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—— Abstract

The class of regular functions constitutes a new pillar of the theory of word transductions: it admits
multiple characterizations (deterministic 2-way transducers, streaming string transducers, regular
function expressions and MSO transductions), and numerous closure properties. In this work, we
propose a new extension of this class beyond functionality, which enjoys multiple characterizations,
including a Kleene-like theorem, as well as several closure properties.

The starting point of our work is an extension of the set of operators introduced by Alur et al to
characterize regular functions in two directions: first, we allow an ambiguous version of the sum
operator, and second, we introduce the Hadamard star of a transduction f, which maps a word u to
the language f(u)*. We show this new class of transductions corresponds to (a decidable subclass
of) a natural extension of streaming string transducers where the register updates are enriched to
allow any regular expression involving the registers. We also identify an expressively equivalent
restriction of non-deterministic 2-way transducers, which we call weakly ambiguous, based on a
structural constraint on the ambiguity.

The resulting class of transductions inherits many of the closure properties of regular functions
(apart from composition). In addition, it is closed by Hadamard star, union and pre-composition
with regular functions. Finally, we show one can effectively decide whether a 2-way transducer is
weakly ambiguous.
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1 Introduction

One of the fundamental results in language theory is the characterization of regular languages
by means of finite state automata, regular expressions and Monadic Second-Order formulae.
While automata are particularly convenient for algorithmic purposes, regular expressions
allow specifications in a declarative manner, and are widely used in practical applications.

This theory has been extended in numerous directions, including finite and infinite trees.
Another natural extension is moving from languages to transductions, namely, functions that
map input words over an input alphabet A to (sets of) output words over an output alphabet
B. In this setting, transducers constitute a fundamental extension of automata. Contrary to
finite state automata, transducers are not robust under classical modifications in the model,
as nondeterminism and two-wayness increase their expressive power.

The class of functions realized by deterministic two-way transducers, so-called regular
functions, has attracted recently a strong interest [6, 7, 17, 14, 20, 13, 12]. Tt is very expressive
and allows the description of natural transformations that are not definable by one-way
transducers (e.g. duplicate the input word, or produce its mirror image). This class enjoys
a logical characterization using Monadic Second-Order graph transductions interpreted on
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A robust class of transductions beyond functionality

strings [16], is equivalent to functional or unambiguous two-way transducers [16], and can
be defined using the model of copyless streaming string transducers (SST) [1], which are a
one-way model updating write-only registers which store strings over the output alphabet.

In [3], Alur, Freilich and Raghothaman showed a Kleene-like theorem for regular functions.
They introduced a set of combinators to form expressions, called regular function expressions
(RFEs), and showed their equivalence regarding expressiveness with the model of SST. RFEs
allow unambiguous versions of natural operators such as sum, Cauchy and Hadamard product,
and Kleene iteration, as well as their mirror images and another more involved iteration
operator. Alternative proofs of this equivalence have been proposed in the last years, starting
from deterministic [14] or unambiguous [5] two-way transducers.

The work in this paper follows this trend. Here, we aim to get a Kleene-like theorem
for a class of transductions that goes beyond functionality. Our starting point has been to
extend RFEs to non-functional transductions in a very natural way, by allowing an ambiguous
version of the sum operator and introducing the Hadamard star of a transduction f, that
maps a string u to f(u)*. The new expressions are called regular relation expressions (RREs).
They define a new class of transductions that we believe is relevant for the following reasons.
First it contains regular functions and is expressive enough to capture several interesting
non-functional transductions, such as:

The Subsequence relation that associates to each word u all the subsequences of w.

The Tterative-Star relation, with domain (ba™)*b, that associates to each word ba"1ba™? . ..

ba™b all the words ba®' ™ ba™"2 ... ba""™b with x1,...,2; € N.

The k-Evaluator relation that associates to each regular expression whose number of

nested union or Kleene star combinators is less than k every word belonging to its

associated language.
Note that the last two cannot be defined by a nondeterministic SST.

Then, this class inherits all of the closure properties of regular functions (except for
composition), and is additionally closed under union, Hadamard star and pre-composition
with regular functions. Last but not least, it admits characterizations in terms of two quite
natural extensions of automaton-like models that we also introduce. The first one, called
SST with regular updates (RSST), is an SST that produces regular expressions over the
output alphabet B. The associated transduction maps a word to the language denoted
by its corresponding output in the RSST. If the number of nested union and Kleene-star
combinators in the output expressions is bounded, then the RSST is called nl-bounded. The
second one, called weakly ambiguous two-way transducer (W2NFT), is a two-way transducer
with a total order over its set of states. Because of nondeterminism, several runs are possible
for a given input word. To be weakly ambiguous, we require that all these runs synchronize
on the largest state. Now, we formally state the main result of this paper.

» Theorem 1. Let f be a word-to-word transduction. The following are equivalent:
f is denoted by a regular relation expression.
f is recognized by a weakly ambiguous two-way transducer.
f s recognized by a ni-bounded streaming string transducer with regular updates.

Moreover, one can decide whether a non-deterministic transducers is weakly ambiguous
and whether an RSST is nl-bounded.

Organization of the paper The models we consider are presented in Section 2. Our main
result, together with important closure properties of our class of transductions, are given in
Section 3. Section 4 describes the translation of a W2NFT into an RRE. Lastly, a discussion
is conducted in Section 5. Omitted proofs can be found in the Appendix.
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Related works In [2], a non-deterministic version of SST is studied. In particular, it is
shown that the model is equivalent to non-deterministic MSO transductions (NMSOT). This
form of non-determinism is incomparable to the one we study in this work: in NMSOT, every
input word is mapped to a finite set of output words, while we may have infinite sets using
Hadamard star. On the other hand, NMSOT allow to encode the transduction that maps
any word u to the set of words vv, with v subword of w. This is not possible in our model as
it requires to make the same guess of the positions to keep twice. In addition, to the best of
our knowledge, no presentation of NMSOT by means of expressions is known.

In [8], the authors aim at exhibiting a set of expressions to capture the expressiveness of
the whole class of non-deterministic two-way transducers. This constitutes a challenging open
problem, and a solution is provided for the case where both the input and output alphabets
are unary. In [4], a Kleene-like theorem is given for the whole class of non-deterministic
2-way transducers. However, the regular expressions proposed are rather machine oriented
as they roughly encode the moves of the transducer, step-by-step. There is thus a lack of
high-level operators, more amenable to an easy specification of transformations.

In [12], the authors use an incomparable definition of RRE without Hadamard star but
with an ambiguous version of the Cauchy product and chained star operator. They show that
such RREs can be expressed as the pre-composition of a 2-way reversible transducer with a
1-way-nondeterministic transducer. The latter parses the input word, non-deterministically
adding parenthesis to disambiguate it according to the RRE, while the former evaluates the
tagged word to a single output word. So the non-determinism consists in the different ways
an RRE can parse an input word. In our work, we tackle a different problem: input words
are always parsed by our RREs without ambiguity. However, the evaluation of an input word
is done non-deterministically and then yields a possibly infinite set of output words.

2 Models

2.1 Preliminaries

Let X be a finite alphabet, the empty word is denoted €, and the set of words on 3 is denoted
¥*. The length of a word w € ¥* is denoted |w|. Given a non-empty word w € X*, its

positions are numbered using integers ¢ € {0, ..., |w| — 1} and w[i] is the letter at position 4.

Given two languages L1, Lo C ¥*, we say that Ly, Ly are unambiguously concatenable if
any word u € Lj Ly uniquely decomposes into vw with v € L; and w € Ly. The language
L C X% is unambiguously iterable! if any word u € L* uniquely decomposes into u; .. . u,,
for some n > 0, with each u; € L.

We consider the set U (%) of non-null regular expressions over ¥. We represent them using

the following grammar : U(X)da:1|a € X | apas | [a1 + a2] | (1) where a1, as € U(D).

The term {c) stands for af. This grammar has the advantage to make easier the evaluation
of the expression during a left-to-right parsing, since the next operator is fully determined
by the type of the encountered “parenthesis”, namely [ or (. Given o € U(X), we denote
by L(a) C ¥* its associated language. It is well known that regular expressions allow to
describe the class of regular languages over ¥, denoted Regy..

A classical parameter often considered when dealing with expressions is the nesting
level of parenthesis. It is defined recursively as follows: if b € ¥ and a3, s € U(X), then
nl(1) = nl(b) = 0, nl(a1az) = max(nl(ay), nl(asg)), nl([a; + as]) = 1 + max(nl(ay), nl(az))
and nl({a1)) = 1 + nl(a1). Note that we do not take into account the concatenation.

1 Also called a code in the literature.
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Given two finite alphabets A, B, a transduction from A* to B* is a relation between A*
and B* (i.e. a subset of A* x B*). It can also be seen as a partial map from A* to P(B*).

2.2 Regular Relation Expressions

Given two finite alphabets A and B, a regular relation expression f denotes a partial function
[f] from A* to Regp, whose domain is written dom(f).

» Definition 2 (Regular Relation Expressions (RRE for short)). Given two finite alphabets A
and B, the class of regular relation expressions is the smallest class of functions from A* to
Regp that satisfies the following properties:

it contains the constant functions L/v where L C Regy \ {0} and v € B*. Its domain is

dom(L/v) = L and for alluw € L, [L/v](u) = {v}.

if f,g are RREs, then the sum f @ g is an RRE such that dom(f @ ¢g) = dom(f)Udom(g)

and for allu € dom(f D g)f Hf @ g]] (u) = Uhe{f,g}\uedom(h) [[hﬂ (u)
if f,g are RREs, then the Hadamard product f ® g is an RRE such that dom(f ® g) =

dom(f) Ndom(g) and for all u € dom(f ® g), [f ® g](u) = [f](w) - [g] ().

if f is an RRE, then the Hadamard star f® is an RRE such that dom(f®) = dom(J)
and for all w € dom(f®), [f®](u) = [f(w)]*.

if f,g are RREs such that dom(f) and dom(g) are unambiguously concatenable, then
the Cauchy product f e g is an RRE such that dom(f e g) = dom(f)dom(g), and for all
u = ujus with uy € dom(f) and ug € dom(g) : [f e g](uw) = [f](u1) - [g](uz).

if f is an RRE and if L C Reg,\{0} is unambiguously iterable and such that L* C dom(f),
then the k-chained star f®1* and the left k-chained star f® L% are RREs such that

dom(f®-Lk) = dom(fé’L’k) = L%, and for all u = ujus ... u, with u; € L for all i:
£ M) = [ us) - I i)+ [T - )

1754 ) = [T tnms - ) [ Uz ) - [ )

» Remark 3. Actually, the 2-chained star and its left version suffice to define RREs. Indeed,
other k-chained stars can be defined from them. For instance, the 3-chained star f®X3 is
equivalent to g e ((f o L/2) ® (L/e ® £))®L":2 on the domain (L2)>2 of g. It follows that
f®L3 can be expressed as f @ g® ((go L/e) @ (L* /e o f)). However, 3-chained star naturally
appears in our proofs when constructing RREs from non-deterministic transducers.

