorable case of a point cloud distributed on the buttress at
the base of a tree. While the tubular shape struggles to fit the
points, our method correctly approximates the shape of the but-
tress while preserving the tubular shape in the occlusion. Fig-
ure 10 highlights the improvement in tree modeling from the
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Fig. 9: Result of classic Poisson surface reconstruction (green mesh) and our approach (blue mesh) on a simulated point cloud (red points) that features an angular

occlusion of 10°, 15°, 20°, 90 ° and 180°.
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Fig. 10: Mean Hausdorff distance between the computed mesh and the input
point cloud for the two methods on the four trees.

tubular shape to our Poisson surface reconstruction based on
CSRBF. For the whole set of trees used in the validation, the
tubular shape model remains greater than 1.5 cm on average.
Our method reduces this distance to an average of 6 mm. The
remaining distance between the model and the points is due to

the smoothing of the implicit function described in section 4.8,s3

where we set aside input points and the surface to handle com-
plex tree shapes. Moreover, because of the point-density differ-
ences, our results are slightly less accurate on thinner trees, for
instance, tree 4. These issues highlight several ways to improve

the method. First, we will improve the occlusion detection tosss

more accurately merge the surface from the resolution of the
Poisson equation to the shape known a priori. Then, we plan

30 A
= Quadrics CSRBF
Poisson CSRBF

20

10 A

Tk

-10 4

Volume difference (%)

tree 1 tree 2 tree 3 tree 4

Fig. 11: Normalized difference in volume between the estimate and the refer-
ence for the two methods tested on the four trees.

to improve the combination of the models produced in the vis-
ible and occluded areas by defining a feedback loop to deform
the a priori model by checking the local curvature. Finally,
we intend to implement a multiscale approach to Poisson sur-
face reconstruction to better handle variations in points density.
By following the framework defined in [46] where the matrices
are partially recomputed at each refinement iteration, we also
intend to build an adaptive solver for our Poisson equation by
taking advantage of the refinability of the function space. This
process will also lead to better memory management and faster
computation.
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Fig. 12: Illustration of the reconstructed surface recovered from the point cloud
describing the tree without leaves for a Terminalia superba (in blue). The com-s90
plete point cloud is plotted as an overlay on the scene.

8. Conclusion s

Our original Poisson surface reconstruction based on CSRBF
proved to be efficient to reconstruct surfaces from dense point
clouds. Moreover, using this function basis, we can model any_
smooth prior. Hence, for tubular shapes, the method addresses
occlusion by integrating an a priori model of the shape to re-
construct closed surface models. For scanned trees, we thus
improve both volume (ie. biomass) and shape estimation, but605
the method actually applies to any quasi tubular shape (such
data actually arise frequently in archeological, urban of nat-
ural data). In future work, we intend to enhance the method
to handle even higher point-density shifts by following a mul-_
tiscale approach, which will also accelerate the resolution of
the Poisson equation. We also plan to improve the control of
transitions between the visible and occluded areas by adding
feedback from the Poisson reconstruction to the a priori model.
Moreover, as any smooth prior can be expressed using proper
collocations for CSRBF, we are currently working on the effi-
cient integration of general priors for occluded areas.
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Appendix A. Optimization

Appendix A.0.1. Evaluation of the integral terms
Let us first compute the coefficients of the matrix £, that is, (A®, ,®, ). Our basis functions have been chosen to be c%
therefore, by integrating the compactly supported functions by parts, we obtain fg f.g=- fQ f’.g. Thus, we can express the

terms of the matrix as:
00,, 00, 00,, 00, 00,, 00,

Ox ° Ox dy ~ 9y 0z = 0z
As noted in section 4.3, we use Wendland’s CSRBF to define our basis, that is, for q(x,y,z) € R3, D, (q) =

(AD;,, Ds,) = = )=« )y =« ) (A.T)

o\ _ . .
(1 - —““U"C”) (1 + gllazedl 0””). The derivative along the first coordinate thus gives:
0 + To

D, 20 — o\’
O, _ 20 (1 - M) (@ - 00, (A2)

Ox o2 o /s

where (v),, denotes the coordinate of a vector v along the w axis (with w, x, y and z).
Letus set q, = q — o, and q,, = q — 0... The combination of equations A.1 and A.2 gives:

400 3 AV
<A<I>go,<1>w>=—( 2) fg (1—M) (1— ”g”,”) (q,.9,/)dq. (A3)

2
050 o /4 o /+

o’

We then simplify equation A.3 as:

400
(AD;,, Oy, ) = —( 3 )Lo,o’, (A4)
logtopt
where
llg 1\ (Nl
Lo,o' = f(l - _() (1 - _0,) <q0’ qo’) dq (AS)
Q To /4 To 4+
Following the same process, we express the projection of the divergence of V' on our base of functions by:
(V-V(@, o) = D D o, f V- [0, (lg ) - 1P, (lg, ) dg. (A6)
p;EP 00 Q
where ;
_ _ (20 llaoll
V.(Dq,(1g,lD - ni] = (VO (llq,lD. m;) = = | = [| 1 = —— | (q,.m5). (A7)
0, To /4
Finally, we rewrite equation A.6 as:
V@D =S S top (2] S Dy i) de, (AS)
o
p;EP 0€0 0 7 refx,y,z}
where 5
llq, I
Vi€ (53,2 Dy = f (1 -2 @, (g, 1) (q,) da. (A.9)
Q o /4

Appendix A.0.2. Study of symmetries

To accelerate and simplify the computation of the terms of equation 12, we study the symmetries of £, and D,,, and show
that only a few of these terms need to be computed.
Symmetries for the computation of L, .

Let us define the function f as f(x) = (1 — x)i. Equation A.5 then becomes:

-[«o,o’ = ff(”q — OL”)f(”q — OC”)<q — 0., q — 0:) dq (AIO)
Q a,

[ o

In this section, we assume o, and o, are given and fixed. Let us first show that £,, depends only on vector o, — o... We set
P = q — o, (and let ¢ be the corresponding translation); by change of variables in equation A.10, we obtain:

Low = f f(M)f(”er;;OC”)mp+0c—02>ldet([fz)| dp. (A.11)
Q

(4 o
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where det(J;) is the determinant of the Jacobian of the translation ¢, whose value is 1. As a consequence, L, depends only on the
vector o, — 0. and radii 07, and 0.

Let us now proceed a step further and show that £, ,» depends on only |lo. — 0||. Let us consider the rotation r : q — Rq, whose
matrix in the canonic basis is R, and send the vector ||o, — 0|le; to 0. — 0. along the x axis, with e; = (1,0, 0). As f is a radial basis
function, for any vector u, f(u) = f(J|Rul||). Moreover, the scalar product of two vectors is clearly invariant under simultaneous
rotation. Hence, equation A.11 becomes:

R Rp + o — o ,
Loy = f f(” p”)f(” P+l 0”el|l)(7€p,7€p+|I0C—oclle1)dp. (A.12)
Q

To Ty

Now, under the change of variables u = Rp, we obtain:

(| la + [loc — og|ley]] ,
Loy = ff(— fl——————————|(w,u+]lo. —olle;) |det(J,)| dp. (A.13)
Q (%) Ty
As the rotation R is isometric, it maintains the norms and dot products. Therefore, by using |det(J,)| = 1, equation A.13 becomes:
|| [la + [lo. — o le]] ,
Low=1|f e fl—————){w,u+|lo. —oller) dp. (A.14)
Q 0 o’

Therefore, equation A.14 proves that L, depends only on o, o and ||o, — 0]|.
Symmetries for the computation of D; o ,t € {x,y,2}
The same principle can be used to study the symmetries of equation A.9:

Vi e {X,y, Z}’ z)t,o,a’ = f

f(llqll) @y, (llq + 0. — o) (@), dp
Q g

o

Although the results are not shown here, it can be demonstrated that D, , ,» depends only on o, 0, ||0. — 0| and the ¢#-coordinate
of o, — 0.

Appendix A.0.3. Resolution

The integrals £, and D, , , are computed with the MISER algorithm of Press and Farrar [47] implemented in GSL. This Monte
Carlo technique reduces the overall integration error by concentrating the integration points in the regions of highest variance.

Moreover, the use of the invariance properties we just proved drastically reduces the number of integrals to compute. Indeed,
we showed that the integrals in £, depend on only o, 0 and |lo. — o/|| and that the integrals in O, depend on only o, o,
llo. — o¢|l and (0. — 07);.

In practice, we stored the values of the integrals in hash tables whose hashes were computed from the variables o, o , |l0. — 0Ll
and the extra (o, — o.), for the integrals in O, ,,. Those hash keys can be converted into integer values to avoid floating point
precision problems. For each couple o, 0’, we thus compute the integrals £, and D, ,, only if the value is absent in the hash
table.
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Abstract

Discrete gradient vector fields are combinatorial structures that can be used for accelerating the homology computation
of CW complexes, such as simplicial or cubical complexes, by reducing their number of cells. Consequently, they
provide a bound for the Betti numbers (the most basic homological information). A discrete gradient vector field
can eventually reduce the complex to its minimal form, having as many cells of each dimension as its corresponding
Betti number, but this is not guaranteed. Moreover, finding an optimal discrete gradient vector field is an NP-hard
problem. We describe here a generalization, which we call Homological Discrete Vector Field (HDVF), which can
overcome these limitations by allowing cycles under a certain algebraic condition.

In this work we define the HDVF and its associated reduction, we study how to efficiently compute a HDVF, we
establish the relation between the HDVF and other concepts in computational homology and we estimate the average
complexity of its computation. We also introduce five basic operations for modifying a HDVF, which can also be
applied to discrete gradient vector fields.

Keywords: computational topology, homology, CW complex, discrete Morse theory, homological discrete vector field
2010 MSC: 52C99, 55U05, 68R05

1. Introduction

Morse theory [1] is a tool in differential topology that deduces some information of the topology of a manifold
by studying a differentiable function on it. In the late 90s, Robin Forman introduced a discrete version, the discrete
Morse theory [2, 3], which was defined for CW complexes and discrete functions. Several theorems of Morse theory
were translated into the discrete context but, in our opinion, the most notable result was the simplification of a CW
complex, which can be used to compute its homology groups.

Homology is an algebraic theory that formalizes the concept of “hole” present in an object. It associates a sequence
of abelian groups to an object, whose elements correspond to sums of holes. Up to dimension three, these elements
have an easy interpretation. Zero-dimensional holes (elements of the zeroth homology group) correspond to connected
components, one-dimensional holes to tunnels or handles and two-dimensional holes to cavities. When computing
homology, we usually want to find the number of these holes (called the Betti numbers), which are the ranks of the
homology groups, and a representative for each hole (called representative cycle of a homology generator).

Homology theory was born more than a century ago and, while all kinds of theoretical results in pure mathematics
have been developed, its practical applications have not been exploited until the last 20 years due to its computational
complexity. There are applications in dynamical systems [4, 5], material science [6, 7], electromagnetism [8, 9],
geometric modeling [10], image understanding [11, 12, 13, 14] and sensor networks [15]. The general idea of these
applications is that homology is used to analyze and understand high dimensional structures in a rigorous way.

The classical method for computing the homology groups is based on the Smith normal form (SNF) [16], which
has super-cubical complexity [17]. Some advances in the computation of the SNF have been achieved, but the best
results in computing the homology groups of a complex have been obtained by reducing the number of cells in the
complex (see [18, 19, 20]).

Among other approaches, let us mention the following two, which are closely related to our work: effective homology
theory [21] and discrete Morse theory [3]. Both of them are explained in Section 3.4 and 3.5. The former has the
advantage that it “controls” the homology because it contains all the homological information [22]; the latter is very
concise and easy to implement. Effective homology theory deals with linear maps which are typically encoded as
enormous matrices; discrete Morse theory handles only graphs, but does not always allow us to reduce the complex to
its minimal homological expression. The use of reductions (the main concept of effective homology theory) has proved
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to be successful in the context of image analysis [23, 24, 12, 25] or in a more general setting providing more advanced
topological information [26, 22].

We aim at finding an intermediate solution, avoiding the respective drawbacks of both of these methods whilst
maintaining their advantages. Roughly speaking, discrete Morse theory simplifies a CW complex by establishing arrows
on it, hence providing a simpler (in terms of number of cells) complex having the same homological information as the
original one. In this article we allow cycles in this “collection of arrows”, which is normally forbidden, so that we can
go beyond the limits of the classical discrete Morse theory. Moreover, we can control when our approach produces the
exact homological information. These allowed cycles must not be confused with the ideas found in [27]. The process
of adding these arrows must be simultaneously accompanied by the computation of the linear maps of the effective
homology theory, which is unnecessary when there are no cycles. The clearest advantage of our approach over effective
homology theory is that we only use linear space for saving these maps, instead of quadratic. Also, our framework
works for any dimension, any kind of CW complex and any ring of coefficients.

This article extends the ideas present in [28] under a different formalism, which allows us to find deeper results.

2. Previous Works

This article somehow creates a new problem instead of solving an existing one. This justifies the shortness of this
section.

Discrete Morse theory was introduced in [2, 3]. It was then reformulated in terms of matchings in [29, 30]. Discrete
Morse theory is often used for simplifying a CW complex in order to accelerate the computation of its homology. Thus,
it can be seen as an optimization problem, in which one wants to find a discrete gradient vector field (a matching in the
Hasse diagram of a CW complex) with as many edges as possible. It was proved that this is an NP-hard problem (see
[31, 32]). Nevertheless, there has been an extensive research on this optimization problem without aiming at finding a
perfect solution in the general case, such as in [31, 32, 33, 34]. There has been a parallel and successful research about
simplifying a CW complex in [18, 19, 20]. These works were recently related to discrete Morse theory in [35], which
states that reductions and coreductions are particular strategies for establishing a discrete gradient vector field.

3. Preliminaries

3.1. CW Complex

Computational topology needs topological spaces that can be described through a finite representation. A rigorous
presentation of CW complexes would be too long for this article, so we give an intuitive introduction and we let the
reader satisfy its curiosity by consulting [36].

A CW complex, or cell complex, is a collection of closed unit balls (up to homeomorphism) of different dimensions,
called cells, that are “glued” together by their boundary: every cell of dimension ¢ > 1 (g-cell) has a map from its
boundary to the lower dimensional cells. A g-cell o is denoted o(9 whenever its dimension is not clear from the
context. We are certainly interested in the case where the number of cells is finite.

