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tSimon [3℄ has proved that every morphism from a free semigroup toa �nite semigroup S admits a Ramseyan fa
torization forest of height atmost 9jSj. In this paper, we prove the same result of Simon with animproved bound of 7jSj. We provide a simple algorithm for 
onstru
tinga fa
torization forest. In addition, we show that the algorithm 
annot beimproved signi�
antly. We give examples of semigroup morphism su
hthat any Ramseyan fa
torization forest for the morphism would require aheight not less than jSj.1 Introdu
tionFa
torization forests are introdu
ed by Imre Simon [3℄ to des
ribe fa
torizationsof words over a given alphabet. Simon has proved that every morphism from afree semigroup to a �nite semigroup S admits a Ramseyan fa
torization forestof height at most 9jSj. Later, Simon [4℄ gave a short proof of a weaker versionof the result.The result 
an be used to prove Brown's lemma [1℄ on lo
ally �nite semi-groups in a 
onstru
tive way. Simon [5℄ has also used this result to solve thelimitedness problem on distan
e automata.In this paper, we prove the same result of Simon with an improved boundof 7jSj. We provide a simple algorithm for 
onstru
ting a fa
torization forest.Our algorithm is a simpli
ation of Simon's.In Se
tion 2, we �rst give a presentation of the problem. Then we provethe result in the next three se
tions. In Se
tion 6, we show that the algorithm
annot be improved signi�
antly. We give examples of semigroup morphismsu
h that any Ramseyan fa
torization forest for the morphism would require aheight not less than jSj.�The resear
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2 Presentation of the problemGiven a set A, we write A+ or F(A) to denote the free semigroup generated byA. A fa
torization forest F over an alphabet A 
an be de�ned by a fun
tion dfrom A+ into F(A+) su
h that for every x 2 A+, d(x) = (x1; x2; : : : ; xp) impliesthat x = x1x2 � � �xp. We say that d(x) is a fa
torization of x.With ea
h word x 2 A+, we asso
iate a rooted tree T (x) su
h that the treenodes are labelled by words in A+. If jd(x)j = 1, T (x) 
onsists just of a rootlabelled x. If d(x) = (x1; x2; : : : ; xp) where p � 2, the root of T (x) is labelledby x and has p 
hildren T (xi) for 1 � i � p.Given x 2 A+, We de�ne the height h(x) to be the height of the tree T (x).Spe
i�
ally, h(x) = 0 if jd(x)j = 1, and h(x) = 1 + maxfh(xi) j 1 � i � pgwhere d(x) = (x1; x2; : : : ; xp) and p � 2. The height of a fa
torization forest Fis de�ned by supfh(x) j x 2 A+g.Let f be a morphism from a free semigroup A+ to a �nite semigroup S. Afa
torization forest F is Ramseyan modulo f if for every x of degree p � 3,d(x) = (x1; x2; : : : ; xp) implies that there exists an idempotent e su
h thate = f(x) = f(x1) = f(x2) = � � � = f(xp). We say that f admits a Ramseyanfa
torization forest if it admits a fa
torization forest F overA whi
h is Ramseyanmodulo f and the only words su
h that d(x) = x are the elements of A.In this paper, we assume that the readers are familiar with the lo
al stru
turetheory of semigroup, whi
h are 
overed in Chapter 2 (Green's relations) ofLallement [2℄.3 The group 
aseWe 
onsider in this se
tion a morphism f from a free semigroup A+ to a �nitegroup G. Let e be the identity of G. Sin
e e is the only idempotent elementof G, the only nodes in a fa
torization tree with an outdegree greater than twowill have a label x su