Regular function expressions (RFEs) of [3, 5, 14] can be seen as a restriction of the class
of regular relation expressions in which the Hadamard star is forbidden and the sum f & g
is authorized only if f and g have disjoint domains. Other operators are introduced, but
they are redundant. They can be derived from those presented here (see [5] and [14]). For
instance, the Kleene star of a function f, noted here f®, simply corresponds to f®-dom(f).1,

The addition to the original model of an ambiguous version of the sum together with
Hadamard star, two natural operators, constitutes the starting point of our work. They help
to design a new interesting class of transductions, some examples are presented below.

» Example 4. Come back to the first two transductions presented in Section 1. The
Subsequence relation can be expressed as fsu, = €/ ® (a/e ® a/a ® b/e & b/b)®, and the

®
Tterative-Star relation as frg = b/b @ ((b/b . ((a/a)®)®) o b/b)

On the other hand, the Suffix relation fg,s that associates to a word u all the suffixes of
u cannot be specified by an RRE. Intuitively, this would require to ambiguously split the
word w into ujug and output the suffix only. This cannot be done with unambiguous Cauchy
product or chained star.
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» Example 5 (Evaluation of regular expressions). Let U, C U(X) be the set of expressions with
a nesting level at most k. This set can be seen as a regular set of words over JU{1, [, +,], (,)}.
Interestingly, we can define an RRE feyq:,1 that associates to each expression a € U}, the
language denoted by «. It is inductively built as follows:
k=0:let Id = (1/e) ® ®pes(b/b) be the function that evaluates a letter of X. Clearly,
the base case is the RRE feyar,0 = (I d)® that evaluates expressions with nesting level 0.
The RRE feparx = (Id @ feval+k © fevar«r)® decomposes an expression into sub-
expressions that are 1, a letter of 3, a union expression [- + -] or a Kleene expression ().
It evaluates each sub-expression using Id, feyai,+,k OF fevai <,k according to its type:
Fevatcre = ([/€) @ (fevatos @ (+/2) 8 U1 /) & (Unr /2 ® (+/2)  fovation)) » (1/¢)
simply inductively evaluates the left operand or the right operand of a union expression,
and makes the union of the results.
fevatee = (/) @ (2 1 11 ® Uk—1/¢) ® ()/¢) inductively evaluates the operand of a
Kleene expression and iterates the result.

2.3 Streaming String Transducers with Regular Updates

» Definition 6 (Streaming String Transducers with Regular Updates (RSSTs for short)). Given
two finite alphabets A and B, a streaming string transducer with regular updates S over
(A, B) is a tuple S = (Q, 1, F, 0, X, u,v) where A= (Q,1, F,d) is a deterministic finite state
automaton over A, i.e. Q is a finite set of states, i € Q) is the initial state, F' C Q is the set
of final states, and & mapping from Q X A to Q. This automaton is equipped with a finite
set of registers X, an update function p:Q x Ax X - U(BUX) and an output function
v:F > UBUX), where U(BU X) denotes the set of reqular expressions as specified in
preliminaries.

Intuitively, along an execution of an RSST, registers X € X contain a word of U(B).
Each transition step of A triggers register updates that depend on the current state and input
letter. When A reaches a final configuration with final state ¢ € F', the RSST S outputs the
regular expression obtained by substituting in v(q) the registers with their values.

Formally, a valuation of the registers is a function x : X — U(B). We extend this notion
to regular expressions « of U (X U B) writing x(a) to denote the regular expression « in
which each register X is replaced with x(X). A configuration of S is a triple (g, x, ) where
q € @Q, x is a valuation that describes the current value of registers and ¢ is the position of
the reading head on the input word. The initial configuration is (i, xo,0), where yo maps
every register to 1. Two configurations (¢, x,%) and (¢’, x’,¢) are consecutive on v € A*
if 8(q,ufi]) = ¢, ¥ =i+ 1 and, for every X € X, x'(X) = x(u(q,u[i], X)). A run on u is
a sequence of consecutive configurations on w. It is accepting if it starts from the initial
configuration and ends in a final configuration (g, x, |u|) with ¢ € F. In this case, the RSST
S outputs the regular expression x(v(¢)). Since S is deterministic, there is at most one
accepting run on u for all w € A*. Thus, S describes a transduction [S] from A* to U(B).
Since an RSST outputs a regular expression, we can also define the evaluated semantics of S
as the word-to-word relation [S]eya; over (A, B) that maps any word u € A* to the regular
language L([S](u)) C B*.

Streaming string transducers (SST) [1] are simply RSSTs whose updates are restricted to
words in (B U X)* (i.e. union and Kleene operators are forbidden).

Copyless SSTs is a classical restriction well-studied in the literature. The copyless property
states that, for all states ¢ € @) and letter a € A, a register X can appear at most once in all
the regular expressions in {u(g,a,X) | X € X'} and at most once in the regular expression
v(q). In this paper, we consider copyless RSSTs only.
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olY + [Yo+1] Y XX
a < a
blY < b
*» Y H@—»\/(DD CL|X < XCL
b X+1
Y « Y(X)b
Ssuf Sis

Figure 1 Two examples of RSSTs. The one on the right is nl-bounded.

» Example 7. Figure 1 depicts two copyless RSSTs. The RSST Sg,s recognizes the Suffix
relation and Syg recognizes the Iterative-Star relation of Example 4. We recall that the Suffix
relation cannot be specified by an RRE.

If we look more closely at Sg,f, we can see it outputs regular expressions whose nesting
level (as defined in Subsection 3.1) depends on the size of the input. On the other hand, if
we identify the image of an input word v under an RRE f as a regular expression a € U(B)
(this is quite simple), one can check that the nesting level of « is bounded by the number of
operators used in f. This observation leads us to consider the restriction below that we will
prove to be equivalent to RREs.

» Definition 8. An RSST S is nl-bounded by n if all the regular expressions in the image
of [S] have nesting level at most n. We say that S is nl-bounded if it is for some n.

For instance, the RSST S;g of Figure 1 is nl-bounded (by 1). In contrast, Sg,s is not.
By analysing the updates of registers along simple cycles, one can prove:

» Proposition 9. Given an RSST S, one can decide whether S is nl-bounded in PTIME.

2.4 Weakly Ambiguous Two-Way Finite State Transducers

When studying two-way automata and transducers, it is classical to use additional symbols
and - to surround the input word, thus allowing the two-way device to identify the beginning
and the end of the input. Given a finite alphabet A, we let A4 = AU {F,}.

» Definition 10 (Two-way finite state automata (2NFA for short)). Given a finite alphabet A,
a two-way (non-deterministic) finite state automaton over A is a tuple A = (Q—,Q,1,f,0)
where Q@ = Q_, W Q. is a finite set of states, i € Q_, is the initial state, f € Q_, is the final
state. The transition relation ¢ is included in the union of the following relations:

([} UQe) x {F} x Qo

Q\ {ift x Ax Q\ {i.f}:

Qo \ i % {1} % (@ UL,

The automaton is deterministic if  is a partial function from Q X A4 to Q.

We describe the behaviors of a 2NFA A on some input word w in Af . A configuration
of A is a pair (q,7) € Q x N, where i is the position of the reading head. The reading head
always points between symbols of u, and possibly on the left of the first one and on the right
of the last one. The type of states, @Q_, or Q. , indicates whether the next input letter read
is on the right or on the left of the reading head. Two configurations (g,7) and (¢’,4') are
consecutive on u if 0 < i+ mgy < |ul, (q,u[i +mgy],¢') € § and i’ =i+ my + my + 1, where
my (respectively mg ) equals 0 or —1 depending on whether ¢ (respectively ¢’) belongs to
Q- or Q.. Thus, the reading head moves right (respectively left) when a transition with
two states in Q_, (respectively in Q. ) is fired. Otherwise, it does not move.
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A run r on u@i, j from p to ¢ is any finite sequence (qo,%o) - - - (gn,n) of consecutive
configurations on u that starts at configuration (p,4) and ends at configuration (g, j). As
usual in two-way automata, one can define when two runs r; and ro can be concatenated, in

which case we write this concatenation as ;1 :: r2 (see Appendix C.1 for a formal definition).

This notation is extended to sets of runs in the expected way. At many places, we distinguish
runs according to the way in which they go through a word:

r has type LL if g € Q—, gn € Q, 10 =in and ig < 7; for all 0 < j < n;

r has type RR if qo € Q, ¢n € Q—, 70 = ip, and i; < i for all 0 < j < n;

r has type LR if qo,qn € Q—, 10 < ipn and ip < i; < iy, for all 0 < j < mn;

r has type RL if qo,qn € Q, in < ig and i, < 1; <ig forall 0 < j <mn;

r is a return run if it is LL or RR, and a transversal run if it is LR or RL;

r is proper if it is a return or transversal run and g, i, € {0, |ul}.
In particular, a proper LL-run (respectively RR-run) starts and ends at position 0 (respectively
position |u|). Note that no end marker can be read along a return run, and a traversal run

can read them at most once. So all traversal proper runs are on words in {F,e} - A* - {e,}.

A run is accepting if the first configuration is (i,0) and the last one is (f, |u|). Accepting

runs are only possible for words with end markers, namely of the form Fu- with v € A*.

They are always proper and of type LR. Note that the final configuration does not allow
additional transitions. The word language L(A) of a 2NFA A consists of the set of words
u € A* such that there exists an accepting run on Fu-.

We recall the standard notion of transition monoid of A, denoted M 4, which is included
in P(Q?), and such that the mapping ¢ from A* to M4 that associates to a word u € A* the

set of pairs (p, q) such that there is a proper run from p to ¢ on u, is a morphism of monoids.

We say that A has a finite degree of ambiguity if there exists some integer k such that for
any word u € A*, there are at most k accepting runs of A on Fu-. Otherwise, we say that
A is infinitely ambiguous.

We define the projection pos : (Q x N)* — N* that erases the states of a run to keep only
the sequence of positions of the reading head. In addition, we also define for every state k
the projection 7y : (Q x N)* — ({k} x N)* that erases from a run the configurations that
are not in {k} x N, and we set posy = pos o m. Then, for a run r, posi(r) represents the
sequence of reading head positions at which the state k occurs along r.

» Definition 11. Let A be a 2NFA, k be a state of A and i € N.
A set R of runs synchronizes on (k,i) if (k,i) appears in all r € R.
A set R of runs is k-synchronized if {posy(r) | r € R} is a singleton.
A set R of runs is k-stationary if {posx(r) | r € R} C {j}* for some j € N.

From now on, we consider a total order < on the states of @), and identify @ with
{1,...,]Q|}. We define the rank of a run cr, with ¢ a configuration, as the greatest state
occurring in r. Note that the first configuration is not considered. Let e = (p, k,q) € Q3. We
denote R(e, L) as the set of proper runs on u € L from p to g of rank k. For readability, we
simply write R(e,u) when L = {u}.

We finally have all the necessary tools to define weakly ambiguous automata: intuitively
such an automaton may be infinitely ambiguous, but different runs on a same input word
should have similar behaviour w.r.t. a state of highest rank. This structural condition emerges
naturally when looking at 2NFT built from expressions. For instance when defining a 2NFT
for the union of two 2NFT's, one introduces a new state over which all runs synchronize: they
start in the new state then non-deterministically jump to one of the two 2NFTs. Such a
“hierarchical” definition is a useful approach to build weakly ambiguous 2NFT, as done in
the proof of Proposition 18.
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55T |
ﬁfaf7f?f3
ﬁf%fq
?fé
T-9-7-7-3-3

Figure 2 A weakly ambiguous 2NFT 7T;s that recognizes fis, and two of its LR proper runs on
(ba)* from state 2 to state 2. We can see they are 3-synchronized.