To be honest, we only use the notion of CW complex for comprehending simplicial complexes, cubical complexes
[37, §2.1] or even polyhedra [38, §1.1]. We could have chosen to work with S-complexes [19] but we have preferred the
CW complexes, as in [39].

We say that a cell o is a face of another one 7 if it is contained in its boundary. A special case is when they have
consecutive dimensions, in which we say that it is a primary face and we write o < 7.

Given a CW complex, we can define its Hasse diagram. It is a directed graph whose vertices represent the cells
and whose arrows go from each cell to its primary faces. In this article we usually do not make the distinction between
the vertices and the cells they represent, so we mix these terms.

3.2. Chain Complex and Homology of a CW Complex

Let (R, +, ) be a ring, which we simply denote R if its operations are clear from the context. We usually consider
R to be Zo = Z /27 or Z. We call Og; and 1g its neutral elements for the addition and the multiplication respectively.
We say that an element a of R is a unit if it is invertible for the multiplication, that is if there exists b € 93 such that
a-b=">b-a=1x, and we write a=! := b. We denote by R* the set of the units of R. For instance, Z* = {—1,1},

5 = {1} and more generally, R* = R\ {0} if R is a field.

A chain complex (C,d) is a sequence of R-modules Cg, Cy, ... (called chain groups) and homomorphisms d; : C; —
Co,do : Co = Cy, ... (called differential or boundary operators) such that d,_1d, = 0, for all ¢ > 0, where R is some
ring, called the ring of coefficients or ground ring.

Given a CW complex K, we define its associated chain complex C(K) as follows:

o C, is M[K ], the free SR-module generated by the ¢-dimensional cells of K;
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e d, gives the “algebraic” boundary, which is the linear operator that maps every cell to the sum of its primary
faces with specific coefficients. These coefficients, which are not unique, can be computed with the algorithm
present in [39, §3.1].

We will usually use the term complex for the CW complex or for its associated chain complex. This chain complex
can be seen as a sequence of matrices that express the relation of inclusion between the cells. However, note that not
every chain complex is the chain complex associated to a CW complex.

The elements of the chain group C,;, which are formal linear combinations of cells, are called g-chains. If z =
> icr Aio; then (z,0;) := A; denotes the coefficient of o; in the chain z. A g-chain z is a cycle if d4(z) = 0, and
a boundary if * = dy41(y) for some (¢ + 1)-chain y. We do not write the subscripts when it is clear from the
context. By the property d,_1d, = 0, every boundary is a cycle, but the reverse is not true: a cycle which is not a
boundary contains a “hole”. The g-th homology group of the chain complex (C,d) contains the g-dimensional “holes”:
H(C)y = ker(dy)/im(dg41). This set is a finitely generated group, so there is generating set (a “base”) typically
formed by the holes of the complex. By the Fundamental Theorem of Finitely Generated Abelian Groups [40, §5.2],
there are two different “normalizations”:

1. The group is isomorphic to Z% x Z/\7Z x Z./\oZ x . .., where each \; divides \;;1. This is called the invariant
factor decomposition.

2. The group is isomorphic to Z% x Z/\7Z x Z/Ao7 x . .., where each ); is a power of some prime number. This
is called the primary decomposition.

As most of the literature about computational homology, we use the first decomposition. The number 3, is called
g-th Betti number and A1, ..., \; are the torsion coefficients of dimension g. Let us recall that if the CW complex is
embedded in R3, it has no torsion coefficients.

These homology groups depend on the ring of coefficients, but they can all be deduced from the homology groups
with coefficients in Z by the Universal Coefficient Theorem [41, §3.A].

The Hasse diagram of a CW complex is actually a weighted graph, whose values over the arrows are given by the
boundary operators.

There is a dual theory of homology which defines the cohomology groups [16, §5]. Roughly speaking, it considers
the dual of the differential operators.

3.8. Homological Information

Given the definition of the homology groups, we could ask ourselves how much information we want to obtain. If we
want to use homology as a topological invariant, it should be enough to know its Euler-Poincaré characteristic or, more
generally, its Betti numbers and torsion coefficients. Moreover, if we want to use homology to better understand the
shape of the complex, we could be interested in knowing a representative of each class of homology that is a generator.
These representatives, which we directly call homology generators, are not unique at all, and it is an interesting and
ill-defined problem to find a set of well-shaped generators. Furthermore, we can decompose a given cycle onto the
computed homology generators.

Since not all works in computational homology try to obtain the same information, we propose the following
classification of homological information:

Level 0 : The Euler-Poincaré characteristic [41, p. 146].

Level 1 : The Betti numbers. They are the rank of the free part of the homology groups.

Level 2 : Invariant factor decomposition of the homology groups.

Level 3 : Homology group with generators: (Z[z1] X -+ x Z [23,]) X Z[t1] /M Z[c1] x Z] [t2) AaZ [c2] X - -
Level 4 : Homology group with generators and decomposition of cycles.

Each level of homological information can be trivially deduced from the higher ones. We have decided to start from
level 0 since the Euler-Poincaré characteristic is the easiest computable homological information. Persistent homology
usually works at level 1 (in each complex of the filtration), which is equivalent to level 2 because the ring of coefficients
considered is usually a field; Munkres’ original theorem/method arrives to level 2 and the modified-SNF [42] reaches
the third level. Effective homology theory arrives to the fourth level whenever we have a perfect reduction (see
Section 3.4), since for a given cycle x € ker(d,), f(z) decomposes it onto a linear combination of generators.

This classification could be extended with (co)homology operations, the cohomology ring or even the homotopy
groups.
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3.4. Reduction

A reduction is a strong relation between two chain complexes which guarantees that they have isomorphic homology
groups. This is the main tool in effective homology theory [21]. We typically reduce the initial chain complex to another
one much smaller (called reduced complez).

Formally, a reduction between two chain complexes (C,d) and (C',d’) is a triplet of graded homomorphisms
p = (h, f,g) such that:

o hy:Cy— Cyqq for every ¢ >0 139 e gf =1c —dh—hd
e f,:Cy— C is achain map: f,_1d, = d; f, 140 e fg=1¢
e g,: C, — C, is also a chain map: g,—1d;, = dyg, 1= e hh, fh, hg =0

For instance, consider the following chain complexes (C,d) and (C’,d’), whose chain groups are freely generated
with R = Z:
OO = <017U27U3>7 Cl = <U4705706>7 02 = <U7>7 03 = Oa

-1 0 -1 -1

Hence (h, f,g) is a reduction, where

0 0 0
go=1|1 01|, g1=11
0 1 0

A reduction is perfect if d = 0. In such case, H(C) = H(C') = C’ and thus the homology groups are directly
obtained. Moreover, g(C’) is a basis for H(C). Also, given a cycle x € C, it is a boundary if f,(z) = 0 and in that
case © = dg41(y) for the chain y = hq(x). This should justify the interest of having a perfect reduction.

Let us point out that if the homology groups of a chain complex have a torsion subgroup then there is no perfect
reduction, since a perfect reduction involves homology groups freely generated, and hence of the form Z?. Also, a
reduction can always be obtained via the Smith normal form computation as described in [43, p. 48]. This reduction
is perfect if the homology groups are torsion-free. Otherwise, its reduced boundary matrices are in the Smith normal
form.

If p = (h,f,g) is a reduction from (C,d) to (C',d'), it is easy to prove that p* = (h*, g*, f*) is a reduction
between the cochain complexes (C,d*) and (C', (d)*). Consequently, a perfect reduction also provides a basis for the
cohomology groups, namely f*(C).

3.5. Discrete Morse Theory

Discrete Morse theory was introduced by Robin Forman as a discretization of Morse theory [3]. One of the main
ideas is to obtain some homological information by means of a function defined on a complex. This function is
equivalent to a discrete gradient vector field and we rather use this notion.

A discrete vector field (DVF) on a CW complex is a matching on its Hasse diagram, that is a collection of edges
such that no two of them have a common vertex. From a Hasse diagram and a discrete vector field we can define a
Morse graph: it is a graph similar to the Hasse diagram except for the arrows contained in the matching, which are
reversed. These arrows are called integral arrows, and the other ones, differential arrows.

Given a DVF over a CW complex K, its cells can be partitioned into the following classes:

Primary (P) The cells having an out-going integral arrow.
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Secondary (S) The cells having an in-going integral arrow.
Critical (C) The cells not incident to any integral arrow.

Since a DVF is a matching, it is immediate that K = P 1S U C. This notation is inspired by [34, Def. 1], but this
classification was previously introduced in [35, Def. 3.1] and [44, §5] with a different notation.

A V-path is a path on the Morse graph that alternates between integral and differential arrows. Its length is the
number of integral arrows contained. A discrete gradient vector field (DGVF) is a discrete vector field that does not
contain any closed V-path. As mentioned above, a critical vertex (or critical cell) is a vertex that is not paired by the
matching. Figure 1 shows the usual representation of a DGVF over a cubical complex.

One of the main results of discrete Morse theory is that the number of critical g-cells is greater than or equal
to the ¢-th Betti number. When they are equal, we say that the DGVF is perfect. An optimal DGVF contains the
least possible number of critical cells. Every perfect DGVF is obviously optimal, but the converse is false. Therefore,
a DGVF gives an estimation of the Betti numbers without using any algebraic method. We could say that it is a
“combinatorial” tool.

Figure 1: A DGVF over a cubical complex. The critical cells are highlighted in blue. The integral arrows are shown in red. The differential
arrows are omitted.

Given a DGVF V on a CW complex, we define its Morse complex (R[C],dpr), where R[C] denotes the graded
free R-module generated by the critical cells of V and dj is the linear map that sends each critical (¢ + 1)-cell o to
the sum of critical g-cells which are connected to o by a V-path. An accurate definition of this map (called reduced
boundary) will be given in Section 5.

Let us point out that starting from a DGVF V), an associated reduction (h, f,g) : (C,d) = (f(C),d) can be defined
[2, 34]. Firstly, let us define a linear operator V' which maps vertices of the Morse graph containing an outward integral
arrow to the head of this arrow with its sign. Formally,

Vi) = {(d(T),o> -1, (0,7) €V

0, otherwise

where (-,-) is the inner product associated to the basis of cells. In other words, V' maps each primary cell to its
secondary cell. Then,

h(o) => V(1 —dV)*(o)

k>0
f(o)=(1—dh—hd)(o)
glo)=o

Notice that the sum in the equation for % is actually finite since a DGVF has no cycles. The image of h can be
interpreted as the sum of the secondary cells in all the V-paths leaving a primary cell. Furthermore, the map f
coincides with the stabilization map ®>° introduced in [2].
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Figure 2: Left: an iterated Morse decomposition, where the red arrow belongs to the first DGVF and the purple one, to the second DGVF.
Right: a (standard) DGVF inducing the same reduction.

Let us point out that this reduction can be encoded as a matching in the Hasse diagram instead of using a
sequence of matrices. Thus, the DGVF actually “compresses” the reduction as it can be described in linear space,
which obviously involves a computational cost for its “decompression”. Actually, this is not a general property of
reductions, since not all reductions can be represented with a DGVF, as the following example shows.

Consider the simplicial complex with one 1-cell (and its two 0-faces) whose boundary matrix is

-1
w3
Then there is a reduction (h, f,g) : (C,d) = (f(C),d|s(c)), where

ho=[2 3], fo{_?’2 _32}, h=10], g=inc

In this case we cannot find how to “compress” the reduction as a matching, so we can only explicitly encode it as a
sequence of matrices, hence needing quadratic space.

4. Motivation

The discrete Morse theory approach has a strong interest as it addresses the computation of homology as a purely
combinatorial problem rather than an algebraic one. The associated reduction can be encoded just as a list of pairs
of cells. It also provides an approximation of the Betti numbers that can sometimes be accurate (depending on the
choice of the integral arrows) but that is always wrong for some well known spaces as, for instance, the Bing’s house
[45] (also called house with two rooms) or the dunce hat [46].

We can increase a DGVF (and thus improve the approximation) by canceling pairs of critical cells: find two critical
cells 7(¢t1) and 0@ connected by only one V-path and exchange the integral and differential arrows in this path.
This can be seen as reversing the direction of the V-path. Note that, even though this transformation is expressed in
combinatorial terms, computing the number of V-paths is equivalent to compute the associated reduction.

Another approach for reducing the number of critical cells is to compute the Morse complex and to establish a new
DGVF V' on it, which is useful when there is no unique V-path between the critical cells. This is known as iterated
Morse decomposition [47]. Regarding the associated reduction, reversing the only V-path between two critical cells is
equivalent to adding an integral arrow between them in the Morse complex. Figure 2 illustrates this.

Thus, reversing a V-path can be seen as pushing an integral arrow from the Morse complex back to the original
one. However, not all the integral arrows on the Morse complex are equivalent to reverse a V-path: this is the case
when there are several V-paths between two critical cells. Figure 3 shows an example where there are three V-paths
between two critical cells. However, the 1-cell is a face of the 2-cell in the associated Morse complex, so we can add
an integral arrow which does not correspond to a unique V-path. The motivation for our work was to push all the
integral arrows in the Morse complex back to the original one.

5. Introducing the HDVF

In the context of discrete Morse theory, we always try to set a DGVF with the maximum number of integral arrows
(or equivalently, with the minimum number of critical cells) in order to obtain the best possible approximation of the
Betti numbers. In the language of effective homology theory, the induced reduction greatly “reduces” the original
chain complex.

Given a DGVF, we can improve it by increasing the number of integral arrows. If we find two critical cells o < 7,
such that inserting an integral arrow between them does not create a cycle, adding this integral arrow reduces by two
the number of critical cells.
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Figure 3: The same DGVF depicted in Figure 1. Some differential arrows are shown in purple.

More generally, if there is only one V-path between one cell ¢’ belonging to the boundary of a critical cell 7 and
another critical cell o, we can reverse it and add the arrow (¢/, 7). This means that the integral and differential arrows
in the V-path are exchanged. This can be considered as the general method for improving a DGVF (actually, in the
previous case, the V-path has length zero so there is no reversing). However, depending on the order in which we
cancel the critical cells and on the CW complex itself, we can create several V-paths between the other pairs of critical
cells, so that we cannot cancel them anymore. This gives an intuition on why this optimization problem is NP-hard
[31].