h that f(x) = e.Theorem 1 Every morphism f : A+ ! G, where G is a �nite group, admits aRamseyan fa
torization forest of height at most 3jGj.Proof. Given a word x, let Pre�xImages(x) = ff(u) j u 2 A+ is a properpre�x of xg. For all x; v 2 A+ and u;w 2 A� su
h that x = uvw, we havef(u) Pre�xImages(v) � Pre�xImages(x).We will show by indu
tion on jPre�xImages(x)j that we 
an �nd a tree forx of height at most 3jPre�xImages(x)j.If jPre�xImages(x)j = 0, we have jxj = 1. Let d(x) = x whi
h gives afa
torization tree of height 0.Suppose jPre�xImages(x)j � 1. Let b 2 Pre�xImages(x). Let x = a1a2 � � � apwhere ai 2 A for 1 � i � p. Consider all pre�xes of x that are mapped to b underf . Let 1 � i1 < i2 < � � � < ik � p be all the indi
es su
h that f(a1 � � � aij ) = b.Let u = a1 � � � ai1 , v = aik+1 � � � ap and yj = aij+1 � � � aij+1 for ea
h 1 � j � k�1.We also denote y1 � � � yk�1 by y. Sin
e G is a group, we have e = f(y1) = f(y2) =� � � = f(yk�1) = f(y). We 
onstru
t a fa
torization tree (see Figure 1) for x byde�ning d(x) = (uy; v), d(uy) = (u; y) and d(y) = (y1; : : : ; yk�1). A degenerate
ase o

urs when k = 1, y = " and d(x) = (u; v).2



uyv vuyu yy1 y2 .. . yk�1Figure 1: How to build a tree for the group 
aseWe will now show that for ea
h leaf of the tree we have just built,the size of Pre�xImages has de
reased. We know that Pre�xImages(u) �Pre�xImages(x) and b 2 Pre�xImages(x) n Pre�xImages(u). Thus,jPre�xImages(u)j < jPre�xImages(x)j. We also know that for ea
h yj ,b Pre�xImages(yj) = f(uy1 � � � yj�1) Pre�xImages(yi) � Pre�xImages(x). Sin
eG is a group and b 2 Pre�xImages(x) n b Pre�xImages(yj), we 
on
ludethat jPre�xImages(yj)j < jPre�xImages(x)j. With the same argument, we
an see that jPre�xImages(v)j < jPre�xImages(x)j. By the indu
tion hy-pothesis, there are fa
torization trees for u, v and ea
h yi of height at most3(jPre�xImages(x)j�1) and 
onsequently we 
an 
onstru
t a tree for x of heightat most 3jPre�xImages(x)j.Sin
e jPre�xImages(x)j � jGj, we have found a way to build a fa
torizationforest of height at most 3jGj. 24 The single D-
lass 
aseWe 
onsider in this se
tion a morphism f from A+ to a �nite semigroup thathas only one single D-
lass. Note that the single D-
lass must be regular.Theorem 2 Every morphism f : A+ ! S, where S is a �nite semigroup whi
hhas only one single D-
lass, admits a Ramseyan fa
torization forest of height atmost 5jSj.Proof. Let x = a1a2 � � � ap where ai 2 A for 1 � i � p. We de�ne int(x) =f(Lf(ai); Rf(ai+1)) j 1 � i � p � 1g. Observe that int(v) � int(x) where v is afa
tor of x.Re
all that all H-
lasses in a D-
lass are of the same size. Let q be the sizeof ea
h H-
lass. We will show by indu
tion on jint(x)j that we 
an �nd for ea
h3



uyv vuyu yy1 y2 .. . yk�1Figure 2: How to build a tree for the single D-
lass 
aseword x a fa
torization tree of height at most 5qjint(x)j.If int(x) = ;, we have jxj = 1. Let d(x) = x, whi
h gives a fa
torization treeof height 0.Suppose jint(x)j � 1. Let (L;R) 2 int(x). Let 1 � i1 < i2 < � � � < ik � p�1be all the indi
es su
h that (Lf(aij ); Rf(aij+1)) = (L;R). Let u = a1 � � �ai1 ,v = aik+1 � � � ap and yj = aij+1 � � � aij+1 for ea
h 1 � j � k � 1. We also denotey1 � � � yk�1 by y. By the lo
al stru
ture theory of semigroup, we know that yand ea
h yj belong to the same H-
lass H = R \ L, whi
h is a subgroup of S.We 
onstru
t a fa
torization tree (see Figure 2) for x by de�ning d(x) = (uy; v)and d(uy) = (u; y). By using the te