» Definition 12. A 2NFA A is weakly ambiguous with respect to < if for all words u € A*
and all (p, k,q) € Q3, the set R((p,k,q),u) is either empty, k-synchronized or k-stationary.

Note that deterministic 2NFAs are trivially weakly ambiguous w.r.t. any order since, in this
case, the sets R((p, k,q),u) contain at most one run. One can decide weak ambiguity:

» Proposition 13. One can decide whether a 2NFA is weakly ambiguous with respect to a
given order over its states, in EXPTIME.

» Definition 14 (Two-Way Finite State Transducers (2NFTs for short)). Given two finite
alphabets A and B, a two-way finite state transducer from A to B is a pair T = (A, out),
where A = (Q,Q,1,f,0) is a 2NFA over A, and out : § — B* is an output function that
maps transitions of A to words over B.

Intuitively, T extends A4 with a one-way left-to-right output tape containing elements of B*.
When a transition ¢ € § is fired, the word out(t) is appended to the right of the output tape.
The word written on the output tape at the end of a run r is denoted output(r).

A 2NFT T thus defines a transduction [7] from? A* to Regy. Its domain is dom(7) =
L(A). For all u € dom(7), v € [T](u) if v is the output of an accepting run on Fu-.

A 2NFT is deterministic (2DFT) or weakly ambiguous (W2NFT) if its underlying auto-
maton is. So the class of 2DFTs is strictly included in the class of W2NFTs. In particular,
any regular function (i.e. recognized by a 2DFT) is recognized by a W2NFT.

Lastly, the transition monoid of T, denoted as My, is defined as the one of A.

» Example 15. Figure 2 depicts a weakly ambiguous 2NFT T;g with order i < f <1 <2 <
4 <5 <6=<7=<3. The arrows in the states, represented by circles, indicate the reading
direction. It has domain (ba™)*b and recognizes the transduction f;g of Example 4. Two LR
proper runs on (ba)?* from state 2 to itself are depicted in Figure 2. In the second run, we
can see that state 5 occurs multiple times at the same position. The piece of run between
these two occurrences can be repeated any number of time, giving rise to new runs: 7T;g does
not have a finite degree of ambiguity. All these runs have rank 3 and are 3-synchronized.

2 Tt is easy to verify that for every u € A*, [T](u) is a regular language on B.
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3 Main result

3.1 Preliminary properties

The following properties give a clue as to why the class of transductions we study behaves
nicely, namely the good closure properties it enjoys.

The following proposition is proved using decomposition theorems: according to [15], any
rational function is the composition of a sequential and a co-sequential function. Moreover,
using the result of Krohn-Rhodes [19], sequential functions can be further decomposed.

» Proposition 16. RSSTs are closed by RRE operations. Moreover this preserves nl-
boundedness.

The next proposition is shown using a result of [11] stating that regular functions can be
realized by reversible transducers, and that pre-composition with reversible transducers is
well-behaved.

» Proposition 17. W2NFTs are closed by pre-composition with a regular function.

Finally the evaluation relation which inputs a regular expression (of bounded nesting
level) can be realized by a weakly ambiguous transducer.

» Proposition 18. For all n, the transduction feyar.n which evaluates a regular expression
can be recognized by a W2NFT Teyqin.

Sketch of proof. We can build two-way transducers for f.yq,» by induction over n. Base
cases are easy, and the inductive step uses a modular construction which naturally entails
that the resulting transducers are weakly ambiguous.

Alternatively, we could use the fact that weakly ambiguous transducers are closed under
pre-composition by regular functions to show that they are closed under RRE operations (as
is done for RSSTs), and thus subsume RREs. |

3.2 Main theorem

Now that we have formally defined the models we study, we can (re)state our main result:

» Theorem 1. Let f be a word-to-word transduction. The following are equivalent:
f is denoted by a regular relation expression.
f is recognized by a weakly ambiguous two-way transducer.
[ is recognized by a nl-bounded streaming string transducer with regular updates.

Sketch of proof. From RRE to RSST: Using Proposition 16, we only have to notice that
constant functions can be realized by nl-bounded RSSTs.
From RSST to 2NFT: By definition, the semantics of an RSST S with nesting level
n can be expressed as the composition [S]evai = [Teval,n] © [S]. One can thus see an
nl-bounded RSST as a regular function. Using Proposition 17 we know that W2NFTs are
closed under pre-composition by regular functions. We can conclude since the evaluation
relation can be realized by a W2NFT (Proposition 18).
From W2NFT to RRE. This last inclusion is proved in the next Section.

<

» Remark 19. Word-to-word regular functions are also characterized as word-to-word MSO
transductions [16], in the sense of Courcelle [9]. As a consequence, our class of transductions
is equivalent to that of MSO transductions from words to regular expressions, which have a
bounded nested-level, i.e. such that there exists a bound on the nesting level of all the regular
expressions they may output. Indeed, the reasoning of the previous proof to go from RSST
to 2NFT is also valid for any MSO transduction of bounded nested-level.
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4 From Two-Way Transducers to Expressions

Our construction is based on the one of [14] for deterministic 2NFT. It strongly relies on the
following unambiguous version of Simon’s factorization forest theorem [22]:

» Theorem 20 ([14]). Let M be a finite monoid and ¢ be a monoid morphism from A* to
M. For each m € M, there is an e-free p-good regular expression E,, such that L(E,,) =

e (m) \ {e} € A*.

In this statement, an e-free regular expression cannot use € nor Kleene star, but can use
Kleene plus. Goodness means that the expression E,, is unambiguous and that the image
©(L(E)) of any sub-expression E of E,, is a singleton {mg}. As a consequence, Kleene plus
connectors only occur on sub-expressions whose image by ¢ is an idempotent element.

The approach of [14] uses the transition monoid M7 and properties of its idempotents.
A recap is given in Appendix B. Roughly, the determinism of the transducer entails strong
properties on idempotents elements of My, such as nice decompositions of runs. In this
paper, we start from a weakly ambiguous 2NFT 7. Because it is non-deterministic, the
study of the shape of its runs is more difficult.

4.1 Analysis of the shape of runs

Preliminaries We slightly modify the classical definition of transition monoid to keep track
of run ranks. We denote by MY C P(Q?) this new monoid. To each input word u € Af |
we associate the set m = p(u) € M defined by (p, k, q) € p(u) if there is a proper run in 7°
on u of rank k from p to ¢. One can verify that M7 is a monoid, and that y is a monoid
morphism. For e = (p, k, q) € m, we denote by R(e,m) the set of all proper runs of rank &
from p to ¢ on words u € p~*(m), and we have that R(e,m) = U, uy=m B(e;u). Observe
that given an element e € m, all the proper runs in R(e,m) have the same type and the
same rank. We define this way the type and the rank of e.

Given an element m € M-, we define the labelled graph G,, by interpreting elements of
m as edges: (p,k,q) € m yields an edge from p to ¢ labelled by k. An example is given on
Figure 3, which corresponds to the W2NFT of Example 15.

Let L; and Lo be two unambiguously concatenable languages and u = vw € Ly Lo, with
v in Ly and w in Ly. We say that a run r on w is L, Lo-quasi-proper if it starts and
ends at positions 0, |v| or |u|. Such a run can uniquely be decomposed into a sequence

A, .1,(r) = (t1,...,tn) where the t;’s are proper sub-runs alternatively on v or w such that
r =1ty -+ t,. This notion can easily be adapted to the unambiguous Kleene iteration of
a language L: given a quasi-proper run r on u € LT, there exists a unique L-decomposition
Ap(r) = (to, t1,-..,t;) of proper sub-runs over L such that to ::¢1--- 1t = 7.

» Remark 21. There is a bijection between L-quasi-proper runs r on some word in LT, and
paths p of G, from p to g. It follows from the (unique) decomposition r = tg :: - - - :: ¢, where
Ap(r) = (to,--.,t), which corresponds to the path (po, ko, qo) --- (pi, ki, q) in G, with
t; = (pi, ki, q;) for every i. In particular, observe that the rank of r is max{k; | 0 < i < I}.

Analysis of runs in LT From now on, we suppose that L is an unambiguously iterable
language whose image m by p is an idempotent element of M. We first state an easy property:

» Lemma 22. The L-decomposition of a quasi-proper run r on u € L* cannot contain both
an LR-run and an RL-run.

In general, we can tell nothing about the rank of the runs in the decomposition of r. But
interesting properties can be exhibited when the starting and ending states of r are in the
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2

Q 2 o5 4
2 3 4
5 6 7
(V () ()
3 © 7

Figure 3 On the left, the graph Gpape associated to the idempotent element mpgpe. On the right,
the graph G, associated to the idempotent element m,,.

same (non-trivial) strongly connected component (SCC) of G,,,. This relies on the particular
structure of the SCCs of G,,, characterized by Proposition 23. We write p ~,, ¢ if p and ¢
are states of the same non-trivial SCC C of G,,,. We also use letter C' to denote a non-trivial
SCC of G,,,. The rank of C, denoted k¢, is the maximum of the ranks of its edges.

» Proposition 23.

1. All transversal edges of an SCC C of G, have the same type, and the same rank as C.

2. Let Cy and Cy be two non-trivial SCCs of G, that contain transversal edges of m. If
there is a path from a state of Cy to a state of Cy in G, then Cy = Cs.

» Example 24. Following Example 15 (remember that 3 is the greatest state here), one can
check that the element mpqp, = p(baba) is idempotent. Its graph is depicted on Figure 3.
As expected, all the transversal edges of the strongly connected component {2,5,6,7} have
the same type and the same rank 3. Those with a different rank are LL or RR edges. If we
look at the graph G, of the idempotent element u(a), we can see four strongly connected
components. Each of them has transversal edges of a single type. The rank of transversal
edges in different components can be different.

Thanks to Remark 21, Proposition 23.1 can be reformulated in terms of runs.

» Corollary 25. Let r be a quasi-proper run on u from p to q with p,q in an SCC C.
All the transversal runs of Ar(r) have the same type and rank kc;
All the return runs of Ar(r) have rank less than or equal to kc.

» Proposition 26. Let w = wy ... w, € LT, The runs in U, ,cong_, B((p; ke, q),w) (resp.
Up,quer R((p,kc,q),w)) synchronize on kc. More precisely, they do it at least once
between positions |wy ... w;| + 1 and |wy ... wi41] for all 0 < i < n.

Sketch of proof. Consider two proper transversal runs 71,79 on some word w = w; ... wy
in some SCC C'. Given p,q € Q_, NC, we can extend them so as to obtain two transversal
runs ext, 4(r1) and ext, 4(r2) on the word wiww,, which both start in p and end in ¢. This
is possible as the two runs belong to the same SCC. Since 7T is weakly unambiguous, the two

extended runs are ko-synchronized, which is possible by construction only if r; and ro are.