In order to avoid this situation, we propose to allow cycles in the DVF, provided that we create them “smartly”,
so a reduction can still be defined. We cancel pairs of critical cells independently of the number of V-paths, but
considering the information given by the associated reduction. This means that the reduction must be known at every
step, but do not panic: finding a V-path amounts also to compute a reduction.

We recall that a DVF induces a partition K = P LIS LI C of a CW complex.

Definition. A homological discrete vector field (HDVF) on a CW complex K is a pair of disjoint sets of cells
X = (P,S) of K such that d(Sy+1)|p, is an invertible matriz (in R) for every ¢ > 0, where Py and S, denote the
restrictions of P and S to the q-cells and d(Sq+1)|pq is the submatriz of the boundary matriz dey1 consisting in the
columns associated to the secondary (q + 1)-cells and the rows associated to the primary q-cells.

Note that the DVF is not explicit in the definition of the HDVF. When X is a DGVF, there is a unique DVF
inducing its partition, but this is not the case for a HDVF. For instance, Figure 4 depicts three different DVFs inducing
the same HDVF, since the primary and secondary cells in each complex are the same.

Figure 4: Three different matchings inducing the same HDVF.

Deducing a DVF from a HDVF requires to find a perfect matching in a bipartite graph. The existence of this
perfect matching, when the partition is a HDVF, follows from Proposition 5.1.
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Proposition 5.1. Let K be a CW complex endowed with a HDVF X = (P, S). Then there exists a discrete vector
field V that induces the partition K = PUSUC.

Proof. In this proof we do not use the fact that d(Sq+1)|p is invertible, but that det (d(Sg+41)p,) # 0.
Let us fix a dimension ¢g. By the Laplace expansion formula, there is a pair of cells (o, 7) such that (d(7),0) # 0
and det (d(Sqt1 \ 7)jp,\0) # 0. Thus, the discrete vector field V can be found recursively. O

The DVF can be computed using the Hopcroft-Karp algorithm [48] in O(m+/n) time, where n and m denote the
number of vertices and edges in the Hasse diagram. It is interesting as it allows us to visualize the HDVF and its
computation.

Let us now present the reduction induced by a HDVF. We showed in Section 3.5 a reduction induced by a DGVF.
Since a DGVF has no cycles, the chain (1 — dV) is nilpotent and hence the sum Y, -, V(1 — dV)* is well defined.
This does not hold for the HDVF, and therefore we must consider an appropriate reduction.

Note that all the operators of a reduction are linear, so they can be represented by matrices. An appropriate choice
of bases can provide nice matrices and we have found a very good one: the basis B = (P,, Sy, C,) for every chain
group C,. In the following we omit the subscripts to facilitate readability.

Theorem 5.2. Let K be a CW complex endowed with a HDVF X. Then X induces the reduction (h, f,g) : (C,d) =
(R[C],d"), where R[C] is the chain group generated by the critical cells of the HDVF and the operators h, f, g and
the reduced boundary d’' are given by

P S C C

P 0 0 0 P S C P 0 C

h= S H 0 0 f=C F 0 I 9= S G d= C D
C 0 0 0 C I

where

H = (d(S)p)”"

F=—d(S)c-(d(S)p)~"

G =—(d(S)p)~"-d(C)p

D =d(C)ic+ F-d(C)p =d(C)c +d(S)c-G
Proof. Let us see that these linear operators satisfy the conditions of a reduction. By developing the matrix products
by blocks, we can easily check that hh = 0, fh = 0, hg = 0 and fg = 1¢. The rest of the conditions require more

detail.
¢ gf =1c — dh — hd: By developing the matrix product, we obtain

0 [o0]o I—d(S)pH 0 0
GF 0] G | = | =d(S)sH — HA(P)p | I — Hd(S);p | —HA(C)p
F |01 —d(S)cH 0 jj

All the equalities can be deduced directly from the definition of H, I and G. The equality GF = —d(S)|sH — Hd(P)p
is more difficult to see. Let us call

Then,

d(S)pXd(S)p = [d(S)IPH] d(C)lpd S)ic [Hd(S)p]

S)pd(S)|s [HA(S)p] + [( )ipH| d(P)pd(S)p
d(C)\Pd( )|c+d( )1pd(S)s + d(P)pd(S)p
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Then, the reader can check that d(S) pXd(S)p = (dd)(S)p =0, s0o X = 0.

We need now some properties whose proof is direct by developing the matrix product:

0
d=fdg=fd| 0 |=[0]0]|I]dyg (1)
I
f=10]0]I]:(lc—dh) (2)
0
g=(lc—hd)- | 0 (3)
T
¢ dJd'f=fd Using (1) and (2),
df=10]0|1I]dgf
=[0]|0|I]d(lc—dh— hd)
=[0]0]|I](lc—dn)d=fd
¢ gd = dg. Symmetrically,
0
gd =gfd| 0
1
0
=(lc —dh—hd)d | 0
1

¢ d'd =0. Using (2) and (3),

d'd' = (fdg)(fdg) = fdg(d'f)g = f(dd)gfg =0
O

The previous theorem allows us to prove the desired property that the number of critical cells approximates the
Betti numbers also in the HDVF.

Theorem 5.3. Let K be a CW complex endowed with a HDVF X. Then, for every q > 0, the number of q-critical
cells is greater than or equal to its q-th Betti number.

Proof. A HDVF induces a reduction to a chain complex C’ with isomorphic homology groups, whose rank in each
dimension ¢ is the number of critical g-cells. This proves the theorem. O

Let us point out that this reduction is not directly a generalization of the reduction introduced in [34]. Though, it
has a similar form if we consider the reduction p’ = (R, f’,¢') = (h,1 — dh — hd, 1) between (C,d) and (f'(C),d).

We say that a HDVF is perfect if its associated reduction is perfect. Using the same language as discrete Morse
theory, the HDVF allows us to find the correct number of critical cells in complexes which do not admit a perfect
DGVF, such as the Bing’s house or the dunce hat [49]. Instead of providing the explicit (and enormous) description
of each complex and its HDVF, we prefer to show illustrations and to comment the construction of those HDVFs.

The cubical complex version of the Bing’s house has been created by the authors. It contains 60 0-cells, 129 1-cells
and 70 2-cells. The first DGVF defined on it contains 13 critical cells (see Figure 5-(a)): 1 O-cell, 6 1-cells and 6 2-cells.
Let us comment that it is not the best DGVF possible. Starting from this DGVF, and after canceling pairs of critical
cells by reversing V-paths, it remains only 1 critical O-cell, which corresponds to the Betti numbers of the complex.
Obviously, these V-paths were chosen to preserve the HDVF structure. Consequently, the Morse graph contains two
cycles.
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Figure 5: (a) A DGVF over the Bing’s house. (b) A perfect HDVF obtained on the Bing’s house. There is only one critical 0-cell (in blue).

For the dunce hat we used a simplicial complex from [50] consisting of 8 0-cells, 24 1-cells and 17 2-cells. We can
set a DGVF containing 3 critical cells (see Figure 6-(a)): one of each dimension. After reversing one V-path between
the critical cells of dimension 1 and 2, we obtain a HDVF with only 1 critical 0-cell, which is in accordance with the
Betti numbers of the complex. The two cycles created in the homological DVF are shown in green.

(a) (b)

Figure 6: (a) A DGVF over the dunce hat with three critical cells in blue. (b) The HDVF obtained after improving the DGVF. The only
critical cell is the O-cell denoted by 1. The two cycles in the Morse graph are displayed in green.

6. Computing a HDVF

We explain in this section how we can compute a HDVF and its reduction efficiently.

6.1. Computing the Reduced Complex
Our first proposition states when we can add a pair of cells to a HDVF so that the matrix d(S)p is still invertible.

Proposition 6.1. Let K be a CW complex endowed with a HDVF X = (P,S). Let 09 and 791V be two critical
cells. If (d'(7),0) is a unit then X' = (PU{o},SU{r}) is a HDVF.

Proof. We only need to prove that the matrix d(S’)|ps is invertible, where S" = SU {7} and P’ = PU {o}. This
matrix has the form

10
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d(S/)|Pl = P d(S)|p v

where u = d(S)|,, v = d(7)p and w = d(7)),-.
We know that d(S)p is invertible. Let us prove that w — u(d(S)|p)_1v is also invertible. By hypothesis,
(d'(1),0) = £1. Since
D =d(C)ic —d(S)c-(d(S)p)~"-d(C)p (cf. Theorem 5.2)
then, by Lemma A.1 (without specifying the indices),

(d'(1),0) = d(7)j5 = d(S))s - (d(S);p) ™" - d(7) P
=w—u-(dS)p) v

Consequently, by the Schur determinant formula (cf. Lemma A.3),
det(d(S")pr) = det(d(S)|p) - det(w — u(d(S)|p)71v)
is a unit, so d(S)p is invertible. O

Once we have added two critical cells to a HDVF, we do not need to compute a new DVF inducing the expanded
HDVF. Instead of this, we can deduce the corresponding DVF by inverting one of the V-paths connecting both critical
cells. The following proposition proves that such V-path exists.

Proposition 6.2. Let K be a CW complex endowed with a HDVF X. Let ¢\ and 791V be two critical cells. If
(d'(1),0) is a unit then there is a V-path between them.

Proof. Let V denote the matrix associated with the DVF introduced in Section 3.5. Thus,

d(C)ic —d(S)c - (d(S)p) ™" - d(C)p
= d(C)jc —d(S)c - V(P)\s V(P ) §)7H - (d(S) )T d(O)p
d(C) )ip) ! d(C)p

)ip)~ - d(T)|p + d(7),. If 0 < 7 then it is obvious that there is a
= —dV( )jo - (AV (P)p)~" - d(7)|p. As this term is non zero, there must
be some 0,0, in P such that

dV(Ui)|U 75 0

d(T)\aj 7& 0

(@V(P)p)L, £ 0

The first two inequalities imply that there exist two V-paths o; b\, o and 7\, 0;. The third one implies that
there is a path from o; to 0;. Let us see a short proof of this in a more general context.

Let A be the adjacency matrix of a weighted digraph such that det(A) # 0. We know that A(Z i) # 0,1 # j implies
that there is a path from the vertex j to i. Following the Cayley-Hamilton theorem [51, §4.4, Thm. 2],

A" ey AV 4 A (= 1) det(A), =0

(_1)n+1

71_
A= @

(Anil + CnflAn72 + . Cl-[n)

1 k
Thus, A(i,j) 0= 3k >0, A(i,j) #0.

11



306

307

308

309

310

312

313

314

315

316

317

318

319

320

321

322

323

324

325

326

327

328

329

330

331

332

Then, there is a V-path o; b1 \,az--- \( 0;. By concatenating these paths, we obtain
TN b Naz s No SN o

Algorithm 1 gives a general pipeline for computing a HDVF.

Algorithm 1: Compute a HDVF
Input: A CW complex K
Output: A HDVF X
1 X « (0,0);
2 repeat
3 Find two critical cells o, T such that (d'(7), ) is a unit;
4 Add (o,7) to X;
5 Update the boundary matrices D of the reduced chain complex;
6 until idempotency;

If we also want to obtain the DVF, for each pair of cells (o, 7) that we add to the HDVF we have to find a V-path
between them and reverse it.

The core of Algorithm 1 lies at line 5. We now present three methods for updating the matrix Dg41 after adding
a pair of critical cells (o(@, 797D} and we study their complexity.

Let us now point out an important aspect about the complexity. We denote by n the number of cells in the CW
complex K. If K is a simplicial complex and D, is its initial (not reduced) boundary matrix, then the number of
non-zero entries in each column of D, is ¢ + 1 (since a ¢-simplex has ¢ + 1 faces of dimension ¢ — 1). Also, if K is
a cubical complex embedded in R? then each column of D, has 2¢ non-zero entries and each row contains at most
2(d — q) non-zero entries. Therefore, it is interesting not only to consider dense boundary matrices, but also sparse
ones along their columns or along their rows and columns. We denote these three types of matrices dense, d-bounded
and dd*-bounded respectively.

A common point between the following three methods is that we must remove the row of 7 in D2 and the column
of g in D,.

Method I: inverting H
Given the equations for the reduction associated to a HDVF X (cf. Theorem 5.2), the most trivial way to update

the boundary matrices is to invert the new matrix d(S;,,)|p; and to compute

D(l;+1 = d( ¢;+1)|C:, - d(S(I;H)\C; : (d(S(/;Jrl)\Pé)_l : d(cé+1)|Pq'

We estimate the complexity of this operation. Remark that all these matrices have at most n columns and n rows.
Inverting the matrix d(Sp, ), p; can be done in matrix multiplication time, so it requires O(n*) operations, where
w < 2.374 [52).

In order to understand the complexity of this method in the context of the three types of boundary matrices, we
introduce the following notation. A matrix A € M,,x,(Z) is called [r, ¢]-matrix if each row contains at most r non-zero
entries and each column contains at most ¢ non-zero entries. Thus, dense matrices are [n,n]-matrices, d-bounded
matrices are [n,c]-matrices and dd*-bounded are [r, c]-matrices for some constants r and ¢. Lemma A.6 states the
complexity of the sum and the multiplication of [r, ¢]-matrices.

Let us suppose that the three matrices d(Cgyy)icr, d(Sgy41)ic;, and d(Cqiy)ip; are [r,c]-matrices, where K =
P’ S U denotes the new partition and D’ is the new reduced boundary after adding (o, 7) to X. Thus we can
obtain D/, by performing O(n? - (¢ + 1)) operations:

Dyiy = d(C’(’H_l)wé - d(S;+1)|C;1 - (d( :1+1)\P(;)71 ‘d(C¢/1+1)|P(;
[r,c] [r,c] [n,n] [r,c]
[r,c] + ([r.] - [n,n]) - [, c

]

[r,c] + [n,n] - [r,c] (n’c operations)
]
]

(n®r operations)

(n? operations)

12



333

O(n?), O(n?®) and O(n?3™) respectively.

3

@
b

335
336

;37 whenever they are clear from the context.

338

339 operations.