hnique from the previous se
tion for thegroup 
ase, we 
onstru
t a fa
torization tree of height at most 3jH j = 3q withroot y and leaves y1; : : : ; yk�1. It is a degenerate 
ase when k = 1 and y = �.In that 
ase, the 
onstru
tion tree for x is de�ned by d(x) = (u; v).Sin
e u, v, and all the yj 's are fa
tors of x, we know that int(u) � int(x),int(v) � int(x) and int(yj) � int(x), for 1 � j � k � 1. Moreover, by the wayu, v and the yj 's are de�ned, we know that (L;R) belongs to int(x) but not toint(u), int(v) or any of the int(yj)'s. Then, by the indu
tion hypothesis, thereare fa
torization trees for u, v and ea
h yj 's of height at most 5q(jint(x)j � 1)and 
onsequently, we 
an 
onstru
t a fa
torization tree for x of height at most2 + 3q + 5q(jint(x)j � 1) � 5qjint(x)j.Sin
e jint(x)j is less than or equal to the number of di�erent H-
lasses in Sand q is the size of any H-
lass, the height of the fa
torization tree for x is atmost 5jSj. 2
4



x vyy1 y2 .. . ykFigure 3: How to build a tree for the general 
ase5 The general 
aseWe 
onsider in this se
tion a morphism f from A+ to a �nite semigroup. The fol-lowing basi
 knowledge about semigroup is very important in the understandingof the algorithm: if x = uvw then Df(v) � Df(x).Theorem 3 Every morphism f : A+ ! S, from a free semigroup to a �niteone, admits a Ramseyan fa
torization forest of height at most 7jSj.Proof. Given a word x, we 
onsider the position of Df(x) in the partial orderingof the D-
lasses. We will show by an indu
tion on the D-
lasses partial orderingthat we 
an 
onstru
t a fa
torization tree of height at most 7PD�DDf(x) jDj.Firstly suppose that Df(x) is one of the maximal D-
lass for the partialordering �D. We 
an apply the te
hnique from the previous se
tion for a singleD-
lass. Thus, there exists a fa
torization tree for x of height at most 5jDf(x)j,whi
h is less than 7jDf(x)j = 7PD�DDf(x) jDj.Now, for the indu
tive 
ase, we suppose that Df(x) is not a maximal D-
lass.We need another indu
tion on the length of x. If jxj = 1, we put d(x) = x whi
hgives a fa
torization tree of height 0.Suppose jxj � 1. We say that a word w 2 A+ is primitive if w 2 A, or w andy belong to di�erent D-
lasses where w = ya and a 2 A. We de
ompose x intoprimitive strings y1; y2; : : : ; yk su
h that x = y1y2 � � � ykv where Df(yj) = Df(x)for 1 � j � k and Df(v) >D Df(x). Clearly, k � 1. A degenerate 
ase ofthe de
omposition is when v does not exist. That is, x is de
omposed intoprimitive strings y1; y2; : : : ; yk su
h that x = y1y2 � � � yk where Df(yj) = Df(x)for 1 � j � k. Note that the de
omposition of x is unique.Consider the general 
ase of the de
omposition of x. (The degenerate 
ase iseasier.) We fa
torize x (see Figure 3) a

ording to the de
omposition su
h thatd(x) = (y; v) and y is fa
torized into y1; y2; : : : ; yk using the same te
hniquegiven in the previous se
tion for a single D-
lass. The height of the subtreerooted at y with leaves y1; y2; : : : ; yk (see Figure 3) is at most 5jDf(x)j.For ea
h primitive string yj where 1 � j � k, we fa
torize it (see Figure 4)into y0j and a where yj = y0ja and a 2 A. That is, d(yj) = (y0j ; a). There is no5



yj ay0jFigure 4: How to build a tree for a primitive stringneed to fa
torize yj if yj 2 A.By the indu
tion hypothesis, there exist fa
torization trees for ea
h y0j andv of height at most 7PD>DDf(x) jDj. The total height for the fa
torization ofx is at most 2 + 5jDf(x)j+ 7PD>DDf(x) jDj � 7PD�DDf(x) jDj.Consequently, for ea