The second part of the corollary holds because of Corollary 25. |

From Proposition 23.2, it results that we can decompose any long enough transversal
proper run into 3 transversal (quasi-)proper sub-runs. The length of the prefix and the suffix
sub-runs depends on the number of states of 7. The infix sub-runs “live” in an SCC whose
rank is smaller than those of the other sub-runs. Thus, Corollary 25 holds for this sub-run.

» Proposition 27. If r is a proper transversal run on u € L=2IQ1H3 where Q is the number
of states of the 2NF'T, then it can be decomposed into 1 :: o :: r3 such that
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1 is a proper transversal run to p on the prefiz uy of u in LICI+1;
3 is a proper transversal run from q on the suffiz uy of u in LIQI*1;
the states p and q are ~.,-equivalent.

the ranks of r1 and r3 are greater than, or equal to, the rank of ra.

4.2 Building expressions from transducers

Let T be a weakly ambiguous transducer w.r.t. some order < on its states. Without loss of
generality, we can suppose that the final state f of 7 is the largest state because it appears
at most once in any run (at the last configuration). We aim to build a RRE f7 equivalent to
[T]. Our construction relies on the following key lemma.

» Lemma 28. For any e-free u-good reqular expression F' and e = (p, k,q) € u(L(F)), we can
compute an RRE outp . with domain L(F') such that Joutp ] (u) = {output(r) | r € R(e,u)}.

Intuitively, the proof proceeds by induction on F. The main difficulty arises when
considering Kleene iteration. In this case, we use Proposition 27 to show that we can build
out . as a finite sum by distinguishing the SCC and the inner states p, g. The detailed proof is
given in Appendix D. We explain how to use it to get fr. We let P = {u(Fu-) | u € dom(T7)}.
For each m € P, € does not belong to =1 (m), and by Theorem 20, we can find an e-free
p-good regular expression E,, for p~'(m). We let 5 = (i, f, ). We get by Lemma 28:

[T](w) = [[@ outp,, e; | (Fu) for all u € dom(T).

meP

Using small technicalities to get rid of endmarkers, one can then derive f7 from @, . p outp,, ¢;-

5 Discussion

We have introduced a class of relations which subsumes regular functions, has several distinct
characterizations and enjoys multiple closure properties.

We have also investigated other aspects of this class. Firstly, while we have shown
that this class is closed under pre-composition by regular functions, it is not closed under
post-composition by regular functions. For instance the relation which maps a word to any
square of a subword is not recognizable by a two-way transducer since one cannot make the
same guess of which positions to keep twice. We actually think that it is not even closed
under post-compostion by sequential functions. Second, for the sake of simplicity, we have
not mentionned yet a rather natural restriction of RRE which would correspond to one-way
weakly ambiguous transducers. We strongly believe that such an equivalence should hold
by removing all operations which are not one-way and having an unambiguous Kleene star
operation. Lastly, the equivalence of two weakly ambiguous transducers is unfortunately
undecidable, the classical proof being incidentally valid for weakly ambiguous transducers.

Natural extensions of this work would be to allow ambiguity for the Cauchy product or
the chained-star operators. Note however that two-way transducers are not closed under
these operations, so such a class would go beyond two-way transducers. One possibility
to circumvent this problem would be to consider transducers with common guess: such a
transducer can non-deterministically guess a coloring of its input and thus perform such
operations. Finally, we do not know whether weak ambiguity subsumes finite ambiguity. A
sufficient condition is that finitely ambiguous transducers coincide in expressiveness with
finite unions of unambiguous transducers, but this is an open problem.
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A  Proofs of Subsection 3.1

The following proposition is proved using decomposition theorems: according to [15], any
rational function is the composition of a sequential and a co-sequential function. Moreover,
using the result of Krohn-Rhodes [19], sequential functions can be further decomposed.

» Proposition 29. RSSTs are closed by pre-composition with a letter-to-letter rational
function. Moreover this preserves nl-boundedness.

Proof. In order to prove this we rely on two decomposition results. The first is the result
of Elgot and Mezei [15] which states that any rational function is the composition of a
sequential and a co-sequential function. The second is the result of Krohn and Rhodes [19]
which says that any letter-to-letter sequential function (ie realized by a Mealy machine) is
the composition of two kinds of functions:

functions realized by Mealy machines where each letter induces a permutation of the

states.

functions realized by 2 state Mealy machines where each letter induces either a constant

function over the states or the identity function.
Of course the symmetric result holds for co-sequential functions. Thus we only need to show
closure under pre-composition by these simpler classes of functions. This is what we do
in Lemmas 30, 31 and 32. The fact that nl-boundedness is preserved is clear since it is a
semantic restriction.

<

» Lemma 30. RSSTs are closed by pre-composition with letter-to-letter sequential functions.

Proof. Let A, B,C be three alphabets. Let Sy = (Qy,i¢, Ff,0¢, Xy, g, v¢) be a RSST over
(B, C) and g a letter-to-letter sequential function. Then g is recognized by a mealy machine
A=(Qa,ia,Fa,5a,)a) over (A, B). We build a RRST § = (Q,1, F, 6, X, u,v) over (A, C)
such that [S] = [S¢] o [A]. For readability, the states of Sy are denoted as p,ps,..., the
one of A as q,q1,... and those of S as s, s1,....

The RSST & results from the product construction between Sy and A: Q = Q5 x Qa,
i=(if,14), F = Fy X F4. On reading an input letter a from a state s = (p, ¢), the RSST S
first simulates .4 on a from ¢, which produces an output b, and then simulates Sy on b. Thus,
S uses the same registers as Sy and 6(p,q) = (p,¢’) if da(g,a) = ¢, AM(g,a) =b, d;(p,b) =p’
and p((p,q),b) = u(p,b). Moreover, for all final states (p,q) € F, v(p,q) = v(p). Clearly,
S is a RSST since the updates are the same as the ones of Sy. A simple induction on the
length of runs shows that [S] = [Sf] o [A].

<4

» Lemma 31. RSSTs are closed by pre-composition with functions that are recognized by the
transpose of two-state Mealy machines where every input letter acts as a constant function or
the identity function on the states.

Proof. Let A, B,C be three alphabets. Let Sy = (Qy, i, Fy, 05, X5, s, v¢) be a RSST over
(B,C) and A= (Qa,14,Fa,d4,2a) be the transpose of a Mealy machine over (A, B) as in
the lemma. We denote its two states as f and §, both are initial and f is final. The transition
relation is § € Q4 X A X Q4 and the output function is A4 : 6 — B. We build a RRST
S =(Q,1,F,6,X,u,v) over (A,C) such that [S] = [S¢] o [A]. For readability, the states of
Sy are denoted as p, pi, ..., the one of A as ¢,q1,... and those of S as s,s1,....

We explain the ideas behind the construction. For a given input word u € A*, S simulates
at the same time all the runs of A on u, and for each of these runs r, the (unique) run of
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Sy on the output of r. Since A is the transpose of a two-state Mealy machine where every
input letter a acts as the identity function or as a constant function on the states, either
5a(f,a) # 6a(f,a) or one of these two transitions is undefined (*). Consequently, it cannot
have more than two runs on A on any word u, and at most two runs of Sy need to be
simulated at the same time for each input word u € A*. Thus, a state of @) consists in one
or two pairs of Q; X Q4 (depending on whether one or two runs need to be simulated at
the same time). The initial state is i = {(is, ), (if,f)}. The RSSTs S uses two copies of X}:
X = Xf x Qa. When S simulates a transition of Sy, it updates its registers by mimicking
the corresponding updates, which ensures that the updates of S are still regular.

We formally define the transition function, the update function and the output function
of S. Let 9: Qa X U(Xf) — U(X) such that p(g, a) substitutes in a every register x € X
with (z,¢) € X. For all v € Q and a € A, we define §(v, a) (noted v’) and p(v,a) (noted o)
as follows: if (p,q) € v, t = (q,a,¢') € 4, A(t,a) = b and d;(p,b) = p’ then (p',¢’) € v and,
for all x € Xy, o(x,q") = 0(q, ) where o = ps(p, b, ). Note that o is well-defined thanks to
(*). Finally, v € F if (p,f) € v for some p € Fy, and we set v(v) = o(f, v¢(p)).

Using a simple induction on the length of input word u € A*, it is easy to show that the
next statement holds: For all p € Q; and ¢ € Q 4, there are a run from iy to g on v in A
that outputs v and a run from (i, Xy — {€}) to (p, x) on v in Sy, if and only if, there is a
run from (i, ¥ — {e}) to some (s,x’) on v in S such that (p,q) € s. Moreover, whenever
these runs exist, we have x/(z,¢,) = x(z) for all z € Xy. The proof of the lemma follows
when considering accepting runs.

<

» Lemma 32. RSSTs are closed by pre-composition with functions that are recognized by the
transpose of Mealy machines where every input letter acts as a permutation on the states.

Proof. We only give the main ideas behind the construction. An induction on the runs
suffices to show the built RSST recognize what is expected. The nl-boundedness is quite
obvious.

Let Sy be a RSST with set of states @y and initial state iy. Let A be the transpose
of a Mealy machines where every input letter acts as a permutation on the states, with
set of states Q4. This machine is deterministic and complete. Its transition function is
injective. All its states are initial, and only one is final, noted §. We build a RRST S such
that [S] = [Ss] o [A]. The ideas behind the construction are the follows. For a given input
word u, S simulates at the same time all the runs of A on u, and for each of these runs r, the
(unique) run of Sy on the output of . Since all the states of the complete and deterministic
machine A are initial, there are precisely n = |@Q 4] runs on A on any word u, and as many
runs of Sy to be simulated at the same time (by using a product construction for each run).
Thus, a state s of S consist in a sequence (p1,41),. .., (Pn,qn) of n pairs of Qf x Q4. We
arbitrarily choose a state of S with all its first components at i as the initial state of S. Note
that, any reachable state of S have pairewise distinct g;’s because the transition function of
A is injective. The RSST S uses n copies of Xy: X = Xy x {1,...,n}. When S simulates a
transition t of Sy from the i-th pair of the sequence, it updates the registers in Xy x {i} by
mimicking the updates associated to t. A sequence s = (p1,q1),- .-, (Pn, ¢n) is a final state of
S if it contains a pair (p,f) with p a final state of Sy. Since, all the ¢;’s are distinct, there is
only one such pair, saying at position ¢ in the sequence. Then, S mimes the output of Sy
from state p using the corresponding registers in Xy x {i}. |

» Proposition 16. RSSTs are closed by RRE operations. Moreover this preserves nl-
boundedness.
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Proof Sketch. Closure under sum or Hadamard product of two relations f,g defined by
(nl-bounded) RSSTs is straightforward: only need to add or concatenate the results of the
two RSSTs.

For the closure under unambiguous Cauchy product or chain star, we use the result of
Proposition 29: the rational function is used to mark the positions of the decomposition
according to the unambiguous product/Kleene star. |

» Proposition 17. W2NFTs are closed by pre-composition with a regular function.

Proof. We use a result of [11] stating that any regular function can be defined by a revers-
ible two-way transducer. Here reversible means that any configuration of the underlying
automaton has at most one successor (deterministic) and one predecessor (co-deterministic).