Proof. We write

Consequently, if the boundary matrices are dense, d-bounded or dd*-bounded, the complexity of this method is

Method 1I: using the Banachiewicz formula for H
Let us see how we can obtain (d(S);p)~" without inverting the matrix. In the following we omit the subscripts

Proposition 6.3. After adding the pair of critical cells (o,7), the matriz (d(S");p)~" can be obtained within O(n?)

q:[A]_l = H
_ U - uH | Fn
Fq {B] Hq {BH} '[Fm
Gq+1:—Hq-[v‘C]:—[HU‘HC] :5[G11‘G12]
H
Dyws == [Tl o]+ [ -
[ —uHv+w | —uHC +s | D11 | Dy2
" | -BHv+r | -BHC+E | D21 | Do

where
A =d(Sg41)p,
u=d(Sq41)0
v = d(T)‘pq
w=d(7)|,

Remark that D11 = (d'(7),0) is a unit, so

H;

340
s n(c+r)) = O(n?) operations:

r=d(7)c
B =d(S¢+1)ic; s=d(C! q)\
= +1/|o
C=d(Cyy)ip, E= d(C(/]+1)\C'
q q

D7} exists. By the Banachiewicz identity (cf. Lemma A.4),

ol

[ H+ HvDyj'uH | —HvDg' }

L _DﬁlUH ‘ Dﬁl
[ H+GuDy'Fy | GuDy' ]
Dy Fia Dy

The complexity of this method is dominated by the computation of the upper-left block, which requires O(n? +

H + HvD'uH

[n,n] + ([, n] - [L,¢]) - ([, 1] - [, n])

342

343

Thus, the boundary matrices can be obtained within O (n? + n*(c +r))

[n,n] 4+ [1,n] - [n,1] (nc+ nr operations)
[n,n] + [n,n] (n? operations)
[n,n] (n* operations)

O

@) (n2 (c+ r)) operations. Consequently,

s if the boundary matrices are dense, d-bounded or dd*-bounded, the complexity of this method is O(n?), O(n?) and

345

O(n?) respectively. This means that this method is theoretically better for a cubical complex.
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366
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369

370

371
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Method III: continuing that idea

Following the notation in Proposition 6.3, we can directly obtain Dy, without computing H,.
Proposition 6.4. The matriz Dyi1 can be obtained within O(n?) operations.
Proof. Following the notation of the proof of Proposition 6.3,

Dy = d(C(/;+1)\CgZ —d( ;+1)\C{1 : (d(S(/I+1)\Pé)71 'd(C:;+1)\Pé
H + HvDj'uH | —HvDy! ] [ C ]

—Di'uH | Dy s
=E— BHC — BHvD'uHC +rD{'uHC + BHvD{;'s — rD7'S
= (F - BHC) — (r — BHv)Dy}' (s —uHO)
= Doy — Doy D{' Dy

—E-[B]r]

Consequently, D7 ,; can be obtained within O(n?) operations. O
Table 1 compares the three methods against the three possible types of boundary matrices.

Table 1: Comparison of the three methods.

Method I Method II  Method III
Dense ns n3 n?
d-bounded nd n3 n?
dd*-bounded n?373 n? n?

Thus the third method outperforms the two others for each type of boundary matrix. We can now formulate the
complexity of Algorithm 1.

Theorem 6.5. Algorithm 1 can be computed within O(n?) operations.

Proof. Let us consider the worst case in which we found a perfect HDVF and no critical cell remains (which is
impossible since there is at least one connected component). Thus we add n/2 pairs of cells. Finding a pair of cells
consists in choosing a unit in the boundary matrices, so it can be done within O(n?) operations. Then, by using the
third method, the complexity of the algorithm is O (%(n? 4+ n?)) = O(n?). O

Note that this result does not depend (and does not take advantage) of the boundary matrices type. Computing
also the DVF does not affect the complexity of the algorithm theoretically. We can find and reverse a V-path in O(n?)
time, so obtaining the DVF associated to the HDVF requires also at most O(n?) operations.

In Algorithm 1 we do not propose any rule for choosing the pair of critical cells. It could be convenient to choose
a pair (o,7) such that D12 = 0 or Dy; = 0, so updating the reduced boundary D is simpler. This corresponds to an
elementary reduction (7 is the only coface of o) or an elementary coreduction (o is the only face of 7) [19]. It has been
noted that it is preferable to look for elementary coreductions than for elementary reductions [20, 39, 35, 53].

6.2. Computing also the reduction

At some point, it may be interesting to obtain the reduction induced by the HDVF. We have seen with the second
method that it is better not to invert d(S)|p, so H may be computed at each step using the formula in Proposition 6.3.
Then, F and G may be computed at the end of the algorithm using the formula in Theorem 5.2, which needs O(n?)
operations if the boundary matrices are not dd*-bounded. However, if we want to know the operators f and g
throughout the computation of the HDVF it is better to use the following result.

Proposition 6.6. After adding the pair of critical cells (o(9,7+V)) to a HDVF, the matrices Fé and G;H can be
obtained within O(n?) operations.

Proof. Using the notation introduced in Proposition 6.3, it is easy to prove that
Fp==[B|r]-H
= [ Fyy — Doy Dy iy ‘ —Dyy D! ]

C
! !
o+1 = —Hg- { S }
_ [ Gi2 — G11 D' D1y ]
—Dyy' Dy

Thus, we can update f and g within O(n?) operations. O
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Consequently, a HDVF and its reduction can be computed within O(n?) operations.

6.3. Some questions about the algorithm

We partially answer some questions concerning Algorithm 1 in this section. For each question, we treat separately
the case where R is a field and where it is not.

Question 1: does Algorithm 1 return a perfect HDVF?
If PR is a field, the answer is yes.

Proposition 6.7. Let K be a CW complex. Then Algorithm 1 returns a perfect HDVF whenever the ring of coefficients
s a field.

Proof. Note that, if R is a field, every non-zero element is a unit. Thus, Algorithm 1 only stops when the reduced
boundary matrices are zero, in which case the returned HDVF is perfect. O

This means that we can always obtain a perfect reduction using a HDVF, even for complexes like the Bing’s house
or the dunce hat, which do not admit a perfect DGVF. Hence, Proposition 6.7 is a fundamental property of HDVFs.

If R is not a field, the answer is no. First of all, we recall that a CW complex with a torsion subgroup in one of
its homology groups does not admit a perfect HDVF, since a perfect reduction involves homology groups of the form
RO,

Moreover, let us show that Algorithm 1 can return a non-perfect HDVF even when the homology groups are
torsion-free. We consider the ring of coefficients SR = Z and the chain complex

d 0

B

0254 0

where A = (ay,...,a5) 2 Z5 B = (by,...,bs) = Z° and the linear operator d is defined by the matrix

1 1 -1 1 0
1 0 0 0 1
0o 1 -1 0 -1
-1 1 0 1 0
0 0 0 -1 1

If Algorithm 1 adds the pairs (by, a1), (b3, as) and (bs, aq) then it stops since the reduced boundary matrix is
4 -3
o=l d]
and it does not contain any unit. However, if Algorithm 1 adds the pairs (b1, a1), (b2, a4), (bs,as), (bs,as) and (by, as)

then it does find a perfect HDVF. Nevertheless, this counterexample consists of a chain complex, so the question
remains open for simplicial or cubical complexes.

Question 2: can Algorithm 1 compute every HDVF?
If R is a field, the answer is yes.

Proposition 6.8. Any HDVF can be obtained with Algorithm 1 whenever the ring of coefficients is a field.

Proof. Let X be a HDVF. Using the Laplace expansion for the determinant along the first row of A = d(S)p, we
get det(d(S)p) = >_; A1,jdet(A1 ;) # 0. Thus there exists some j such that det(A; ;) # 0, so X can be obtained by
adding a pair (o, 7) to a smaller HDVF. The result follows from induction over the size of the matrix d(S)|p. O

Proposition 6.8 proves that Algorithm 1 not only computes a perfect HDVF, but any possible perfect HDVF over
a given CW complex. Hence, if we are looking for a particular perfect HDVF (possibly with some property on its
associated homology or cohomology generators), we are sure that we can find it by choosing the pairs of critical cells
in the correct order.
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If JR is not a field, the answer is no. We provide again a counterexample. Let 8 = Z and consider the chain

complex 0 0,76 %, 76 2 0 where the linear operator d is defined by the matrix

-1 1 0 1 -1 1
1 0 1 -1 0 -1
1 1 -1 1 1 1
1 1 1 1 0 -1

-1 -1 1 0 1 0
1 1 0 0 1 1

One can prove by exhaustion over all the possible sequences of pairs (b;, a;) that Algorithm 1 never finds the unique
perfect HDVF, which contains all the elements of the bases. Hence, this is also a counterexample for the first question.

Question 3: existence of a perfect HDVF
If R is a field, there exists a perfect HDVF for every CW complex since Algorithm 1 always returns one.

If R is not a field, the answer is unknown. The two first questions have been partially answered, since we do not
have any counterexample involving a simplicial or cubical complex with R = Z. Indeed, they are strongly related to
the existence of a perfect HDVF. If a CW complex does not admit a perfect HDVF, the first question has a negative
answer. On the other hand, if a CW complex admits a perfect HDVF and the second question has a positive answer,
then Algorithm 1 can find a perfect HDVF, though it may not find it always.

We have already seen that a CW complex whose homology groups have torsion coefficients does not admit a perfect
HDVF. In addition, as a consequence of Proposition 6.7, every CW complex admits a perfect HDVF whenever R is
a field. Nevertheless, we have not addressed what happens when SR = Z and the homology groups are torsion-free.
In order to find a counterexample, we executed Algorithm 1 for all the torsion-free simplicial complexes in Benedetti
and Lutz’s library of triangulations [54] and we always found a perfect HDVF. Moreover, the HDVFs returned for the
simplicial complexes with just one torsion coefficient per dimension (i.e., Hom_C5_K4, RP4, RP4#K3_17, RP4#1152xS2
and RP5_24) had their reduced boundary matrix already in SNF. Hence, even if they are not perfect HDVFs, the
homology groups can be directly read from them.

We point out that the simplicial complex hyperbolic_dodecahedral _space presented an interesting behavior. Its
1-dimensional homology group is H; = (Zs)3. Due to its small size (718 cells), we executed Algorithm 1 500 000 times
with random choices of pairs of cells and we only found 72 HDVFs whose reduced boundary matrices were in SNF.
The other simplicial complex with more than one torsion coefficient, PG128_PG128P7, is much larger (13 462 cells) and
we still have not found any HDVF whose reduced boundary matrix is in SNF.

6.4. Another algorithm for computing a HDVF

Algorithm 1 consists in iteratively adding a pair of critical cells to the HDVF. Nevertheless, we can also add several
pairs of cells to a HDVF at the same time.

Let X be a HDVF and ¥ = {o1,...,0,} and T = {71,..., 7} be two sets of critical cells of codimension 1 (that
is, dim(o;) = dim(7;) — 1). If the matrix d'(T)|x is invertible in R then X’ = (PUX,SUT) is a HDVF. The proof is
similar to that of Proposition 6.1.

As a consequence, Algorithm 1 is not the unique way of computing a HDVF. However, we prefer it for its simplicity
and we do not study in this work the above alternative approach.

Let us point out that, if we can add several pairs of cells at the same time, then the second question of the previous
section is true since we can add all the pairs of cells in a HDVF at once.

7. Deforming a HDVF

In Section 6 we described how the reduction changes after adding a pair of critical cells to the HDVF. This can
be seen as a basic operation on a HDVF, in which two critical cells v and 4/ are transformed into a primary and a
secondary cell respectively. In this section we extend this idea to define five basic operations that allow us to modify
a HDVF.

7.1. Basic Operations
Let K be a CW complex endowed with a HDVF X = (P, S). Let 0 € P, 7 € S and v, € C. Thus,

o X' =A(X,v,7)=(PU{y},SU{+'}) is a HDVF identical to X except for 7, which is a primary cell, and 7/,
which is a secondary cell
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e X' =R(X,0,7) = (P\{o},S\{7}) is a HDVF identical to X except for o and 7, which are critical cells

o X' =M(X,0,7) = (P\{c})U{y},S) is a HDVF identical to X except for o, which is a critical cell, and =,
which is a primary cell

o X' =WX,7,v) = (P, (S\{7})U{y}) is a HDVF identical to X except for 7, which is a critical cell, and =,
which is a secondary cell

o X' =MW(X,0,7)=((P\{o})U{r},(S\{r})U{o}) is a HDVF identical to X except for 7, which is a primary
cell, and o, which is a secondary cell

The operation A has been largely explained in Section 6 and R consists in removing a pair of cells from the HDVF. M
exchanges a primary cell with a critical one, while W exchanges a secondary cell with a critical one. MW is like combining
M and W except that no critical cell is needed.

Let us see the conditions under which we can perform each operation.

Proposition 7.1. Let K be a CW complex endowed with a HDVF X. Let o € P, 7 € S and v,7 € C. Thus,

AX,~v,v") is a HDVF if (d'(v'),7) is a unit

R(X,0,7) is a HDVF if (h(o),T) is a unit

M(X,0,v) is a HDVF if (f(0),7) is a unit

W(X,7,7) is a HDVF if (g(7),T) is a unit

MW(X,0,7) is a HDVF if (dh(c),T) and (hd(T),0) are units

DAl o

Proof. The first statement only rephrases Proposition 6.1.

For the second statement we need to prove that dq(S7) p; 1s invertible after removing the two cells. In the
following we omit the subscripts. We write

d(S)p = { é d(S%\P’ ]’ M = [ (11 d(59)|P' }

where A = d(7)|,, B =d(5")|, and C = d(7)|p. Note that det(M) = det (d(S");p/). Then

det (d(S/)“D/) = det(M)

— det (d(S),) - (1+[ 1]0]H [O] [A|B]-H. [OD
— det (d(S),p) - (1+ Hyy — 1) = det (d(S)p) - Hy

where Hy; denotes (o), = (h(o),T).

The third statement is also proved using Lemma A.7. We write

dq(S)1p = []\Z] , dg(S)pr = []\l}}

where a = d(S)|, and b = d(S)},. We note that

[+

where N = d(S)|c\, and thus
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where h = h(0)|s. Then

= det (dq(S)|p/) . (1 + (b— a) . h)

— det (dg(S)p/) - (1+b-h—a-h)
= det (dy(S)p) - (1 = (f(0),7) = 1)
= —det (dg(S)p) - (f(0),7)

w  dg(S)|pr is thus invertible.