h word x we 
an 
onstru
t a fa
torization tree of heightat most 7PD�DDf(x) jDj � 7jSj. 26 Lower BoundsWe have shown that for ea
h morphism f from a free semigroup A+ to a �nitesemigroup S, there exists a Ramseyan fa
torization forest of height at most7jSj whi
h is linear in jSj. In this se
tion, we prove that the result 
annotbe signi�
antly improved. For ea
h of the three steps of the algorithm, weshow that there are examples of semigroup morphism su
h that any Ramseyanfa
torization forest for the morphism would require a height not less than jSj.6.1 The group 
aseLet f be a morphism from A+ to a �nite semigroup. We de�ne a new kindof Ramseyan fa
torization forest (whi
h we 
all Ramseyan group fa
torization)as a fun
tion d from A+ to F(A+) su
h that d(x) = (x1; x2; : : : ; xk) impliesf(xi) = e for 2 � i � k � 1 where e is an idempotent. As in the formerde�nition, the only words x su
h that d(x) = x must be the elements of A.One 
an see that the usual Ramseyan fa
torization tree is just a spe
ial
ase of the Ramseyan group fa
torization tree. On the other hand, given aRamseyan group fa
torization tree of height h, one 
an easily 
onvert it to ausual Ramseyan fa
torization tree of height at most 3h. Thus, the two variantsof Ramseyan fa
torization forests are linearly related in height.Given x 2 A+, we de�ne h(x) to be the minimum height of a Ramseyangroup fa
torization tree for x.Lemma 1 For all x 2 A+, for all u; v 2 A�, h(x) � h(uxv).Proof. Given a group fa
torization tree for uxv, we 
an prune the tree to obtaina group fa
torization tree for x. The pruning is done by �rst eliminating symbolsfrom u and v at the leaves level. More pruning may be triggered at the higherlevels in order to maintain the properties required for a group fa
torization tree.The resulting tree has height not ex
eeding that of the given tree for uxv. 26



Let G be a group f�1; : : : ; �ng of size n, where �1 = e is the identity. LetA = fa1; : : : ; ang and f be a morphism from A+ to G su
h that f(ai) = �i for1 � i � n. We want to show that there exists zn 2 A+ su
h that the height ofany group fa
torization tree for zn is at least n.Let x = b1b2 � � � bk where bi 2 A for 1 � i � k. Consider the sequen
e ofpre�x images �i = f(b1b2 � � � bi), for 1 � i � k. We de�ne � = �1 � � ��k to be thepre�x images string of x. Suppose we are given with the pre�x images string �but not the original string x. Sin
e G is a group, we 
an 
ompute x as follows:b1 = f�1(�1) and bi = f�1(��1i�1�i) for 2 � i � k.Instead of 
onstru
ting zn su
h that the height of any Ramseyan groupfa
torization tree for zn is at least n, we will 
onstru
t the pre�x images stringÆn of zn from whi
h zn 
an be re
overed uniquely.Let � and 
 be two pre�x images strings of the same length k. We say that� and 
 are stru
turally similar if for all 1 � i; j � k, �i = �j i� 
i = 
j .Lemma 2 Let x; y 2 A+ su
h that the pre�x images strings of x and y arestru
turally similar. Then h(x) = h(y).Proof. Let k = jxj = jyj. Let x = b1 � � � bk. Suppose we are given a groupfa
torization tree for x. Let d(x) = (x1; x2; : : : ; xp) where p � 2. Then f(x1) =f(x1x2) = f(x1x2x3) = � � � = f(x1x2 � � �xp�1). Let d(y) = (y1; y2; : : : ; yp) su
hthat jyij = jxij for 1 � i � p. Sin
e the pre�x images strings of x and y are stru
-turally similar, we have f(y1) = f(y1y2) = f(y1y2y3) = � � � = f(y1y2 � � � yp�1).Thus, d(y) is well-de�ned. Furthermore, xi and yi are again stru