Without loss of generality, we can assume that a reversible two-way transducer outputs at
most one letter per transition. Moreover, in order to simplify the proofs we further decompose
a regular function f into ¢ o g where g is given by a reversible transducer which outputs
exactly one symbol per transition, and a morphism ¢ which erases one particular symbol
and is the identity over other symbols. This can easily be obtained by modifying a reversible
transducer which outputs at most one letter per transition: each transition which should
output € outputs instead a special symbol €. Then the morphism ¢ erases the extra symbols.

We call a transducer transition-to-letter if every transition produces exactly one letter,
and a morphism which erases one letter and does not modify the others is called a 1-erasing
morphism. Hence we only have to show the following claim:

> Claim 33.
1. W2NFTs are closed by pre-composition with 1-erasing morphims,
2. W2NFTs are closed by pre-composition with transition-to-letter reversible transducers.

Proof of 1. Let us consider a W2NFT 7T with underlying automaton A over alphabet A,
realizing a relation T'. Let ¢ be l-erasing morphism erasing the letter &.

We define a new transducer 7’ which realizes T o ¢. Intuitively, this transducer, when
reading a letter € ignores it and continues in the direction it was moving. The set of states
of the new transducer is Q & Q, where Q is a copy of Q. The transitions of 7’ over letters
different from € are the same as the transitions of 7. Given a state p € @), we add a transition
(p, €, p) with no outputs (note that the direction of p is the same as the direction of p). We
also add transitions (p, &, p) again with no output. Finally, for any transition (p,a,q) of T,
we add a transition (p, a, ¢) with the same output as (p, a, q). Hence any factor of consecutive
€ symbols is ignored by the transducer, which just moves trough it to the next regular letter,
propagating the state information.

We define the order over Q & Q by saying that original states (in Q) are greater than any
copy state (in Q) and then using the order over Q. Given a word u € (AU&)*, let v = ¢(u).
The runs of 7' over u are easily obtained from the runs of 7 over v by adding factors of
states of ) over positions labelled by &. Since all states of Q are larger than states of Q,
the sets R((p, k, q),u) are always empty, k-synchronized, or k-stationary, for £ € Q. When
k € Q, the runs of R((p, k,q), u) only have states in Q. However, runs that are only over
Q are extremely simple: only one state can appear in the run. These runs are forward or
backward passes (depending on whether the state is in Q_, or Q. ) over words in (£)* which
produce nothing. Hence 77 is a W2NFT. <

Proof of 2. Let us consider a W2NFT 7 with underlying automaton A over alphabet A,
realizing a relation 7. Let f be a function realized by a transition-to-letter reversible
transducer S.
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We define a new transducer 7’ which realizes T o f. The main idea is to define, as in
[11], a transducer simulating 7 over the image by f of its input word w. Thus, to move to
the right over f(u), the automaton simulates one computation step of S, and to move to the
left, it simulates one step of computation of S but backwards, which is possible since S is
reversible.

We denote @ the set of states of 7, P the set of states of S, § the transition relation
of T and ~ the transition function of S. We also denote +' the inverse of the v relation,
which is also functional. We denote the set of states of 7/ by Q' = P x Q. We define
Q,=P,xQ,UP_xQ  and Q,_ = P, x Q. UP_ x@Q_,. The idea is that when T has
to move forward, we simulate S, thus the direction of the state is the same as the direction
of the S component. Conversely, when 7 has to move back, we need to simulate S in reverse,
thus inverting the direction of the & component. Given a transition (p1,a,p2) € v which
produces b in § and a forward transition (from Q_, to Q-) (q1,b,¢2), we add a transition
((p1,q1), a, (p2,q2)). The idea is that with the information given by a and p;, 7' can simulate
T over the corresponding position labelled by b. Similarly, if (¢1,0,¢2) is a right-to-right
transition, we add the transition ((p1,q1),a, (p2,g2)). When (g1, b, ¢2) is either a left-to-left
or a backward (right-to-left) transition, we need to move the virtual reading head of T to the
left. In that case, for any transition (p1,a,p2) € v/, we add a transition ((p1,q1), a, (P2, g2)).

We want to show that the obtained transducer is a W2NFT. Let u € A* and let
v= f(u) € B*.

Let p be the run of S over u, and let p’ be a run of 7 over v, with maximal state k. We
describe the corresponding run of 7’ over p”. We can define the origin function of v as the
function which maps a position of v to the position of u that was read in & when the position
was produced. When T is virtually over a position i of v, it is actually over position o()
of u. Moreover, the S state of the configuration is exactly the state where the ith output
was produced, which is the one of the ith configuration of p. Thus p” is simply p’ where a
configuration (g,1%) is replaced by a configuration (p;, ¢, 0(7)) where p; is the state of the ith
configuration of p. What is key here is that the configurations of p” where k appears only
depend on the configurations of p’ where k appears. We choose any order of P x @ which is
compatible with the order over Q.

Let p”, X be two runs in R(((p1,q1), (2, k), (p3,q3)), w), with p1, p2, p3 € P. We denote
by p, p’ the corresponding runs over u, v of S, T respectively, and similarly for A, \’. Note that
A = p since S is deterministic. Since the highest state appearing in both p’, A" is k, we have
o N € R((¢q1,k,q3),v). If these runs are k-synchronized, then posg(p’) = posi(\'). We can
obtain pos(,, ) (p") by replacing configurations (k,4) by ((p2, k), 0(i)) when py is the state
of the ith configuration of p. Since p = A, we thus have that pos,, 1) (p”) = P05(p, k) (A”)
meaning that p”, " are (pa, k)-synchronized. Similarly, assuming posg(p’), posg(N') C 5T, we
get Pos(p, k) (P"), P05 (py 1) (A”) C 0(j)* (the non-emptiness is by assumption), hence {p”, "'}
is (pa, k)-stationary. <

<

» Proposition 18. For all n, the transduction feyqin which evaluates a regular expression
can be recognized by a W2NFT Tepain.

Proof. Figure 4 depicts three transducers &,, R, and S,. They are designed inductively
and modularly. In these pictures, circles represent states (the arrow in the states describes
the reading direction) and rectangles with rounded corners represent a new instance of a
transducer. An arrow to (resp. from) a rectangle is actually an edge to the initial state (resp.
from the final state) of the instance it represents. Base cases are not represented here as they
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are trivial: &y, Ro and Sy are simply restricted to their initial state alone, with the self-loop
and without component.

The transducer &, of Figure 4a (with final state e,,) recognizes the evaluation transduction
fevat,n from Example 5: it outputs the language denoted by a regular expression with nesting
level n. One can show that this transducer is weakly ambiguous. <

—a a€B|a +|5

(a) Transducer &, evaluates any regular expression with nesting level n, i.e. it outputs the
language denoted by the expression.

BU{1}e BU{1}|e
e }1\] (ﬁﬂeg O (le }1\ [ le mﬂe@
/R(Bl (1) 8(32 2 S(lj S<22
n 1\JU n 1\_/U n—1 n—1
(e 1 \/ e ! ~—

(le lle

(b) Transducer R, returns to the beginning (c) Transducer S, skips any regular expres-
of any regular expression with nesting level n, sion with nesting level n, without producing
without producing anything. anything.

Figure 4 Weakly ambiguous 2NFT &, for the evaluation function feyar,» of Example 5.

B Recap of the approach for deterministic two-way transducers

The approach of [14] applies Theorem 20 to the transition monoid M. Let us consider
some e-free p-good expression F. Given a sub-expression E of F, an RFE fg , , is built for
each pair (p,q) of mg = ¢(L(E)) € M. For all u € L(E), [fEpq](u) equals the output
of the unique run r of 7 from p to ¢ on u. We give an overview of the main ingredients
of the construction by considering the most tricky case where E = Ef and p,qg € Q. Tt
results from the study of the shape of LR proper runs r from p to ¢ on words u € L(E). (see
Figure 5):
1. Since E is unambiguous, u uniquely decomposes into uj .. .u, with each w; in L(E}).
2. Since T is deterministic and since mg is idempotent, r decomposes into a sequence
t1,71, -« ytn—1,Tn—1,t, where each r; is a run on w;u;4+1@|u;|, |u;| and each t; is a proper
LR run on u;.
3. The r;’s (and then the ¢;’s) have the same starting and ending states.

P

Each r; decomposes into the same sequence sy, ...,s; of proper RR or LL runs;

5. The numbers I of sub-runs, as well as the starting state ¢; and the ending state gj4; of
each s; depend on E, p and ¢ only. So they are the same for any proper run from p to ¢
on any word in L(E).
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Figure 5 Decomposition of an LR-run on a word of ¢! (m) with m an idempotent element of
the transition monoid of a 2DFT.

Guided by the shape of the runs, we can build fg,4: by induction hypothesis, we get
the RFEs fg, pqs fE1.q,00 JE10,005 and all the fg, o 4. ’s. Then, we can use | Cauchy
products to combine them into an RFE f of domain L(E;)? that captures the outputs of all
the possible pieces of runs between two consecutive states q;. The 2-chained star of f yields
an RFE for the runs from the first ¢; to the last ¢; (which is equal to ¢ by determinism).
Finally, the latter is combined with fg, p 4, to get fg p.q-

In this paper, we start from a weakly ambiguous 2NFT 7. Because it is non-deterministic,
the study of the shape of its runs is more difficult. In particular, the previous items 3-5 fail:
not only do the runs r; :: ;41 no longer have the same starting and ending states, but they
also decompose in different ways, with a different number of components, possibly unbounded.
In addition, runs from p to ¢ on words in L decompose differently.

C Proofs of Subsection 4.1

The goal of this section is to study the shape of the runs r of a W2NFT 7. This study
is done by decomposing r into proper sub-runs and determining their type and their rank
depending on the type and the rank of r. Interesting results are obtained when r is a run on
a word that corresponds to an idempotent element of the underlying transition monoid of 7.
We will exploit these properties in the next section in order to get RREs from 2WFTs.

C.1 Concatenation of runs

The formal definition of concatenation of overlapping runs of a 2NFA is recalled below,
inspired by the approach of [18].

Let u be a word. For all 0 <14, j < |u|, we denote u; ; as the factor of u between positions
i and j. Note that u; ; = ¢ and w; ; = u;,; for all 4,j. Let <, stand for the prefix order over
A* and <, stand for the suffix order over words. We define two operators on words, V, and
V!

u Vv equals u if v <, u, or v if u <, v, or undefined otherwise;

u Vg v equals u if v <4 u, or v if u <, v, or undefined otherwise.

Let r1 = c¢;...c, be arun on u@i, j from py to ¢ and 79 = ¢} ... ¢, be a run on v@k, [
from p» to g2. They are concatenable if ¢; = pp and w1 = ug,;Vsvo,k and wy = UjJur| Vp Uk, fus|
are defined. When it is possible, the concatenation of r; and ry, noted ry :: 79, is the run
...y from py to g on wiwe@c, d where ¢ = i+ |wi| —j and d = | + |w1| — k, defined
by:

forall 1 <i<n, d/ = (g, h+|wi|—j)if ¢; = (q,h);

forall 1 <i<m, ¢}, = (qh+|w]|—k)if ¢ = (q,h).
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We extend the concatenation operator to sets of runs: R; :: Ry consists of all runs r1 :: 79
such that r; and ro are two concatenable runs of R; and Ry respectively. It is distributive
over union. Note also that, given an order over the states, the concatenation of two runs r;
and 7o of ranks k1 and ko, when it exists, is a run of rank max(k1, k2).