468

469 We omit the proof of the last two statements since they are similar to the third one. O

470 All these operations can be applied in terms of the DVF by reversing a V-path between the two cells considered.
an This V-path is not unique, but its existence can be proved using the same argument present in Proposition 6.2. In the
a2 case of MW, there are two V-paths to reverse. Figure 7 illustrates the operations M, W and MW on a cubical complex.

Figure 7: A HDVF on a cubical complex and the result after applying M, W and MW. Blue cells are those which are exchanged.

a3 Some of these operations were introduced in [34]. Namely, the arrow reversing is the operation M between 0-cells,
wa  the edge rotation is MW between 1-cells and the face rotation is MW between 2-cells. These three operations were
a5 announced as local deformations of a DGVF but, since no condition was given, this is in general false: applying an
ws  edge rotation or a face rotation to a DGVF can produce a non-gradient discrete vector field. Only the arrow reversing
ar preserved the structure of DGVF since, in dimension 0, the existence of a V-path between a primary cell o and a
ws  critical cell  implies that (f(c),v) is a unit.

wwo  7.2. Delineating (co)homology generators

480 Given a perfect HDVF, the operations M, W and MW are interesting since they change the reduction and thus the
1 generators of the homology and the cohomology groups. The next proposition specifies how a generator changes when
w2 the operations M or W affect its associated critical cell.

4

@

w3 Proposition 7.2. Let K be a CW complex endowed with a perfect HDVF X = (P,S) with R = Z2. Letc € P, 7€ S
ws andy € C. Then,

4

o
o

1. If (f(0),7) is a unit, the cohomology generators associated to v in X and o in M(X, 0,v) are the same.
2. If (g(y), T) is a unit, the homology generators associated to v in X and 7 in W(X, 7,7) are the same.

4

<)
>

w1 Proof. The proof of these statements is quite lengthy, but it provides a partial description of the reduction after
w8 perturbing the HDVF.
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For the first statement we write

-1
Hq|:Z:| ::[Hl‘HQ]
Fe_|YI|.g—_ vH, | vHy | Fu | Fi2
7" B - BH, | BH, S For | Fae
where u = d(S5)|,, A= d(S)p\o, v =d(5)|r and B = d(S)|c\~
Then,
-1
H' = (d(S),p)
1 -1
= <d(S)p—|— { 0 } -(v—u)) (cf. Lemma A.5)
1 1
1| Fui | F 11 1]0
- (1o [ AR c)
- g. { —F! 111F12 }
0
=[ —HF" | H2 leFH Iary
Consequently,
S AR
_ [ it F'Fio
F21F1_11 ‘ Fyy — F21F1_11F12
The proof of the second statement is similar. We write
—1 Hl
H, = A =:
i=lula) ]
B _ Hv | HB Gi1 | Gia
Gq—H__Hq.[vB]__{HzU HzB] [021 Gzz}

where u = d(7)p, A=d(S\ 7)p, v=d(y)p and B =d(C \ v)|p. Then it is easy to prove that
H = [ _GEHl }
H2 — Gll G21H1
G1_11 ‘ G1_1 Gi2 ]
G G2 ‘ Gz — G1'G21G12

|

O

We can thus use these operations to change the shape of the generators. Figure 8 shows a cubical complex endowed
with a HDVF. We want to have a one-dimensional homology generator around the hole. For doing this, it suffices
that all the 1-cells are secondary except for one which is critical. Thus, we use M on the top 1-cell to put there the
critical cell. Then, for the other three 1-cells, we use MW to make them secondary. At the end, the homology generator
induced by the HDVF stands at the desired location.

It is unclear whether this application is computationally feasible. The problem is: given a perfect HDVF X and
a set of cycles S, can we find a perfect HDVF X’ whose homology generators contain this set? We may first check
that the cycles are linearly independent. This can be done by computing the rank of the matrix f(.5). If the rank is
maximal, then the cycles can be part of a homology basis. But even if the cycles are linearly independent, the HDVF
X’ does not exist in general, and Figure 9 provides a counterexample. Thus, this problem must be studied further in
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Figure 8: Example of multiple applications of the operations on a cubical complex. Blue cells are those that have changed. The one-
dimensional homology generator is depicted in green at the beginning and at the end.

Figure 9: There exists no HDVF on this simplicial complex whose homology generators are the four triangles consisting of three 1-cells.

order to find conditions under which such HDVF exists. A possible hint to follow is that every cycle must have a cell
not included in any other cycle, which is the intuition that led to our counterexample.

Assuming that the HDVF X' exists, it is possible to find a sequence of operations that transform one HDVF into
the other: it suffices to successively apply R to X for removing all the pairing in the DVF, and then build the other
HDVF using A (this is guaranteed if R is a field by Proposition 6.8). Thus, the interesting question is to find a minimal
sequence of operations that transform X into X'.

7.8. Connectivity between HDVF's

The new definitions let us state that Algorithm 1 can compute any HDVF which is the result of applying only the
operation A to an empty HDVF. We explained in Section 6.3 that we have not addressed if every HDVF on a simplicial
or cubical complex can be found through Algorithm 1. Thus it is natural to wonder if any HDVF on a simplicial
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or cubical complex can be obtained by a sequence of operations (not only A) on an empty HDVF. This can also be
formulated as follows: are all the HDVF on a simplicial or cubical complex connected via a sequence of operations?
This is still an open question.

8. Relation with other Methods in Computational Homology

There are several methods for computing homology in the literature which seem to be equivalent. The simple
formulation of the HDVF's allows us to clearly see these equivalences.

8.1. Iterated Morse decomposition
First, let us prove that the HDVF generalizes the notion of DGVF.

Proposition 8.1. Every DGVF is a HDVF.

Proof. We need to prove that the matrices d(S,11)p, are invertible for each ¢ > 0. In the following we omit the
subscripts since the proof is the same for every dimension q.

Let V = {(0,7:)}.~; be a DGVF. Consider the weighted digraph whose vertices are the primary cells and where
arrows connect two vertices whenever there is a V-path of length 1 between them. Formally, (0;,0;) is an arrow if
(d(1;),05) # 0 and o; # ;. Its weight is the value —(d(7;), 0;) - (d(7;),0;). It is immediate to see that the matrix
associated to this graph is I — d(S)|pV, where S = {7;}\" |, P = {0;},", and the diagonal matrix V = (v; ;) is such
that for every 4, v;; = (d(7;),0;) and zero elsewhere. Note that V' is invertible. Since there are no closed V-paths in
the DGVF, the matrix I — d(S)pV is nilpotent, and thus d(S)pV is invertible. As V is invertible, we deduce that
d(S)|p is invertible. O

A more elaborate tool for computing the homology groups using discrete Morse theory is the iterated Morse
decomposition [47], which consists in iteratively: (1) computing a DGVF and (2) considering the resulting Morse
complex for a next DGVF. We prove now that every iterated Morse decomposition is also a HDVF.

Proposition 8.2. FEvery iterated Morse decomposition is a HDVF.

Proof. For clarity, we assume that the iterated Morse decomposition consists of only two DGVFs V! and V2. We
recall that the second DGVF is defined on the chain complex consisting of the critical cells of V! and the boundary
operator

d =d(C")cr —d(S")|cr - H - d(Ch)pr.

Al| B
d(S' U S?) prupz = [%W}

d(Sl)‘Pl =A and d/(SQ)‘pz =D—-CA'B

Given the previous proposition, these two matrices are invertible. Thus, by Lemma A.3,

If we write

then

det (d(Sl @] 52)‘plup2) = det (d(Sl)lpl) - det (d’(S2)‘P2)
which is a unit. O

It is easy to see that if a HDVF has been created using Algorithm 1, then the list of pairs of cells [(o;, ;)] -, is an
iterated Morse decomposition. As we showed in Section 6, it is not true in general that every HDVF can be computed
with Algorithm 1, so we cannot deduce that every HDVF is an iterated Morse decomposition. However, this does not
mean that it is false. This question remains open.

8.2. The Smith normal form

The classic algorithm for computing homology groups computes the Smith normal form (SNF) [16]. We prove in
this section that the reduced boundary matrices obtained in Algorithm 1 are similar to the diagonalization performed
for the computation of the SNF.

Let K be a CW complex and X a trivial HDVF (P = S = (}). Let us choose some pivot in some boundary matrix
D,. For simplicity, we assume that the pivot is the element D,(1,1) = (d,(7), o) and we omit the subscript. In order
to make all the other entries in its row and column into zeros we perform

Vj#1, D(.j) < D(-j) = D(1,5)D(1,1)7'D(- 1)
Vi#1, D(i,-) < D(i,-) — D(i,1)D(1,1) "' D(i,-)
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Using the notation of Proposition 6.3, this is equivalent to

D
D’:D—[D; }le[opm]
0 _
D" =D"— [Dél} Dnl [ D/11 ‘ Diz]

By developing both equations we obtain that the pseudo-diagonalized boundary matrix is

[ Dy | 0 ]
0 ‘ Doy — Doy D 'Dia |’
where the bottom-right block is the reduced boundary computed in Algorithm 1 after inserting the pair of cells (o, 7).

Proposition 8.3. Let K be a CW complex. Then, Algorithm 1 performs a partial diagonalization of the boundary
matrices of K.

Proof. The proof is direct from the previous argument. O

We have just seen that computing a HDVF is equivalent to compute the SNF of the boundary matrices using only
the pivot operation, that is, given an invertible entry in the matrix, we make all the entries in its row and column into
zeros. Computing the SNF needs also another type of operation: if there is no entry dividing all the others, we make
elementary operations on the rows and columns so such an entry appears. For this reason, Algorithm 1 cannot always
return a perfect HDVF if R = Z, since in the computation of the SNF we can arrive to a matrix without units even
if the SNF contains only units in its diagonal (see Section 6.3 for an example).

8.3. Persistent homology

Proposition 8.3 also implies that persistent homology can be computed with a variation of Algorithm 1. The
classical algorithm for persistent homology [55, §4.2] is based on the Smith normal form. The main difference with a
standard homology computation is that cells are considered in the order given by the filtration. Therefore, Algorithm 2
computes the persistence intervals of a filtration using the same calculations as Algorithm 1.

Algorithm 2: Compute a HDVF associated to a filtration

Input: A CW complex K, a filtration deg and an ordering {oj };L:l

Output: The persistence intervals of deg

for £k =0 to dim(K) do

L Lk “— @;
X (0,0);
for j =1 ton do
if d'(07) # 0 then

i+ max {j’ Ad' (o), = 1};
X + A(X, 0%, 07) (and update the boundary matrices D);
Laim(o7)  Ldim(o) U {(deg(o?), deg(a7)) };

for j =1 ton do

if 07 is critical then

| Laim(os) ¢ Ldim(es) U {(deg(a7),00) };

Let deg : K — Z be a map on a CW complex defining a filtration, that is for any two cells o < 7, deg(o) < deg(7).

Let {aj };L:l be an ordering of the cells of K respecting the order induced by deg such that {O'j };:1 is a subcomplex
of K for each 1 < i <n. L denotes the set of the k-dimensional persistence intervals of the map deg.

Algorithm 2 is a mere translation of the algorithm described in [55] into the HDVF framework. The purpose of
doing so is to show that we can obtain a reduction for every step of the filtration and that we can apply the conclusions

of Section 9 to the persistent homology theory.
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9. Experimental Complexity

We fix in this section R = Z,, so we are sure that we obtain a perfect HDVF and thus we compute the homology
of the CW complex.

Computing the homology groups of a CW complex is considered in general a problem with O(n?) time complexity.
Only [56] proves that it can be computed in matrix multiplication time, but there is no implementation of this
algorithm. Nevertheless, it has been noticed that in practice the execution time is linear for homology [39, §4] and
persistent homology [55, §4]. We estimated in Theorem 6.5 the complexity of our algorithm by bounding the number
on non-zero entries in rows and columns by n, obtaining that Algorithm 1 can find a HDVF within (n/2) - n? = n3/2
operations or (n/2)- (n2 +n?+n?+ n2) = 2n? if we also want to obtain the associated reduction. Since these bounds
are not tight, it should not be surprising that the complexity in practice is lower than cubic.

One advantage of the HDVF framework is that we can easily count the number of operations that we perform along
its computation. At each step of Algorithm 1, updating the matrices H, F, G and D requires |F11||G11], |D21||F11],
|G11||D12] and |Da1||D12| operations respectively, where |v| denotes the number of non-zero entries in the vector v.
Thus, updating the reduced boundary requires

| Da21]| D12

operations (plus some operations to remove rows and columns). Moreover, updating all the reduction requires
[F11l|Gual + [Darl[Fia| + |Gua||Diz| + [Darl[ Diz| = ([Fu1] + [D12])(|G1a| + [D21))

operations.
Let us study now the average complexity for two random models.

Random cubical compleres. We introduce a random model for constructing cubical complexes. We denote it by
K(p,m) and it is similar to the closed faces model introduced in [57]. Let m € Z* and p € R, 0 < p < 1. A cubical
complex in K(p,m) is built by adding each cubical cell o C [0, m]3 (with its faces) to the complex with probability
p. Note that each cell o belongs to the cubical complex with probability 1 — (1 — p)¢, where ¢ denotes the number of
cofaces (in the full cubical complex [0,m]") of o, including itself. Thus, lower-dimensional cells are more frequent.

For each cubical complex K we denote by X (K) its number of cells. Also, Y¢(K) denotes the number of operations
performed for computing a HDVF (which is the sum of [Dy;[|D12| along its computation) and Y"(K) denotes the
number of operations needed for computing a HDVF and its reduction. We thus know that for each K,

YHK) < -X(K)* and Y"(K)<2X(K)?

DN | =

Let us point out two concerns:

1. If K has large Betti numbers then there are several critical cells in the perfect HDVF, so we perform less than
n/2 steps. The relation between the parameter p and the number of critical cells in a perfect HDVF is unknown,
and this could help to understand our experiments. Figure 10 shows the Betti numbers for a large number of
cubical complexes in K (p,100) and their sum. We appreciate that the number of critical cells is at most 5% of
the size of the complex, so it does not seem to be significant.

2. We do not make any smart choice for the pair (o, 7) in each step of the algorithm. This means that the quantities
Y4(K) and Y, (K) are not optimized. We could have implemented a better choice that tries to minimize these
values, but we have chosen not to do it since we want to obtain a really general result that can be also applied
to compute persistent homology.