turally similarfor 1 � i � p. Therefore, given a group fa
torization tree for x, we 
an 
onstru
ta similar group fa
torization tree for y that is stru
turally the same, and vi
eversa. 2To 
onstru
t Æn, we 
onstru
t indu
tively Æi 2 f�1; : : : ; �ig+ for i =1; 2; : : : ; n su
h that the height of any group fa
torization tree for zi 2 A+, whi
hpre�x images string is Æi, is at least i. We de�ne Æ1 = �1�1. It is immediateto see that any group fa
torization tree for z1 has height one. Suppose we havede�ned Æi 2 f�1; : : : ; �ig+. Let 1 � j � i. By substituting every o

urren
e of�j by �i+1 in Æi, we obtain a string Æji 2 (f�1; : : : ; �ignf�jg[f�i+1g)+ whi
h isstru
turally similar to Æi. Next, we de�ne Æi+1 = ÆiÆ1i Æ2i � � � Æii 2 f�1; : : : ; �i+1g+.We want to show that any group fa
torization tree for zi+1 has height at leasti+ 1. Let d(zi+1) = (x1; x2; : : : ; xp) where p � 2.Firstly suppose �i+1 = f(x1) = f(x1x2) = � � � = f(x1x2 � � �xp�1). Sin
enone of the pre�x images of zi is �i+1, we dedu
e that Æi is a pre�x of the pre�ximages string for x1 where f(x1) = �i+1. Thus, zi is a pre�x of x1. Sin
e zirequires a tree of height at least i for fa
torization, by Lemma 1 any fa
torizationtree for x1 also requires a height of at least i. Hen
e, the total height of thistree for zi+1 is at least i+ 1.Next suppose �j = f(x1) = f(x1x2) = � � � = f(x1x2 � � �xp�1) where 1 � j �i. Re
all that Æji 2 (f�1; : : : ; �i+1g n f�jg)+ is a string that does not 
onsist ofthe symbol �j . Let k = jÆij. Then jÆi+1j = k(i+ 1). Sin
e Æi+1 = ÆiÆ1i Æ2i � � � Æii ,the substring Æji is lo
ated within Æi+1 in positions between kj+1 and k(j+1).There must exist xm where 1 � m � p su
h that Æji is `
overed' by xm in thesense that jx1x2 � � �xm�1j < kj+1 < k(j+1) � jx1x2 � � �xmj. Sin
eG is a group,there is a substring of the pre�x images string of xm that is stru
turally similar7



to Æji , whi
h is also stru
turally similar to Æi sin
e the `stru
turally similarity'relation is transitive. By Lemma 1 and Lemma 2, we 
on
lude that h(xm) � i.Again, the total height of this alternate group fa
torization tree is at least i+1.In Se
tion 3, we prove that every morphism from A+ to a group G admitsa Ramseyan fa
torization forest of height at most 3jGj. A 
lose look at thealgorithm shows that one 
an obtain a Ramseyan group fa
torization forest ofheight at most jGj. Thus, the existen
e of zn shows that the algorithm is indeedtight.Theorem 4 Consider any morphism f : A+ ! G, where G is a �nite group.Let F be a Ramseyan fa
torization forest for f . Then the height of F is at leastjGj.Proof. It has been shown that there exists a string z su
h that the height of anyRamseyan group fa
torization tree is at least jGj. Sin
e Ramseyan fa
torizationis a spe
ial 
ase of Ramseyan group fa
torization, we 
on
lude that the heightof any Ramseyan fa
torization tree is also at least jGj. 26.2 The 
ase of re
tangular bandsIn Se
tion 4, we des
ribe a fa
torization algorithm for the 
ase of a single D-
lass. The algorithm is done re
ursively and relies on the results of Se
tion 3for fa
torization in the group 
ase. If every subgroup (equivalently, H-
lass) istrivial, the algorithm given in Se
tion 4 will produ
e a fa
torization forest ofheight at most 3jSj. In the following, we give a family of examples of singleD-
lass semigroups with trivial H-
lasses (whi
h are 
alled re
tangular bands)that require fa