C.2 Transition monoid for weakly ambiguous automata

» Example 34. Let’s consider the weakly ambiguous 2NFT of Figure 2. The element
mpe = p(ba) of its transition monoid contains the following triples: (1,3,2), (2,3,2), (6,7,7)
and (7,3, 2) of type LR; (1, 3,5), (2,3,5), (6,5,5) and (7, 3,5) of type LL; and (5, 6,6) of type
RR. For the element mpqpq = p(baba), the LR triples are all the (z,3,y) with = € {1,2,6,7}
and y € {2,7}. Its LR or RR triples are the same as for p(ba). One can check that mpgpe is
idempotent (mp, is not), and that u=(mpape) = (ba™)Z2. We will see later in the section
that it is not a coincidence if all the LR triples of mypqp, have the same rank.

C.3 Proof of Lemma 22

» Lemma 35. Ifr is a proper return run on u € L*, then its L-decomposition is r.

Proof. This is equivalent to prove that the proper LL-run (resp. RR-run) r is actually a run
on uy (resp. uy,). We prove it for proper LL-runs using an induction on their rank k € Q.
The proof for proper RR-runs is similar. Without loss of generality, we can suppose that
n > 3 since every LL-run on u is also a run on uwv for all v € L. The base case and the
inductive one are proved by contradiction.

Suppose that the LL-run 7 is not on ug. Let p and p’ be the starting and ending states of
r and k be its rank. Since p(L) is idempotent, there also exist:

a proper LL-run ry from p to p’ with rank k on ug (and then on ugujus),

a proper LL-run 71 from p to p’ with rank k on ugujus that is not a run on wgu;. This

means there is in r1 a configuration (p”,4) with i > |ugui|.

Base case: k = 1. Then by definition of the rank, only state k appears in r; and rg
(except for the first one that is p). So r; and rg cannot be k-synchronized nor k-stationary,
which contradicts the fact that T is weakly ambiguous.

Inductive case. Since T is weakly ambiguous, ro and r; are either k-stationary or k-
synchronized. In both cases, this means that state k appears at positions less that |ug|. It
follows that all the LL-sub-runs of r; that start and end at position |ug| have ranks less than
k. The latter ones can be seen as proper LL-runs on uy ...u,. Then the induction hypothesis
implies these runs are actually on u1, and consequently, that r; is a run on ugu;. Hence, a
contradiction. |

Proof of Lemma 22. By contradiction, suppose that the L-decomposition Ay (r) = (to, ..., )
of r contains a LR-run and a RL-run. Let ¢ and j (¢ < j) the least indexes such that ¢; is LR
and ¢; is RL (or the reverse). Then (¢;,%;+1,...,t;) is the L-decomposition of a LL or RR
proper run, which contradicts Lemma 35. |

C.4 Proof of Proposition 23

The next property is a direct consequence of the idempotence of m.

» Lemma 36. Let p and q two states of Gp,. If there is a path from p to q in G,, using
transversal edges, then there also exists a path from p to q using exactly one transversal edge.
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Proof. Let p = (po, ko,90) - - - (p1, ki, ¢1) be a path between p and ¢ using ¢ > 2 transversal
edges. Let (p;,ki,q;) and (p;,kj,q;) be the first and the last ones. Let w € L. Then
for each i < i’ < j, there exists a proper run t; from p; to gy of rank k; on u, and
consequently r = ¢; :: --- 1 ¢; is an L-quasi-proper run from p; to ¢; on some power of wu.
Using Lemma 22 and Remark 21, we deduce that r is actually a proper transversal run on
u®. Then (p;, k,q;) € m for some rank k. Replacing (p;, ki, ¢i) - - - (pj, kj, ¢;) with (pi, k, ¢;)
in p gives the desired path. |

Proof of Proposition 23.1. Let C be a scc of G,,,. Let (p, k,q) be a transversal element of
C. Since C' is a scc, we can find a path p = [];_(ps, ki, ¢;) that starts and ends with the
edge (p, k,q) and that goes through all edges of C' (with possible edge repetitions).

Let u € L (we recall that u(L) = m). By definition, for each ¢, (p;, ki, ¢;) € m implies that
we can find a proper run r; from p; to g; of rank k; on u. It follows that rg :: - - - :: 1, is a quasi-
proper run on some power of u from py to ¢, with rank kc = max{k; | 0 < i < n}, namely
the rank of C. The L-decomposition of r is A (r) = (rg,...,7n). As a first consequence, all
traversal elements of C' are of the same type (by Lemma 22). In addition, all transversal
edges being of the same type, r is actually a proper transversal run on u¢ where c is the
number of transversal sub-runs of Ay (r). By idempotence, it follows that (p, kc,q) is a
transversal edge in G,,, and thus in C.

By construction, (p, k¢, q) appears in p, saying at position j. Then, replacing ro with r;
in Ap(r) leads to another proper transversal run 7’ from p to ¢ with rank kc. So, r and »/
synchronize on k¢ which is only possible if k = k¢. |

Proof of Proposition 23.2. We prove it by contradiction.

Thanks to Lemma 36, we can find a state p of C; and a path p, = (p, kp,p")p;, from p
to p such that (p, &, p’) is a transversal edge and p;, contains return edges only. Similarly,
we can find a state ¢ of Cy and a path p, = p; (¢, k¢, q) from g to g such that (¢',k,, q) is a
transversal edge and p; contains return edges only.

Suppose there exists a path from the C; to Cy. Then there is also a path p,q from p to
¢ in G,,. By Lemma 36, we can suppose that p,, consists of exactly one transversal edge
(P, kpg: q)-

Now consider the paths p1 = pppPpePqPqPq a0d p2 = PpPpPpPpePLq- These two paths contain
precisely five transversal edges, all the same type (by Lemma 22). Let u € L. Following
Remark 21, we can find two proper transversal runs ri = 7, @ Tpq 1 Tg 1 Tg i Tg and
Ty =Tp 11Ty 11Ty i Tpg i Tq both on w® from p to g where 7y, is a proper transversal run on
u from p to ¢ with some rank kg, 7p is a run from p to p with some rank &, and 74 is a run
from ¢ to ¢ with some rank k,.

Since the rank of ry and rp is k = max{k,, kg, kpq}, these two runs synchronize on
k. So it is for the proper sub-runs r{ = 7,4 = 7q 1 74 and 75 = 7, 7, 1 Tpe. Since
k = max{k,, kg, kpq }, the state k necessary appears in the prefix r,, :: r, of r} or the prefix
rp of 5. So the k-synchronisation of r{ and 7% entails that k = k,. But in this case, there
exists |u?| < j < |u®| such that (k, ) is a configuration of the prefix r, :: r, on u’@|ul, |u?|
of r. By synchronization, (k, j) is also a configuration of the suffix r, :: r, on v>@|u?|, |u?|
of r{. Then there exists a run on u5@|u?|, |u3| from ¢ to p. This means by Remark 21 that a
path from ¢ to p exists in G,, and then g ~,, p. <

C.5 Proof of Proposition 27

Proof of Proposition 27. Let n > 2|Q| + 3 and u € L™. Let r be a proper transversal run
on u and Ay (r) = (t1,t2,...,t) be its L-decomposition where each t; is a run from some
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p; to some ¢; with some rank k;. This decomposition contains at least n < [ transversal
sub-runs. Moreover, they have all the same type (Lemma 22).

Let 4 be the integer such that ¢; is the |Q| + 1-th transversal edge in A (r), and j be the
integer such that t; is the n — (|Q| + 1)-th transversal edge in Az (r). Then ry =t -+ = ¢;
and r3 =t; i1 --- i1 4 are as expected. We let 7o = t;4q -+ tj_1.

By Remark 21 there is a path p = (p1,k1,4¢1) - .. (p1, ki, i) in Gy,. Furthermore, there are
|Q| transversal edges before (p;, ki, ¢;), and |Q| transversal edges after (p;, k;j,q;) in p. Then
two ~.,,-equivalent states necessary appear in the prefix p; = (p1, k1,q1) - - - (ps, ki, q;) of p as
well as in the suffix pa = (p;,k;,q;) - - (p1, ki, 1) of p. By Proposition 23.2 these four states,
as well as all intermediate states, are ~,-equivalent. In particular, p; ~m @ ~m Dj ~m Q-

Since t; is transversal run from p;, t; is a transversal run to ¢; and p; ~y, g;, Corollary 25
ensures that ¢; and ¢; have a rank greater than the sub-run ry. It follows that 71 and r3 have
a rank greater than, or equal to, the one of rs. |

D Proofs of Subsection 4.2

We detail some points of the construction of Section 4.2 not developed in the main section.

D.1 Dealing with the endmarkers

We recall we get:

[Tln(Fud) =1 @ outp,, o;](Fu-d) for all u € Ly.
mepu(-L+)

The RRE [ = @,cp( 1) OUlE,, ¢; has domain L, whereas we need a RRE with
domain L. The reader will easily able to check that the way we will construct each expression
outg,, o; ensures that the following two properties are satisfied: (1) all its sub-expressions
f are on a domain included in A% or {F}A* or A*{-} or {F}A*{d}; (2) the Hadamard
products always operate on two RREs with the same domain. We can take advantage of
these properties to define inductively from each sub-expression f a new RRE ((f) of domain
n(dom(f)) such that [¢(f)](n(v)) = [f](v): if dom(f) C A*, then {(f) = f, otherwise,

if f equals dom(f)/v, then ((f) = n(dom(f))/v;

if f = f1 © fo then ((f) = C(f1) © C(f2) for all © € {@,0,®});

if f = f2, then ((f) = C(f1)®-
Note that if f = f1®’L’k, then dom(f) C AT. Moreover, because of their definition do-
mains, if dom(f;) and dom(f2) are unambiguously concatenable, so it is for n(dom(f;)) and
n(dom(f2)). The proof that n(f) is as expected is immediate, using a simple induction and
properties (1) and (2).

As a direct consequence, the RRE fr = ((f7) has domain L and is equivalent to 7.

D.2 Proof of Lemma 28

We first recall this lemmas

» Lemma 28. For any e-free u-good reqular expression F' and e = (p, k,q) € u(L(F)), we can
compute an RRE outp . with domain L(F) such that [outg ] (u) = {output(r) | r € R(e,u)}.

Let r be a run and k be a state that appears in ». We denote the prefix sub-run of r to
the first occurrence of k as pri(r), and the suffix sub-run of r from the first occurrence of k
as sug(r).

We will prove the following property:
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» Lemma 37. For any e-free u-good reqular expression F and e = (p,k,q) € u(L(F)), we
can compute two RREs prp. and supe with domain L(F) such that:

[pre.e](u) = {output(pr(r)) | r € R(e,u)},

[sup.c](u) = {output(sug(r)) | r € R(e,u)}.

We first explain why this result allows to prove Lemma 28. This immediately follows
from the next Lemma.

» Lemma 38. If T is weakly ambiguous then Joutp. ] = [prr.e ® sup.].