In our experiment we fix m = 25 and we build 2217 cubical complexes with probability p uniformly distributed in
[0,1]. We want to show that the average complexity of Algorithm 1 is O(n®) for some « € R. Note, however, that
our sample does not seem to fit to a polynomial function. For achieving this we fit our sample {(log(X;),log(Y;?))}
to a linear function y = b - z. Using R [58] we obtain the 99.99% confidence interval [1.372086, 1.384346] for b. Thus,
we can (statistically) affirm that b < 1.4. Consequently, Y? < X' and the average-case complexity is O(n'**).
Figure 11-(top) shows the plot of {(log(X;),log(Y;%))} together with the fitted linear function passing by the origin.

We repeat this study for Y (thus computing also the reduction). The 99.99% confidence interval for b is
[1.940787,1.959928] so we can affirm that in average, computing a perfect HDVF with its reduction requires O(n?).
Figure 11-(bottom) shows the plot of {(log(X;),log(Y;"))} together with the fitted linear function passing by the origin.
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Figure 10: We have computed the Betti numbers for 121258 cubical complexes in K(p, 100) with p ~ U(0,1). Top: for each cubical complex
K we plot the points (X (K), 8o) (red), (X (K),51) (green) and (X (K), B2) (blue) divided by the total number of cells (2-100+1)3. Bottom:
for each cubical complex K we plot the point (X (K), 8o + 81 + B2) divided by the total number of cells.

Random volumes. We may be interested in studying cubical complexes which come from binary volumes. We thus
introduce the following random model. Let be m € Z™. We consider an empty binary volume of size m X m x m and
we add |m/10]? blocks of voxels of size |m/10] x [m/10] x |m/10] at random (uniform) position. We can see this
process as cutting a volume in small pieces and shuffling them. This binary volume can be transformed into a cubical
complex by substituting each voxel for a cubical 3-dimensional cell and its faces. We denote this model by V(m).

When building 1675 cubical complexes with the random model V' (25) we obtain very similar results. By fitting
{(log(X;),log(Y;))} to a linear function y = bz we obtain the 99.99% confidence interval [1.377406, 1.377593] for b.
For Y, the interval is [1.941323,1.941854]. Both fitted linear functions are depicted in Figure 12.

10. Conclusion and future work

We have introduced a combinatorial structure that can be interpreted as a new class of discrete vector field, namely
the homological discrete vector field, together with the theorems providing homological results for such extended
DGVF. We have shown that this extended class of DGVF successfully reaches the correct number of critical cells in
complexes for which standard DGVFs cannot, such as the Bing’s house or the dunce hat.

We provide a simple sequential algorithm for computing a HDVF in Section 6. The reduction is updated by using
formulas that depend on the previous step reduction, without inverting the matrix d(S)p. The worst-case complexity
of this algorithm is O(n?). Finally, we partially answer some questions about the algorithm and the existence of
perfect HDVFs.

Section 7 introduces five basic operations that allow us to switch pairs of cells belonging to the sets P, S or C of
a HDVF. This extends and corrects a similar idea present in [34]. These operations allow us to change the shape of
the homology (or cohomology) generators of a perfect HDVF. However, we do not explore how to do this in practice
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since there are some theoretical problems that must be solved before designing an algorithm, namely the existence of
a sequence of operations that transform one HDVF into any other.

Section 8 is devoted to the relation between the HDVF framework and other homology algorithms. We prove that
computing a HDVF is equivalent to compute a DGVF, an iterated Morse decomposition and the classical homology
algorithm using the Smith normal form. It remains as an open question if every iterated Morse decomposition can be
computed through a HDVF (the converse is proved). We also show how to compute persistence intervals using the
HDVF framework. A very interesting task is to do the same for zigzag persistent homology [59].

In Section 9 we study the average-case complexity of our algorithm through an experimental approach. The validity
of this study can be questioned, since we consider only two random models for cubical complexes with fixed parameters
which do not sample the whole space of CW complexes. However we show that we can use the HDVF framework
for giving a more concrete sense to the well accepted idea that homology and persistent homology can be computed
in practice in almost linear time. We show, using simple linear regression, that a perfect HDVF (which provides the
Betti numbers of the complex) can be obtained within O(n'**) operations in average. If we also want the reduction
(and thus the homology groups), it requires O(n?) operations in average. However, we have not used any optimization

25



633

634

635

636

637

638

15.88

& @
2 v
i
o
@
=
—
I I I I
11.49 11.50 1151 11.52
logX
[T9)
<~
N
N
o
<
o
N
To)
> @
D N
o I3
o
™
o
N
[Te) g
N
N
N

T T T T
11.49 11.50 11.51 11.52

logX

Figure 12: Top: plot of { (log(X3), log(Yd )} for cubical complexes in V(25) together with the linear regression model passing by the origin.
Bottom: the same for {(log(X;),log(Y;"))}

technique such as reduction and coreductions [19], which should give even better estimations.

A. Some Matrix Properties

The proofs in this work use several matrix properties that may not be trivial for the reader. We prefer to recall
some of them in order to ease the reading of the proofs.

Lemma A.1. Let be A= BCD the product of three matrices. Then,
ai,j = Bi’.CD.,j

Proof. a; j = L;AR;, where L; is a row vector with zeros everywhere except for the i-th position, and R; is a column
vector with zeros everywhere except for the j-th position. Therefore, a; ; = L;AR; = LiBCDR; = B; .CD. ;. O
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Lemma A.2. Let be A € Myxn(Z), B € Myxn(Z), B invertible and C = A- B~'. Then,

1 ~
c(i,j) = m det(B),

where B is the matriz identical to B except for the j-th row, which has been replaced by the i-th row of A.

Lemma A.3. (Schur determinant formula) Let be

M:[O D

A B }

a block matriz (A € Mywn(Z),B € M, xi(Z),C € Mixn(Z) and D € Myxr(Z)). If A is invertible then
det(M) = det(A) - det(D — CA™'B).

Lemma A.4. (The Banachiewicz identity) Let be

w-[¢3]

C D

a block matriz (A € My,xn(Z), B € Mypx1(Z),C € Myxn(Z) and D € Myxi(Z)). If A and D — CA™1B are invertible,

then M is invertible and

M- = A'+ A7'B(D-CA™'B)"1CA™Y —A"'B(D-CA'B)~!
- —(D—-CA™'B)tCcA™! (D-CA'B)!

We recall that the transpose of a matrix A is denoted AT.

Lemma A.5. (Sherman-Morrison formula) Let A € My xn(Z) and u,v € Z"™. If A is invertible and 1 +v" Au # 0

then
A lywT AL

N1 o4-1
(A+uv ) =A TroTAu

Lemma A.6. Let A € M,,«n(Z), we say that it is an [r,c|]-matriz if each row contains at most r non-zero entries

and each column contains at most ¢ non-zero entries. Thus,

o If A€ Myxn(Z) is an [r,c]-matriz and B € My, «xn(Z) is an [r', c']-matriz, then A+ B is an [r+7/, c+c'|-matric

and it can be computed within O (min(m - (r +1'), (c+ ) - n)) operations.

o If A€ Myxn(Z) is an [r,c]-matriz and B € M, x,(Z) is an [r', ]-matriz, then A- B is an [rr’, cc'|-matriz and

it can be computed within O (m - min(r, ') - p) operations.
Lemma A.7. (Matriz inversion lemma) Let A € Myxn(Z) and u,v € Z™. If A is invertible then

det(A +uv") =det(A4) - (1 + vTA_lu) .

M= ]

Since det(M) = det(M?"), by the Schur determinant formula (see Lemma A.3),

Proof. We write

det(M) = det(M")
det(1) - det(A 4+ uv) = det(A) - det(1 +vA~ 1)
det(A +wv) = (1 +vA ) - det(A)
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Fast, Simple and Separable Computation of
Betti Numbers on Three-dimensional Cubical
Complexes
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! Aix-Marseille Université, CNRS, LSIS UMR. 7296, Marseille (France)
2 University of Seville, Institute of Mathematics IMUS, Seville (Spain)
3 Institute of Computer Science and Computational Mathematics, Jagiellonian
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Abstract. Betti numbers are topological invariants that count the num-
ber of holes of each dimension in a space. Cubical complexes are a class of
CW complex whose cells are cubes of different dimensions such as points,
segments, squares, cubes, etc. They are particularly useful for modeling
structured data such as binary volumes.

We introduce a fast and simple method for computing the Betti numbers
of a three-dimensional cubical complex that takes advantage on its reg-
ular structure, which is not possible with other types of CW complexes
such as simplicial or polyhedral complexes. This algorithm is also re-
stricted to three-dimensional spaces since it exploits the Euler-Poincaré
formula and the Alexander duality in order to avoid any matrix manipu-
lation. The method runs in linear time on a single core CPU. Moreover,
the regular cubical structure allows us to obtain an efficient implemen-
tation for a multi-core architecture.

Keywords: Cubical complex, Betti numbers, 3D, separable, computa-
tional topology, homology

1 Introduction

Understanding a discrete volume can be addressed by determining its volume,
its convexity, its diameter or any other geometrical descriptor. A higher level
analysis can be made through topology, which tolerates continuous deformations.
This could be seen as a less interesting approach, as we could not distinguish a
sphere from a cube, but it actually furnishes a more essential information of the
object. Homology is a powerful tool as its formalizes the concept of hole.

Holes of dimension 0, or 0-holes, correspond to connected components. 1-holes
are tunnels or handles, which are particularly difficult to count in a volume de-
pending on their shape. 2-holes correspond to voids in a volume. These notions

* This research is supported by the Polish National Science Center under grant
2012/05/N/ST6/03621



can be generalized to higher dimensions, but they do not have an intuitive inter-
pretation. We can compute the number of holes in each dimension or even draw
them on the volume, though this is not useful with a complex shape.

Homology can be used for understanding an object without visualizing it,
or to compare objects in a flexible way. It has been applied to dynamical sys-
tems [13,15], material science [4,18], electromagnetism [8,7], image understanding
[1,14] and sensor networks [6].

In this article we aim at counting the number of holes (the Betti numbers) of
a cubical complex embedded in a three-dimensional space. This is far from being
an abstract work, as binary volumes (3D binary images, with voxels instead of
pixels) can be transformed into equivalent cubical complexes. Our algorithm has
a very specific input, since it cannot treat meshes or higher dimension cubical
complexes, but it benefits from a good time complexity (linear) and a wide range
of applications where data is structured in a lattice.

There have been a lot of works in computational homology in the last decades.
Many of them [16,9,17] can compute the homology groups of more general spaces
in cubical time. Computing only the Betti numbers (number of holes), which are
the ranks of these groups, should be faster, but this has not been algorithmically
proved. Delfinado and Edelsbrunner [5] introduce an algorithm with almost lin-
ear time complexity that computes the Betti numbers of a simplicial complex
which is a subcomplex of a triangulation of S®. The software library RedHom [12]
is optimized for computing the homology in the context of cubical complexes.
Wagner [19] also proposes an adapted algorithm for computing persistent ho-
mology on a cubical complex.

We propose an algorithm that is based on the computation of connected
components and avoids any matrix manipulation. This is possible due to the
Euler-Poincaré formula and the Alexander duality, which turn to be extraordi-
narily useful in the context of three-dimensional cubical complexes.

A simple description of the algorithm is given in Sect. 3. Then, we explain in
Sect. 4 how to parallelize the computation by considering a different method for
counting the connected components which is more adapted to the input data.
Sections 5 and 6 explain the implementation of the algorithm and compare it
with a previous software respectively.

2 Preliminaries

2.1 nD Cubical Complex

An elementary interval is an interval of the form [k, k + 1] or a degenerate in-
terval [k, k], where k € Z. An elementary cube is the Cartesian product of n
elementary intervals, and the number of non-degenerate intervals in this prod-
uct is its dimension. An elementary cube of dimension d will be called d-cube
for short. Given two elementary cubes p and ¢, we say that p is a face of ¢ if
pCgq.

The Khalimsky coordinates of an elementary cube [[!_; [a;, b;] are (a1 +
b1, -+ ,an+by). The dimension of an elementary cube and its faces can be easily



deduced from its Khalimsky coordinates. For a cube ¢ we denote its Khalimsky
coordinates by ¢[] and its ith component by ¢[i].

An nD cubical complex is a set of elementary cubes. The boundary of a d-
cube is the collection of its (d — 1)-dimensional faces. By virtue of its regular
structure, an nD cubical complex can be represented as an n-dimensional array
(called CubeMap in [19]), where the cubes are represented by their Khalimsky
coordinates.

From now on we assume that cubes of a given nD cubical complex K have
all positive coordinates bounded by integers w; (1 < i < n). Ak is the binary
n-dimensional array of size L := [[!,(2w; + 1) where elementary cubes are
represented by a Boolean equal to true associated to their Khalimsky coordi-
nates. An element of the array with coordinates = (z1,...,,) is denoted by
Aglz1]...[zn] or Afz] for short. The element Ax[q[] associated to the cube ¢
is denoted by Ak|g].

It is straightforward to provide an enumeration of Khalimsky coordinates in
[T, [0,2w;]. Namely, there exists a bijection I : [}, [0, 2w;] — [0, L — 1]. Such
bijection I will be referred to as the indexr map and its image as the index set.
For a cube ¢, I(q) means I(q[]) = I(q[1],...,q[n]).

The support of K, denoted by supp(K), is the nD cubical complex containing
all the elementary cubes in []"_; [0, w;]. Thus, Ax encodes both K and supp(K)\
K.

2.2 Homology

A chain complex (C,d) is a sequence of R-modules Cy,Cy,... (called chain
groups) and homomorphisms d; : C; — Cp,ds : Co — C,. .. (called differential
or boundary operators) such that d,_1d, = 0, for all ¢ > 0, where ‘R is some ring,
called the ground ring or ring of coefficients. In this paper we will fix R = Z,.

An nD cubical complex K induces a chain complex. Cj is the free SR-module
generated by the g-cubes of K. Its elements (called ¢-chains) are formal sums
of g-cubes with coefficients in Zs, so they can be interpreted as sets of g-cubes.
The linear operator d, maps each g-cube to the sum of its (¢ — 1)-dimensional
faces.