torization forests of height at least jSj.Given two nonempty sets I and J , we de�ne an asso
iative multipli
ationon the set I � J as follows:8i; i0 2 I;8j; j0 2 J; (i; j)(i0; j0) = (i; j0)A semigroup S is 
alled a re
tangular band if there exist I and J su
h that Sis isomorphi
 to I � J with the previous multipli
ation.Let f be a morphism from A+ to a re
tangular band. We de�ne a Ram-seyan re
tangular fa
torization forest as a fun
tion d from A+ to F(A+)su
h that d(x) = (x1; x2; : : : ; xq) implies jint(d(x))j = 1 where int(d(x)) =int(x1; x2; : : : ; xq) = f(Lf(xi); Rf(xi+1)) j 1 � i � q � 1g. As in the formerde�nitions, the only words x su
h that d(x) = x must be the elements ofA. Observe that every element of a re
tangular band is an idempotent andf(x2) = f(x3) = � � � = f(xq�1). Thus, Ramseyan fa
torization forest is a spe-
ial 
ase of Ramseyan re
tangular fa
torization forest, whi
h in turn is a spe
ial
ase of Ramseyan group fa
torization forest. Given a Ramseyan re
tangular fa
-torization forest of height h, we 
an 
onstru
t a Ramseyan fa
torization forestof height at most 3h. Therefore, the three variants of Ramseyan fa
torizationforests are linearly related in height.Given x 2 A+, we de�ne h(x) to be the minimum height of a Ramseyanre
tangular fa
torization tree for x.Lemma 3 For all x 2 A+, for all u; v 2 A�; h(x) � h(uxv).8



Proof. The proof is exa
tly the same as in the former 
ase for Ramseyan groupfa
torization forest. 2Let A = faij j i 2 I; j 2 Jg and f be the morphism from A+ to there
tangular band I � J su
h that for ea
h (i; j) 2 I � J , f(aij) = (i; j). Givena word x = ai1j1 � � � aipjp , we de�ne int(x) = fbetwx(k) j 1 � k � p� 1g wherebetwx(k) = (jk; ik+1). We want to show that there exists a word su
h that theheight of any re
tangular fa
torization tree for this word will be at least the sizeof the semigroup jSj whi
h is jI j � jJ j.As for the group 
ase, we will 
onstru
t re
ursively a word xk su
h thatjint(xk)j = k and h(xk) � k. For k = 1, pi
k any spe
i�
 ordered pair (i0; j0)from S. Let x1 = ai0j0ai0j0 whi
h will need a tree of height 1 and jint(x1)j =jf(j0; i0)gj = 1.Suppose k > 1. We will 
onstru
t xk from the stru
ture of xk�1. Pi
k aspe
i�
 ordered pair (j00; i00) 2 S n int(xk�1). For ea
h (j; i) 2 int(xk�1), we
onstru
t a word yji by repla
ing the letters of xk�1 su
h that f(yji) = (i0; j0)and for ea
h 1 � p � jxk�1j � 1, betwyji(p) = (j00; i00) if betwxk�1(p) = (j; i)and betwyji(p) = betwxk�1(p) otherwise. It is easy to see that int(yji) =f(j00; i00)g [ int(xk�1) n f(j; i)g and the minimal height of a Ramseyan re
t-angular fa
torization tree for ea
h yij is at least k � 1. We de�ne xk to be the
on
atenation of xk�1 and all the yij 's that have been de�ned previously. Notethat f(xk) = (i0; j0) and int(xk) = int(xk�1)[f(j00; i00)g. Similar to the proof forthe group 
ase, we 
an show that the minimal height of a Ramseyan re
tangularfa
torization tree for xk is at least k. Thus, there exists a word whi
h Ramseyanre
tangular fa
torization tree requires a height at least jSj. Remark: A 
loselook at the algorithm given in Se
tion 4 shows that every morphism from A+ toa re
tangular band semigroup S admits a Ramseyan re
tangular fa
torizationforest of height jSj. Next, sin
e Ramseyan fa
torization forest is a spe
ial 
aseof Ramseyan re
tangular fa
torization forest, we obtain the next theorem.Theorem 5 Consider any morphism f : A+ ! S, where S is a re
tangularband. Let F be a Ramseyan fa