Proof. By definition, their domains are equal. We only prove that [prg]|®[sur.] C [outr.],
the other one being trivial. Let u € L(F) and o € [prpe ® sup.](u). By definition
of Hadamard product, there are oy and ag such that @ = ajag, a1 € [pree](u) and
ag € [supe](u). So, by definition of the function prg. and sug., there exist two runs
r1,72 € R(e,u) such that oy = output(pri(r1)) and as = output(suk(re)). Since T is weakly
ambiguous, r1 and ry are k-stationary or k-synchronized. In both cases, this implies that
r = pri(ry) ©: sug(re) is a run in R(e,u). Clearly, output(r) = ajas. <

We turn now to the proof of Lemma 37. Let F' be an e-free p-good regular expression,
w(L(F)) ={mp} and é = (p, k,§) € mp. We will now express the transductions prg . and
supe as regular relation expressions using a structural induction on F'.

Base case and union case

Suppose that FF = a € V. Let m = p(a) and é = (ﬁ,l%,qA) € m. Then, by construction of
M, there is a transition ¢ = (p, a, ) € 0 such that k equals §. We set pree = a/out(t) and
Supe = afe.

Suppose that F = Fy; + Fy and let L = L(F'), L1 = L(F}) and Ly = L(F,). Since the
expression F is good, we deduce that p(L) = pu(L1) = p(Ly) = {m}. Let é = (p, k,§) € m.
We set Prre = Pre,e B Prr,e and Supe = SUFR, ¢ B SUR, ¢-

Concatenation case

Suppose that F = Fy - Fy and let L = L(F), Ly = L(Fy) and Ly = L(F,). Since the
expression F is good, p(L), u(L1) and (L) are singletons, respectively noted {mg}, {mr, }
and {mpg,}. Let’s é = (p, IAc, 4) € mp. We compute the regular relation expressions prre and
sup,¢ by analyzing the different ways the runs in R(é, L) decompose w.r.t. Ly and Lo.

Let u be in L and r be a proper run on u from p to § with rank k (namely r € R(é,u)).
Since F'is good, Ly and Lo are unambiguously concatenable. So, u uniquely decomposes

into vw with v in Ly and w in Le. Let Ap, 1,(r) = (t1,...,tn) be the decomposition of r
w.r.t. L1 and L. Then, the ¢;’s are proper sub-runs from some p; to some ¢; on some k;
alternatively on v or w and such that ¢, :: --- :: ¢, = r. More precisely, t; ison v if p € Q_,

while ¢,, is on v if § € Q.. Otherwise, they are on w.

We aim to build a RRE prpe such that [prge](u) = {output(pr;(r)) | r € R(é,u)} for
all u € L. So, only the prefix pr; (r) of r to the first occurrence of state k is of interest. Since
r has rank l%, we have necessary that

—_
~—

pri(r) =ty -ty mpri(h) (

where [ is the first index such that ¢; has rank k.
We abstract this decomposition by the word (z1,e1) ... (2, €;), over the alphabet Mp, g, =
{1,3} x mp, U{2,4} x mp,, such that e; = (p;, ki, q:), x1 = 1 if p € Q_, (otherwise x; = 2)
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oes and all the x;’s are alternatively equal to 1 or 2. The first component x; tells us if e; comes
s from mp, or mp, and makes the abstraction independent of the type of run (RL, LR, RR or
s LL). This word contains precisely one element of rank k, the last one. We tag this element
w7 by replacing it with (3, ¢;) or (4, ¢;) depending on x; = 1 or 2. The resulting word is denoted
w  0_;(r). We also set L;i ={o_;(r) |7 € R(é,u),u € L(F)}. This set is not empty and does
0 not contain the empty word. It is easy to prove from Equation 1 that the next equation
o0 holds. For all v € Ly and w € Lo:

991 pri,(R(é,vw)) = U <H R(ei7ui)> pri,(R(er,ur)) (2)

(@1,e1)---(zr,e)€LEE NI=L

w2 where u; equals v if z; € {1,3}, or w otherwise. Thus, L;’Z abstracts the runs in pr; (R(é, L)).

w3 » Lemma 39. Lfr,ké s a regular language over Mp, r,.

s Proof. We can easily define a language L that abstracts precisely all the possible de-
95 composition of runs over L1 Ly from p to ¢ of rank k: the language L contains all words
o (21, (P1,k1,q1)) - - - (Tns (P kny gn)) in M, g, such that

907 we have k; < k for all 1 <i < n, and k; = k for some j;x1 =11 p € Q_, and for all
998 2<i<n,z;=1if z;_1 = 2, otherwise x; = 2;

999 pr=p, gy =¢G¢and for all 0 < i < n, ¢ = pi+1-

w0 This language is clearly regular. Now tag each word of L. by replacing the first occurrence
wa of aletter (z;, (p;, kj,q;)) with k; = k with (3, (pj, k;,¢;)) or (4, (p;, kj, q;)) depending on
w2 x; =1 or 2, and called L’F’ . the resulting language. It is also clearly regular. Since L;ke

w03 consists of the prefixes of Lp ¢ such that the only element of rank k is the last one, it is also

w004 regular. <
1005 Consider for each e; € mp, and es € mp, the RREs built using the induction hypothesis:
o outp, e, = OUtp, ¢, ® Lo/e outp, e, = L1/ ® outp, e,

Prp e, = PTFy,eq .LQ/E PrEy e = Ll/g.pTFmeT

wer  Each of them has domain L = L(F'). From any regular expression E over Mp, p, that does
wes  not use 0 as atom, we can inductively build a RRE v(E) with domain L as follows:

1009 I/(E) = L/E;

if £= (x;,¢) and z; € {1,2} then v(E) = outp,, ;

1011 if £ = (x;,e)and z; € {3,4}, then v(E) = ﬁ"Fwina

1012 if E = Ey 4 E5 then v(E) = v(Ey) ® v(Es);

1013 if B = E; - FEy then v(F) = v(Eq) @ v(Es);

1014 if £ = ET then I/(E) = I/(El)®.

ws > Lemma 40. Let E be a regular expression over Mg, g, that does not use 0 as atom. For
we  allu € L, we have

o B = |J M)

a€L(E)

s Proof. We proceed by induction on the structure of £. We give the proof for the star case
w9 only, that is when E = E}. The other cases are quite simple. Let Ly, = L(E1).
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[V(ED](u) = [v(E1)®](u) (def. of v)  (3)

1021 = ([v(E1)](uw)* (def. of Had. star) (4)

= J (w(B)](w)' (def. Kleene star)  (5)
=0

1023

Ul U o)l (by induction)  (6)

i=0 \a€L(E;)

ol U Hrenw (7

i=1(ay,...,a;)€Lf; 7=1

o0

1025 ={e} U [[® v(aj)](w) (def. of Had. prod.) (8)

=1 (ay,..., ai)ELEI j=1

={s3uly U [v(ar...a:)](w) (def. of ) (9)

i=1 (ah,,.,ai)eL'iEl

1027 =[vElwulJ U kel (10)
izlaeL’él

= U o)) (11)

1029 QGLEI

1030 <

s We pick up a regular expression Ep ¢ (without 0) denoting the non-empty language L;%,
w2 and set prpe = I/(EF,é).

v > Lemma 41. For all uw € L(F'), we have [prg](u) = output(pri(R(é,u))).

s Proof. Since F' = F - Fy is a good expression, u uniquely decomposes into vw with v € L(FY)
s and w € L(Fy). Equation 2 immediately implies that output(pri(R(é,vw))) is equal to

1036 U (1:[ output(R(e;, uz))> output(pri(R(en, un))

(@1,61).c.(@nsen) ELEE \i=1

0 where u; equals v (resp. w) if z; equals 1 (resp. 2).

1038 By induction, this is equal to

n—1
1039 U (H [[OUtin,ei]](ui)> [[PTFI" ,en]](un) (12)
JELFS

(z1,€1)..(Tn,en i=1
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So we have the following equalities:

(z1,€1)...(Tn,en =1

n—1
- U ﬂ@ St @pﬂ () (13)
)EL;"é

= U [v((z1,€1) ... (Xn, en))] (vw) def. of v (14)

(z1,€1).-(@n,en)ELFE

U @] (ww) (15)

aeLl:k
= [v(EF,e)] (vw) by Lemma 40  (16)
= [prre] (vw) def. of prre (17)

<

The construction of sup s is very similar. In this case, we are interested in the suffix
sug(r) of r from the first occurrence of state k. Then, if r decomposes into ¢ :: - - - :: ¢, then
Equation 1 becomes

sup(r) = sug(ty) = tigq ooty (18)

where [ is the first index such that ¢; has rank k. The function o and the language L;ke
are adapted accordingly. In particular, it is now the first element of each word in L;’Z that
is tagged with 3 or 4. Finally, the function v changes slightly: if E = (z;,e) and x; € {3,4},
then v(E) = 5up, ..

Kleene iteration case

Suppose that F = Fit, and let L = L(F}). Then L(F) = L*. Since F is p-good, {mp}
is equal to {mp, }. Moreover, mp is idempotent and L is unambiguously iterable. We
distinguish two cases depending on the type of é.

Suppose that é is LL, namely p € Q_, and § € Q. (the RR case is similar). In this case,
we can show from Lemma 22 that R(é, LT) = R(é, L). So we use the induction hypothesis
and set: prrpe =prr, ¢ o L*/e and supe = sup, . ® L*/e.

Suppose now that é is LR, namely p,§ € Q_, (the RL case is similar). We only describe
the main ideas to build prge, those for sup s being similar. First, following the approach
developed for the concatenation, we can build the RREs prp; . for any i < 2|Q|+2 where [Q)|

is the number of states of the transducer. We show below how to build the RRE pr F2lQls 4
1 >

The RRE prr. is then computed as the sum of all of them.

A long proper LR run r in R(é, L>2I91+3) can be decomposed into 7 :: 75 :: 73 as described
in Proposition 27. In this decomposition, states p and ¢ belong to a same (non-trivial) SCC
C of Gy and are in Q_, (as p). Lemma 22 entails that r1, 3 and all the transversal runs of
A(ry) have the same type as r. So they are all proper LR runs. Furthermore, by Corollary 25,
ro and all transversal runs of A(ry) have the same rank k¢, and the return ones have rank
less than (or equal to) kc.

We present the main ideas of the proof in the simpler case where 7o is always a proper
LR run. The general case only adds some uninteresting technical details that makes a little
more complicate the decomposition of Equation (19) below. With this assumption, we can
partition the set R(é, L>2I?1+3) according to the intermediate states p and ¢ that appear in
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the decomposition and the ranks k; and ks of r; and ro as follows:

R(e, L7298 = |4 R((p,k1,p), LI9)) = R((p, ke, ), L7%) =2 R((g, k2, 4), LI9T) (19)
p,q in a scc C of G,
k=max(k1,k2)

We let e = (p, kc,q). The last technical difficulty of the proof is to define an RRE outs

with domain L3 and which maps any word v € L?? to output(R(e,v)). Once this is done,

the expected RRE pr .>2q1+s , can be obtained using adequate combinations of the RREs
1 €

out’F,e, pr and su , depending on whether k equals k1 or ko (recall that

Fl‘Q‘v(ﬁ’klyp) Fllle(fkamtf)
ko < ki, ks by Proposition 27).