A g-chain z is a cycle if dy(z) = 0, and a boundary if x = dg41(y) for some
(g + 1)-chain y. By the property d,_1d, = 0, every boundary is a cycle, but the
reverse is not true: a cycle which is not a boundary contains a “hole”. The gth
homology group of the chain complex (C,d) contains the ¢g-dimensional “holes”:
H(C)y = ker(dy)/im(dg+1). This set is a finite-dimensional vector space, so
there is a basis typically formed by the holes of the complex, whose elements
are called homology generators. The ranks of the homology groups are called the
Betti numbers, which count the number of holes in each dimension.

There is a slightly different homology theory called reduced homology where
dy is defined otherwise. Thus, the zeroth Betti number (j is decremented by one.
This avoids exceptional cases in several theorems.



3 The Algorithm

In this section we give a first presentation of our algorithm. It considers a re-
stricted class of complexes: 3D cubical complexes. We explain in the following
how we obtain each Betti number.

0th Betti number — It is well known that 5o(K) is the number of connected
components of K. This is easy to compute with a traversal of the complex.

2nd Betti number — Alexander duality relies the homology of a complex K of
dimension 3 and its complementary in the three-dimensional sphere S\ K.

Proposition 1 (Alexander duality) Let K be a 3D cubical complex. Then
H,(K) and H?>~9(S3\ K) are isomorphic for reduced homology and cohomology.

As a consequence, 32(K) = [p(S%\ K) — 1. That is, the number of voids in K
is the number of connected components in the complementary minus one.

This result, which holds for more general spaces, is computationally inter-
esting in the context of cubical complexes. First, the sphere S™ is easy to build.
Figure 1 shows the spheres S' and S? as cubical complexes.

Fig. 1. Cubical complexes homeomorphic to S* and S2.

Also, the complementary of a cubical complex is obvious to compute given its
regular structure. Figure 2 illustrates the complementary of a cubical complex.

We want to obtain the number of connected components (minus one) of S3\ K
for deducing 32(K). Nevertheless, we do not need to build S\ K. It suffices to
count the connected components in supp(K) \ K and consider only those which
do not contain a cube in the boundary of supp(K). These connected components
are connected to S3 \ supp(K), thus making only one connected component in
S3\ K. Note that this fact is far easier to understand for a 1D or a 2D cubical
complex.



Fig. 2. A two-dimensional cubical complex K and its complementary S?\ K

1st Betti number — Once Bo(K) and B2(K) are known, 81 (K) is easy to ob-
tain via the Euler-Poincaré formula. The Euler-Poincaré characteristic of a 3D
cubical complex K is the alternating sum of its cubes. Formally,

X(K) = ko — k1 + ka — ks,

where £k, denotes the number of cubes of dimension ¢ in K. This number, which
is easy to compute, is a topological invariant.

Proposition 2 (Euler-Poincaré formula) Let K be a 3D cubical complez.
Then x(K) = Bo(K) — f1(K) + Ba2(K).

Therefore, 51(K) = fo(K) + B2(K) — x(K).

Algorithm 1 combines these three ideas. It passes by all the elements of Ax
and traverses the connected components of K and supp(K) \ K. For the sake of
simplicity we do not explicitly describe the computation of x(K) in Algorithm 1.
It can be obtained by adding x < x + (—1)4™() to line 16. As each cube is
connected to six other cubes in A (except for the cubes in the boundary of
Af), the complexity of the algorithm is O(n+6n) = O(n) where n is the number
of cubes in supp(K).

4 Recursive version of the Algorithm

The core of the previous algorithm is the computation of connected components
through a traversal of the three-dimensional array Ag. This is difficult to par-
allelize because it uses a queue data structure. In this section we describe an
algorithm for computing connected components of an nD cubical complex K
in parallel. The algorithm total CPU utilization (i.e. work) is almost linear. It
significantly uses the representation of a cubical complex as a multidimensional
array Ax with an index map I.



Algorithm 1 BettiViaCC
Input: K a 3D cubical complex; Ak its associated binary array
Output: The Betti numbers of K: B, f1, B2

1: Bo+ 0,820

2: for all p € Ak not marked do

3: b + false

4: Q < an empty queue

5: Q.push(p); mark p

6: while @ not empty do

7 q < Q.pop()

8: if ¢ belongs to the boundary of Ax then
9: b + true

10: end if

11: for all ¢’ 6-neighbor of q, Ax[q'] = Ak|q], ¢ not marked do
12: Q.push(q'); mark ¢’

13: end for

14: end while
15: if Ag[p] = true then

16: Bo « Po+1

17: else if b = false then
18: B B2+ 1

19: end if

20: end for

21: B1 + Bo + B2 — x(K)
22: return (Bo, 51, 32)

In Sect. 3 we count connected components by traversing the connectivity
graph of the cubical complex. Another well known approach to compute con-
nected components is to use disjoint set data structure. The data structure
maintains a collection S = {51, ..., Sk } of disjoint sets. Each set in S is identi-
fied by a representative, which is a member of the set (see [3, Chapter 21]). The
following operations may be performed on the disjoint set data structure C":

— C.makeSet(x) - creates a new set whose only member (and thus representa-
tive) is .

— C.find(z) - returns a pointer to the representative of the (unique) set con-
taining x.

— C.union(z,y) - merges the sets that contain  and y into a new set that is
the union of these two sets.

To compute connected components of a cubical complex it is enough to call
C.union(z,y) for each pair z,y of adjacent cubes. A parallel version of such
algorithm requires synchronization, so in practice it cannot be implemented efli-
ciently. However, the regular structure of a cubical complex allows us to propose
a different approach where synchronization is not needed. The idea is to recur-
sively cut the complex in two halves, find the connected components in each half
and then merge them.



Let K be a cubical complex and I the index map of Khalimsky coordi-
nates. Let J be a subset of the index set associated with K. We define K; :=
{qe K| I(q) € J}. We also define the left slice, right slice and middle slice of
J in dimension d by x respectively as

S(Lz_,d):={yeJ | I (y)d <z}
S(Jat,d):={yeJ|z<I(yld}
S(Jya,d):={yeJ|z—-1<Iyld <z}

For a j € J we denote by cc;(j) the connected component of K; to which j
belongs. Algorithm 2 computes recursively connected components of a cubical
complex. Observe that at each step of the recursion the set J is split following
some rule. We do not give an explicit description of the rule, but it should divide
J into two sets of similar size by separating K ; along alternate axes. We thus
obtain three subsets that cover J, one of them intersecting the other two so
we can merge the connected components computed on each side. The first two
recursive steps (lines 4 and 5) work on independent data, so they can be executed
in parallel. The third recursive step at line 6 always jumps to the line 8 (since
J # e =00) and it depends on the previous two steps.

Algorithm 2 RecursiveCC

Input: K a 3D cubical complex; I its associated index map; J C I.

Input: C a disjoint set data structure on the index set of K, such that C.find(i) #
C.find(y) for all 4,5 € J.

Input: Parameters: d € Z and € > 0.

Output: For each pair 4,5 € J we have ccs(i) = ccs(j) if and only if C.find(:) =
C.find(5).

1: if size of J > € then

2: d < using d choose dimension for next slicing

3 x < choose slicing value in dimension d

4: RecursiveCC(K, I, S(J,z—,d),d, ¢, C)

5: RecursiveCC(K, I, S(J,z,d),d, ¢, C)

6.

7

8

: RecursiveCC(K, I, S(J, z,d),d, 00, C)

: else
for all p € Ky do

9: for all ¢ 2n-neighbor of p in K; do

10: C.union(I(p),1(q))

11: end for

12: end for

13: end if

Algorithm 3 computes the Betti numbers of a 3D cubical complex K. It
computes the connected components of K and supp(K) \ K in two calls to
Algorithm 2. Again, x(K) can be computed during the traversal of the complex.



Algorithm 3 RecursiveBetti

Input: K a 3D cubical complex; I its associated index map.
Input: Parameter € > 0.
Output: The Betti numbers of K: 8o, £1, Ba.
: C1 « a disjoint set for im I
for all g € K do
C'. makeSet(I(q))
end for
RecursiveCC(K, I,im 1,0,¢,C1)
Bo < number of sets in C1

7: Ko < supp(K) \ K

8: Cp « a disjoint set for im [

9: for all g € Ko do

10: Co. makeSet(I(q))

11: end for

12: RecursiveCC(Ko, I,im 1,0, €, Co)

13: 7 < number of sets in Cy containing a cube in the boundary of supp(K)
14: B2 < number of sets in Cy minus r

15: B1 < Bo + B2 — x(K)

16: return (8o, f1, B2)

5 Implementation

Algorithm 3 is implemented as a part of the CAPD:RedHom project [11].
Our parallel version of the implementation uses Threading Building Blocks li-
brary [10]. A crucial part of the implementation is a data structure for efficient
slicing of the index set. For this we use Boost.MultiArray, a library from Boost
Project [2]. It is an implementation of a multidimensional array container. In our
case the data structure contains the index set. It provides an efficient slicing op-
eration implemented as views to the original container. We use it to implement
the operation S from the algorithm. At each recursion step we take a direction
an cut the multidimensional array in the middle of the direction.

The data structure provides a mapping from multidimensional indices (in
our case Khalimsky coordinates) to the index set. Technically it is enough to
implement a mapping from the set of indices to a linear space of memory [0, L—1]
containing the value 7 at the ith position. Taking advantage of this fact, features
of the C++ language, and Boost.MultiArray, we do not have to allocate memory
for the index set. We get the index set and the slicing operation without any
additional cost. Of course we can achieve it in many ways, however with our
approach we can reuse well tested code.

6 Validation

Table 1 shows results of numerical experiments with the algorithm implemen-
tation. We compare also with standard approach for Betti numbers computa-



tions using elementary reductions, coreduction, and Morse decomposition from
CAPD::RedHom [11]. All the computations were performed using one data struc-
ture, only algorithms vary.

Data sets NO0OO1 and P0001 come from computer assisted proofs in dynamics.
Data sets rand_pP_S were generated randomly, where S is the size of the grid and
each 3-cube (together with its faces) is included with probability P. The data
sets are in binary format, thus reading time can be omitted. Computations were
performed on a 2,3 GHz Intel Core i7 (4 real cores, 8 virtual) with 16GB RAM.
The results show that the parallel implementation is around 4 times faster than
the sequential one. It suggest a perfect scalability with the number of real cores.
Also, we see that for the new algorithm only grid size matters.

Table 1. CPU time (format [h:lmm:ss) usage for cubical complexes. Computations
with following algorithms from CAPD::RedHom: Alg. 3 parallel, Alg. 3 sequential,
standard

Parallel Sequential Standard
Data set Grid size|Number of cellsf CPU |CPU CPU
N0001 256> 75357994 0:23 1:18 1:31
P0001 2563 75559573 0:23 1:18 1:39
rand_p25_256 2563 75897341 0:22 1:13| 3:35:22
rand_p50_256 256> 110450571 0:23 1:15
rand_p75_256 256> 127326478 0:23 1:17
rand_p25_384 3847 256006045 1:21 4:12 > 4h
rand_p50_384 3847 372383238 1:18 4:17
rand_p75_384 3843 429007477 1:17 4:15

7 Conclusion

This paper introduces a linear algorithm that computes the Betti numbers of
a 3D cubical complex. It counts the connected components of the complex and
its complementary in S® and uses the Euler-Poincaré formula. The algorithm
is specially conceived for cubical complex as it takes advantage of its regular
structure both in a theoretical and a practical manner. It cannot be extended
to 4D cubical complexes since the Euler-Poincaré formula does not suffices to
obtain all the Betti numbers.

An interesting issue that should be addressed in the near future is how to
adapt this algorithm for simplicial complexes. The main problem is that we need
a triangulation of the complementary of the complex in S3, which is not as easy
as for cubical complexes.

The current implementation outperforms the existing software for computing
Betti numbers on cubical complexes. It is available as a part of the CAPD::RedHom
[11] project. A more detailed comparison will be done in a forthcoming paper.
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Abstract. Given a binary object (2D or 3D), its Betti numbers char-
acterize the number of holes in each dimension. They are obtained alge-
braically, and even though they are perfectly defined, there is no unique
way to display these holes. We propose two geometric measures for the
holes, which are uniquely defined and try to compensate the loss of geo-
metric information during the homology computation: the thickness and
the breadth. They are obtained by filtering the information of the per-
sistent homology computation of a filtration defined through the signed
distance transform of the binary object.

1 Introduction

Homology computation is a very useful tool for the classification and the under-
standing of binary objects in a rigorous way. It provides a class of descriptors
summarizing the basic structure of the considered shape.

A binary object is a set X C Z? together with a connectivity relation. We
will assume through this paper that X is a volume (d = 3) and the elements
of X will be called vozels. However, the generalization to higher dimensions is
direct.

Roughly speaking, homology deals with the “holes” of an object. Holes can be
classified by dimensions: 0-holes correspond to connected components, 1-holes
to tunnels or handles and 2-holes to cavities. When computing homology, we
usually expect to find the number of these holes (called the Betti numbers) and a
representative of each hole (called representative cycle of a homology generator).
Nevertheless, the homology computation works at an abstract level (the chain
complex) which ignores the embedding of the object. Thus, the geometry of the
object is in some way neglected.

Moreover, holes are difficult to visualize. We can know how many they are,
but not where they are. This is due to the fact that in homology computation,
a choice for determining a linearly independent set of holes must be done. This
is something difficult to apprehend: for instance, we remind that a cube with its
interior and faces removed (as depicted in Fig. 1) contains five 1-holes instead
of six.

The aim of this paper is to endow Betti numbers with an additional informa-
tion containing a geometric interpretation. We define two measures—thickness



Fig. 1. There are only five 1-holes in this object, and there is no natural way to state
where they are.

and breadth—which, unlike homology generators, are uniquely determined by
the object and can be used as concise topology descriptors. They are obtained
through the persistent homology of the filtration induced by the signed distance
transform of the volume.

Previous efforts have been made to combine homology and geometry. We
cite herein some works that are related to our problem. Erickson and Whittle-
sey founded an algorithm in [EWO05] that computes the shortest base for the
first homology group for oriented 2-manifolds. Dey et al. [DFW13] developed
a similar work, but also classifying the 1-holes into tunnels and handles. Chen
and Freedman [CF10] measured the 1-holes of a complex by the “length” of the
homology generators and they also gave an algorithm to compute the smallest
set of homology generators. Zomorodian and Carlsson introduced the localized
homology in [ZCO08], which allows to locate each homology class in a subset of a
given cover. This cover, or collection of subcomplexes whose union contains the
complex, successfully give a geometric sense to the Betti numbers.