torization forest for f . Then the height of F isat least jSj.6.3 D-trivial semigroupsIn Se
tion 5, we des
ribe a fa
torization algorithm for the general 
ase. Thealgorithm is done re
ursively and relies on the results of Se
tion 4 for fa
tor-ization for the single D-
lass 
ase. If every D-
lass is trivial, the algorithmgiven in Se
tion 5 will produ
e a fa
torization forest of height at most 3jSj. Inthe following, we give a family of examples of D-trivial semigroups that requirefa
torization forests of height more than jSj.For ea
h n, let Sn be the semigroup f�1; : : : ; �ng with the following asso
ia-tive operation: �i�j = �j�i = �maxfi;jg. We 
an easily see thatD�i = f�ig andif i < j, Dj <D Di. Let An = fa1; : : : ; ang. Let f : A+n ! Sn be the morphismsu
h that for ea
h 1 � i � n, f(ai) = �i. For ea
h word x 2 A+n , we 
an easilysee that f(x) = �im where im = maxfi j ai is a letter of xg. Let x1 be the worda1a1 and xi+1 = (xiai+1)2 for 1 � i � n� 1. That is, xn = ((a21a2)2 � � � an)2.Lemma 4 The minimal height of a Ramseyan fa
torization tree for xn is n+1,where n � 2. 9



Proof. Consider an arbitrary fa
torization tree for xn where n � 2. We wantto argue that every internal node is fa
torized into two nodes. Consequently,the minimal height of a fa
torization tree is dlg jxnje = dlg(2n+1 � 2)e = n+ 1.Suppose on the 
ontrary that there is a node labelled by w su
h that d(w) =(w1; w2; w3; : : : ; wp) where p � 3. Sin
e the out-degree is more than two, wehave f(w1) = f(w2) = f(w3) = � � � = f(wp), whi
h we also denote by �k. Thus,ak appears as a symbol in w1, w2 and w3. However, by the way xn is de�ned,within three o

urren
es of ak there must exist ak+1. That is, ak+1 exists ineither w1, w2 or w3. Hen
e, either f(w1) 6= �k, f(w2) 6= �k or f(w3) 6= �k,whi
h is a 
ontradi
tion. 2For the general 
ase, one may wonder if it is possible to show that for anymorphism from A+ to a �nite semigroup S, any Ramseyan fa
torization forestmust have height at least the size of S. The following family of examples provesthe negative.For ea
h n, let Sn be the D-trivial semigroup f�; �1; : : : ; �ng with the follow-ing asso
iative operation: �� = �, �i� = �, ��i = �, �i�i = �i and �i�j = �where i 6= j. Let An = fa1; : : : ; ang and f be a morphism from A+n to Sn su
hthat f(ai) = �i for 1 � i � n.Lemma 5 There is a Ramseyan fa
torization forest for f of height 4.Proof. Let z 2 A+n . We de�ne d(z) = (x; y) and d(x) = (x1; x2; : : : ; xq)su
h that y 
onsists of the same symbol from An and for 1 � k � q, xk =ak1ak1 � � � ak1ak2 where 1 � k1 6= k2 � n. Thus, f(x1) = f(x2) = � � � = f(xq) =�. Moreover, d(xk) = (x0k; ak2) and d(x0k) = (ak1 ; ak1 ; : : : ; ak1). Note that thefa
torization tree may have a height smaller than 4 for degenerate 
ases. 2Referen
es[1℄ T.C. Brown (1971), `An Interesting Combinatorial Method in the Theoryof Lo
ally Finite Semigroups', Pa
i�
 Journal of Mathemati
s, 36 285{289.[2℄ G. Lallement (1979), Semigroups and Combinatorial Appli
ations, JohnWiley and Sons, New York.[3℄ I. Simon (1990), `Fa
torization Forests of Finite Height', Theor. Comput.S
i., 72 65{94.[4℄ I. Simon (1992), `A Short Proof of the Fa
torization Forest Theorem', inTree Automata and Languages, M. Nivat and A. Podelski (eds.), ElsevierS
ien
e Publishers B.V., 433{438.[5℄ I. Simon (1994), `On Semigroups of Matri
es over the Tropi
al Semiring',RAIRO ITA, 28 277{294.
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