Contributions

We define two geometric measures that enrich the Betti numbers of a binary
volume. They are uniquely defined up to a choice of connectivity relation and
distance. They can be computed through a distance transform and persistent
homology, so it has matrix multiplication complexity over the number of voxels
in the bounding box of the volume. These measures can be considered as pairs
of numbers associated to each homology generator but also visualized as three-
dimensional balls on the volume.

2 Preliminaries

2.1 Cubical Complexes and Homology

Cubical Complex — This section is derived from [KMMO04]. For a deeper un-
derstanding of these concepts, the reader can refer to it. An elementary interval
is an interval of the form [k, k + 1] or a degenerate interval [k, k], where k € Z.
An elementary cube in R™ is the Cartesian product of n elementary intervals,



and the number of non-degenerate intervals in this product is its dimension. An
elementary cube of dimension g will be called g-cube.

Given two elementary cubes o and 7, we say that o is a face of 7 if o C 7.
It is a primary face if the difference of their dimensions is 1. Similarly, o is a
coface of T if 0 D 7. A cubical complex is a set of elementary cubes with all of
their faces. The boundary of an elementary cube is the collection of its primary
faces.

Chain Complex — A chain complex (Cy,d.) is a sequence of groups Cyp, Ci,
. (called chain groups) and homomorphisms d; : C; — Cp, do : Cy — C1, ...
(called differential or boundary operators) such that dq_1dqy = 0, Vg > 0.
Given a cubical complex, we define its chain complex as follows:

— Cj is the free group generated by the g-cubes of the complex;
— dg4 gives the “algebraic” boundary, which is the linear operator that maps
every g-cube to the sum of its primary faces.

The elements of the chain group Cj, which are formal sums of g-cubes with
coefficients in Zso, are called g-chains. They can be seen as sets of cubes of the
same dimension.

Homology Groups — A g¢-chain z is a cycle if dy(z) = 0, and a boundary if
x = dg4+1(y) for some (g+1)-chain y. By the property d,—1d, = 0, every boundary
is a cycle, but the reverse is not true: a cycle which is not a boundary contains a
“hole”. The g-th homology group of the chain complex (C,d,) contains the g¢-
dimensional “holes”: H(C'), = ker(d,)/im(d,+1). This set is a finitely generated
group, so there is a “base” typically formed by the holes of the cubical complex.
Since our ring of coefficients is Zs, this group is isomorphic to Z% and 3, is the
q-th Betti number.

Cubical complexr associated to a binary volume — Given a binary volume, we
can define two different associated cubical complexes encoding the 6 or the 26-
connectivity relation.

— Primal associated cubical complex (26-connectivity): every voxel x = (z1, 22, x3)
generates the 3-cube [z1, 21 + 1] X [x2, 22 + 1] X [23,23 + 1] and all its faces.

— Dual associated cubical complex (6-connectivity): let us first adapt the no-
tion of cliqgue to our context. A d-clique is a maximal (in the sense of inclu-
sion) set of voxels such that their intersection is a d-cube. First, for every
voxel (in fact 3-clique) & = (x1,22,23) of the volume, we add the 0-cube
o = [x1] X [z2] X [x3]. Then, for every d-clique (d < 3) in the volume, we add
to the cubical complex a (3 — d)-cube such that its vertices are the voxels of
the d-clique.

These cubical complexes can be defined for any dimension. Figure 2 illustrates
both complexes.



Fig. 2. Left: a binary volume. Center: its primal associated cubical complex. Right: its
dual cubical complex

2.2 Persistent Homology

This section introduces the persistent homology. A more rigorous presentation
can be found in [EHO8] and the references therein.

A filtration is a finite (or countable) sequence of nested cubical complexes X; C
X5 C -+ X,,. It can also be described by a function f on the final complex X,
which assigns to each g-cube the first index at which it appears in the complex.
Since it is a sequence of cubical complexes, a cube cannot appear strictly before
its faces, so the function f must verify

flo) < f(r),Vo C 7 (1)

Therefore, a function f : X — R defined over a cubical complex is a filtration
function if its image is a finite (or countable) set and if it satisfies Eq. (1).
Given such a function, its filtration is the sequence Fy(X) = {X;},_,, where
ag < aj < --- < a, are the images of f and X; = f~1(]—o00, a;]).

As illustrated in Fig. 3, the homology groups of the complex can evolve as
“time” goes on. The persistence diagram [EHO08, p. 3] records these changes: a
g-hole being born in X; and dying (or vanishing) in X is represented in the
persistence diagram as the point (7, j). This is also called a P-interval in [ZCO05].
A homology generator of X,,, which never dies, is represented by the point (i, 00).
The reader can find some persistence diagrams in Sect. 4. Persistent homology
can also be visualized in terms of barcodes [Ghr08], where each point (4,j) is
represented as an interval in the real line.

We can assign a pair of cubes (0, 0,) to each P-interval (4, j). The first cube
creates the hole (e.g., a point in a new connected component or the edge that
closes a handle) while the second one merges the hole into the set of boundaries
(e.g., the edge that connects two connected components, or the square that fills
a handle). The reader could try to find these pairs of cubes in the filtration
described in Fig. 3.

There has been an extensive research in the computation of persistent homol-
ogy. An algorithm in matrix multiplication time was introduced in [MMS11]. The
algorithms present in [ZC05,MN13] have cubical worst-time complexity, but they
seem to behave better in practice. An algorithm adapted for cubical complexes
was developed in [WCV12].



Fig. 3. A filtration. X;: there are two 0-holes (connected components). X2: one 0-hole
dies. X3: a 1-hole is born. X3: that 1-hole dies.

Note that in this article we do not use Cech, Vietoris-Rips nor Alpha com-
plexes, as it is usually done in the persistent homology literature. The filtrations
considered are based on a function defined over a cubical complex.

2.3 Distance Transform

Given a binary volume X C Z3, its distance transform DTy is the map that
sends every voxel x € X to DTx(x) = minyezs\ x d(x,y). It can be seen as
the radius of the maximal ball centered at x and contained in X. Note that
we must consider one specific distance for the volume: L, metrics such as the
Manhattan distance (L1 ), the Euclidean distance (Ls) or the chessboard distance
(Loo); distances based on chamfer masks [Mon68,Bor84] or sequences of chamfer
masks [MDKCO00,NEQ9], etc.

There exist linear time algorithms for computing the Euclidean distance on
nD binary objects [BGKW95,Hir96, MRH00,MQRO03].

We can then consider the signed distance transform, which maps every voxel
r € X to —DTx(z) and x ¢ X to DTzs\ x(x).

3 The Two Measures

3.1 Motivation

The main motivation for this work comes from the desire of comparing binary
volumes obtained from real acquisition of complex structures. Using mere Betti
numbers for this objective can be ineffective, so we thought of enhancing this
basic homological information by defining two geometry-aware measures for the
holes.

In the following we give an intuitive introduction to the two new measures. We
consider two binary images which are repeatedly eroded and dilated respectively,
and we comment what happens to their homology groups. Then we figure out
how we can treat this problem with persistent homology.

When we erode the image in Fig. 4-(a), we observe that a 1-hole disappears
(Fig. 4-(b)), a 0-hole is created (Fig. 4-(c)) and a 0-hole disappears (Fig. 4-(d)).
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Fig. 4. Two images being eroded and dilated. We can notice a change in its homology
at every step.

On the other hand, when we dilate the image in Fig. 4-(e), a new 1-hole appears
(Fig. 4-(f)), a 0-hole vanishes (Fig. 4-(g)) and a 1-hole disappears (Fig. 4-(h)).

Thanks to persistent homology, we can record these events. Given a binary
volume X C [0,m4] x [0, msa] x [0,m3] C Z3, we build the associated primal (or
dual) cubical complex K of the bounding box [0, m4] x [0, mz] x [0, m3]. Then
we compute a filtration function f associated to the signed distance transform
of X: the 3-cubes (0-cubes) are mapped to the value of their associated voxels
(cf. Sect. 2.1). The image of the rest of the cubes is coherently assigned in order
to produce a filtration, that is, each g-cube, for 0 < ¢ < 2 (1 < ¢ < 3), takes the
minimum (maximum) value of its 3-dimensional cofaces (0-dimensional faces).

Let ag < a1 < --- <a; =0<--- < a, be the different values of f over the
volume. Thus, we can consider the filtration Fy(K):

Xo=fY-o0,a))Cc---cXC-CX,=f-00,ay])

Let us now see how the previously described phenomena are encoded in the
persistent homology of the filtration F;(K). Note that the eroded images are
now seen in reversed time:

— Fig. 4-(b): a 1-hole is born in negative time (1b-);

— Fig. 4-(c): a 0-hole dies in negative time (0d-);
— Fig. 4-(d): a 0-hole is born in negative time (0b—);
— Fig. 4-(f): a 1-hole is born in positive time (1b+);
— Fig. 4-(g): a 0-hole dies in positive time (0d+);
— Fig. 4-(h): a 1-hole dies in positive time (1d+);

Since we are interested in the homology groups of the given volume, we only
consider the persistent intervals that start at negative time and finish at positive
time. We can give an intuitive and physical interpretation to those events.



0Ob— A 0-hole being born at time ¢y < 0 means that the maximal ball included
in that connected component has radius —tg;

0d+ A 0-hole dying at time to > 0 means that the shortest distance between
that connected component and any other is 2 - g;

1b— A 1-hole being born at time ¢y < 0 means that —t is the smallest radius
needed for a ball included in X that, once removed, breaks or vanishes that
hole;

1d+ A 1-hole dying at time ¢ty > 0 means that the maximal ball that can pass
through that hole has radius t;

2b— Same as 1b—;

2d+ A 2-hole dying at time t; > 0 means that the maximal ball that can fit
inside that hole has radius tg;

Thus, for ¢ = 1,2, the time ¢ at which a ¢-hole is born can be seen as the
thickness of the hole, or how far it is from being destructible. We will call it
thickness. Also, the time ¢ at which a g-hole dies can be interpreted as a kind
of size or breadth. We choose this second term, since the size of a 2-hole is
better understood as the volume it covers or the area of its boundary. These two
terms are not suitable for dimension 0, so we use the terms breadth (again) and
separability respectively.

3.2 Definitions

Let X C [0,m4] x [0,m2] x [0,m3] C Z> be a binary volume and d : Z3 — RT a
distance. Consider the signed distance transform

DT () = {—.min{d(x,y) ye X} ,xeX
min{d(z,y) 1y € X} ¢ X
Depending on which connectivity relation we use for the volume, we build its as-
sociated cubical complex K (cf. Sect. 2.1) and the filtration function fx induced
by sDTx (cf. Sect. 3.1).
The thickness and breadth of the g-holes of X are the pairs {(—ik,jk)}fqzl,

where {(ik,jk)}ngl are the P-intervals of the filtration fx such that i < 0 and
jr > 0 for all 1 < k < B,. We can represent these pairs as points in R? in the
thickness-breadth diagram.

The final step of the filtration is the full cubical complex associated to the
bounding box of the volume. If the volume is not empty, as the bounding box
has one connected component there exists a P-interval (—i,00) of dimension
0. We will represent this thickness-breadth pair as (—i,—1) in the thickness-
breadth diagram. As a consequence, a volume has Sy — 1 separation values. This
is coherent with its interpretation, as there are only nm — 1 shortest distances
between n objects.

Note that the thickness-breadth pairs are uniquely defined for the filtration
and they only depend on the connectivity relation of the volume and the distance
considered.



3.3 Visualization

The breadth and thickness values of a volume can be visualized in terms of balls,
as it was suggested in Sect. 3.1. Given a thickness-breadth pair (i,7) with its
(non-unique) associated pair of cubes (o,7) (cf. Sec. 2.2), we can also assign a
pair of voxels (p,q) to them. For the primal (dual) associated cubical complex,
according to its construction (cf. Sect 2.1), we choose any coface of dimension 3
(face of dimension 0) with the same image under f for each cube and we take
its associated voxel in the original volume. We call these voxels, which are not
unique, v(z) and v(7).

Therefore, for each hole we can visualize its thickness by the ball centered
at v(i) with radius ¢, and similarly for its breadth. Figure 5 illustrates this
procedure.

(d) (e) ()

Fig. 5. Example of visualization of the thickness and the breadth through balls. Top:
a binary image (a) with the balls of Ho (b) and H; (c). Bottom: a binary volume (d)
which contains two chained volumetric tori, its breadth (e) and its thickness balls (f)
of dimension 0 and 1.

4 Results

Our implementation for computing the breadth and the thickness uses the DGtal
library [DGt] for the distance transform and the Perseus software [Nan] for the



persistent homology. In order to obtain the centers of the balls, we developed a
specific software. The following volumes were voxelized with the Binvox software
[Min,NT03].

Figure 6 shows some examples of thickness-breadth diagrams. For each bi-
nary volume, we show the diagram containing the thickness-breadth pairs of the
homology groups Hy (red circles), Hy (green triangles) and Hy (blue squares).
Note that we represent the pairs (i, 00), associated to the “broadest” connected
component of the volume, as (i, —1).

We can appreciate the fractal structure of the Menger sponge after three
iterations in its diagram. There are only three possible values for the breadth
and the thickness: (1, %), (1, 312“) and (1, L;l) For the lamp [Rey15], we
can easily recognize a lot of similar holes and a bigger one, which traverses the
volume along the z-axis. The small 2-hole follows from a discretization error.
The diagram of the Colosseum volume [Gas15] presents a regular shape. All the
1-holes (i.e., the doors) have similar measures, except for one which has greater
thickness. It corresponds to the ground floor concentric corridor.

Figure 7 illustrates the pertinence of the visualization described in Sect. 3.3.
More examples are available on [GL].

5 Conclusion and Future Work

This paper introduces a concise and rigorous geometrical and topological infor-
mation for binary volumes that extends the Betti numbers. This could be used
for a statistical analysis of the volume or a better understanding of its topological
features.

An interesting issue that should be addressed in the near future is the stability
of this definition. Are the breadth and thickness stable under small perturbations
of the volume? How much do these values change when we consider different
connectivity relations or distances?

In addition, it seems that the intersection of the thickness and breadth balls
with the volume could provide a heuristic for computing geometry-aware homol-
ogy and cohomology generators.
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