We detail now the construction of ouﬁ%. Let w € L? that uniquely decomposes into
wiwaws with w; € L. Let p',¢' € CNQ-,. Any run r € R((p, ke, q'), w) can be decomposed
into three sub-runs: the prefix pr;  (r) of r that ends to the first occurrence of ko between
positions |wi| 4+ 1 and |wyws]; the suffix sug, (r) of r that starts from the first occurrence
of ko between positions |wiws| + 1 and |wiwows|; and the remaining infix ing. () of
. Proposition 26 implies that the sets pry (R(p',kc,q'),w), sur. (R, kc,q'), w) and
ihkc (R((p', kc,q"),w)) do not depend on p’ and ¢’. More generally, for all v € L?3 with
v =7 ...y its unique decomposition (L is unambiguously iterable), we have

R(e,v) = pry. (R(e,vivav3)) = H ke (R(e,vi_10041)) == Supe (R(e, vi—2vi-1v;))
2<i<i—1

Again, we can adapt the approach used for the concatenation to build RREs prp, ., sur, e
and ing, . that map any word w € L? to output(pry,. (R(e,w))), output(sur, (R(e,w))) and
output(ing, (R(e,w))), respectively. We get:

output(R(e,v)) = [prp, Jvivavs) [ linm el (wim1viviga)[sur, ) (vi-2vi-1v)
2<i<i—1

= [prp, J(vivavs)[(ing, c) (v1 ... 0)[Sup, e](vi—2vi—101)

= [(rp, .o L7/e) @ (inp, )% @ (L*[e @ Sup, )] (v)

@,L,S]]

The latter RRE is the expected out};’e.

E Proof of Proposition 13

In this section we prove the decidability of the property of weak ambiguity. To do so, since
this is a property of the runs, we will first define crossing sequences automata, that capture
families of runs in a nice way, and exhibit some interesting properties, which we will use later
on for the decidability.

E.1 Crossing sequences

» Definition 42. Let A= (Q_,Q,i,f,04) be a two-way automaton. The crossing sequence
of a run p at position i is the sequence of states obtained by the projection m; from (Q x N)*
to (Q x {i})* applied to the run: we keep only the states that were in a configuration at
position 1.

The crossing sequence of the run p of the automaton A at position i over the word u is
noted C’Sff) (p,i), or CS(p,i) when the rest is clear from context.
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(pg;e) , (e,ap)

(¢,4")

Figure 6 Automaton recognizing a-joinable crossing sequences.

We will want to know when two given crossing sequences can be consecutive, i.e. when
there exists a run to wich both belong, one at position ¢ ant the other at position ¢ 4+ 1. This

is a local property, in the sense that it does not depend on the whole word (cf. e.g. [21]).

Formally:

» Definition 43. a pair (¢, ) of crossing sequences is said to be a-joinable, with a € Ay, if
withc=cy...cp and ¢ = ¢} ...c,, the pair of words (c,c) over the alphabet (Q_, + Q)T
is accepted by the automaton T, = (Q, I, F, ), drawn in Fig.6, with:

Q=1=F ={l,r} two states, both initial and final,
d is the following set of transitions, for all p,p’ € Q_, and q,q¢' € Q_:
from 1 to r, labeled by (p,p’), if (p,a,p’) € d4,
from r to l, labeled by (q,q'), if (¢,a,q") € o,
from 1 to 1, labeled by (pq,€), if (p,a,q) € d4,
from r to r, labeled by (e, qp), if (g,a,p) € 0.4,

These objects are often defined for deterministic automata, because then there is a finite
number of crossing sequences of accepting runs: no state could appear twice on the same
crossing sequence. This allows to construct an automaton based on such objects, that
recognize accepting runs of the original deterministic automaton.

However it is still possible to build a finite automaton based on these objects in the
non-deterministic case, if we consider crossing sequences where we allow states to repeat at
most once (cf. e.g. [10]). In a sense, a crossing sequence with a repetition is a witness of an
infinite number of actual crossing sequences with unbounded size, because the run between
the two occurences of the repeating state can be repeated as often as wanted. Note that if
we construct an automaton with such crossing sequences, allowing at most two occurences of
the states, we will not recognize all runs of the automaton, but only the ones that take at
most once any loop they encounter, loop meaning here a run that goes from a configuration
back to itself. However this information is enough for our usage, because from such runs one
could rebuild all missing runs.

» Definition 44. Let A be a two-way automaton. A crossing sequence with one repetition,
noted C'S1(p,1), is a crossing sequence in which no states appears more than twice. Note that
there is only a finite number of possible such crossing sequences. We note RC'S this finite set.

We want to build an automaton from these objects that will allow us to capture proper
runs of the initial automaton. But since we will be interested by runs of rank &, and LL or
RR runs may have any word as prefix or suffix, this construction is not exactly the classical
one.

Let A be a two-way automaton, and k, p, ¢ states of 4. We want an automaton whose
accepting runs are in bijection with runs of R(p,k,q), the union of R((p,k,q),u) for all
u € A* 3, that do not go more than twice through a given state at the same position in a

3 We will consider afterwards the product of this automaton with itself, ensuring that we only consider
one word at the same time.
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given word.

How we do so will depend on the nature, forward or backward, of p and ¢, but the main
idea is always the same, having crossing sequences in states, and a transition whenever the
crossing sequences are joinable.

We then trim this automaton to only keep runs that go through a state -a crossing
sequence of A- that contains a k. This can be done by making a copy of the automaton with
a flag remembering wether or ot we have already encountered a state containing k. This step
is ommited for clarity.

If p and ¢ are both forward:

» Definition 45. The LR-automaton of crossing sequences with repetitions of A, p, q is the
one-way automaton (Qrr,ILr, FLr,LR) with:

Qrr =RCSN(Q- x Q)" x Qs

Inr = {p},*

Frr={q}°

drr(c,a) is the set of all crossing sequences ¢’ such that (c,c’) is a-joinable.

If p and ¢ are both backward:

» Definition 46. The RL-automaton of crossing sequences with repetitions of A, p, q is the
one-way automaton (Qrr,IrL, FrRL, rL) with:

Qrr = RCSN(Qr x Q)" X Qr,

Irp = {4},

Frr ={p},

drr(c,a) is the set of all crossing sequences ¢’ such that (c,c’) is a-joinable.

When the proper runs are of the form LL or RR, remark that any word on which such a
run is valid can be extended to another valid support, adding any suffix for LL-runs, and
any prefixes for RR-runs. Hence we will need to add a special state to handle this property.

If p is forward and ¢ backward:

» Definition 47. The LL-automaton of crossing sequences with repetitions of A, p, q is the
one-way automaton (Qrr,Irr, Frr,0rr) with:
Qrr = RCSN(Q- x Q)T U{«},
Inp ={(p.0)},
Frp =<,
drr(c,a) is the set of all crossing sequences ¢ such that (¢, c") is a-joinable. We also add
(<) to this set if (c,e) is a-joinable; and for all a, < € d1,1.(<, a).

If p is backward and ¢ forward:

» Definition 48. The RR-automaton of crossing sequences with repetitions of A, p, q is the
one-way automaton (Qrr,Irr, FrRr,rR) With:
Qrr = ROSN(Qe x Q)T U{>},
Irgr =v,
Frr ={(p,9)},
drr(c,a) is the set of all crossing sequences ¢’ such that (c,c’) is a-joinable. We also add
c to the set Srr(>,a) if (¢, ¢) is a-joinable; and for all a, > € o5 (>, a).

4 We do not allow proper runs to go again through the starting position.
5 Likewise for the ending position of the run.
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Algorithm 1 Aut_Synch(A)

for k in states of A in decreasing order (for <) do
for p, ¢ in states of A do
if not Runs(A4, <, k,p,q) then
return False
end if
end for
end for
return True

» Proposition 49. Accepting runs of the automaton of crossing sequences with repetitions of
A, p,q are in bijection with proper runs in R((p, k,q),u)(<3), runs of R(p, k,q) that do not
go more than twice through a given state at the same position in a given word.

Proof. This comes from the fact that by construction, runs of A and sequences of crossing
sequences (of unbouded length) are in bijection.
<4

E.2 The Decidability Algorithm

We want to show that the following problem is decidable:
Weakly Ambiguous?
Input: A two-way automaton A.
Output: The boolean value of the proposition "A is weakly ambiguous.”

One possible way of solving this is to enumerate all possible orders, until we find one
that checks the property needed for weak-ambiguity. This means that we need to exhibit an
algorithm to solve the following problem:

Aut_Synch?

Input: A two-way automaton A, < a total order on states of A.

Output: The boolean True iff for all states k, p, ¢, and all words u, R((p, k,q), u) is either
k-synchronous or k-stationary.

Assuming we have an algorithm Runs(A, <, k, p, q) that can say whether R((p, k, q), u)

is either k-synchronous or k-stationary for all words u, the algorithm 1 solves Aut_Synch?.

But before describing such an algorithm Runs, we are going to need a few lemmas.

» Lemma 50. Let A be an automaton, < an order on its states, u a word, and k,p, q states
of A.

R((p, k, q),u) is neither k-stationary nor k-synchronous if and only if one of the following
two properties is true:

there exists two runs p1, p2 € R((p, k, q),u) and a position i such that k appears at position
1 in p1 and does not appear at position i in po.

there exists a run p € R((p, k,q),u) and two positions i, j such that k appears in p twice
at positions i and at least once in position j.

Proof. Assume R((p,k,q),u) is neither k-stationary nor k-synchronous.

This means that {Posi(p) | p € R((p, k,q),u)} is not a singleton, i.e. there are two runs
p1,p2 € R((p, k,q),u) such that Posg(p1) # Posi(p2).

Now, with P; the set of positions in Posg(p1), and Py the same for po, consider the two
following cases:
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P, # P,. This means that there exists a position i such that k& appears at position 4 in
exactly one of the two runs, meaning that the first property holds.

P, = P,. Therefore, the occurrences of k in p; and ps must be in different order. By
non-stationarity, we can assume that there exists two positions ¢, j where k appears.
Therefore, we have p1 = o1(k,9)o2(k, j)os, and pa = 11(k, j)12(k,9)73. Consider now the
run 71 (k, j)7m2(k,i)o2(k, j)os. This run belong to R((p,k,q),u) and checks the second
property.

This proves the implication.

For the other direction, consider P = {Pos(p) | p € R((p, k,q),u)}. If the first property
holds, P is not a singleton, and we therefore don’t have k-synchronization. Furthermore
Posi(p2) will not be a subset of i*, and neither will P for any position j because i belongs
to P from p;. In the second case, the occurrence of k twice at the same position is proof
that there exists an infinity of runs that can be build from this one by looping on the part
between these two occurrences. The set {Posk(p) | p € R((p,k,q),u)} is therefore not a
singleton, and since there is another occurrence of &k in at least one other position, it is not
a subset of i either. Therefore, in both cases, R((p,k,q),u) is neither k-stationary nor
k-synchronous. |

» Lemma 51. Let A be an automaton, < an order on its states, u a word, and k,p, q states
of A.

With R((p, k,q),u)<®) the set of runs of R((p,k,q),u) whose crossing sequences do
not contain the same state more than two times, R((p, k,q),u) is neither k-stationary nor
k-synchronous if and only if one of the following two properties is true:

there exists two runs p1,ps € R((p, k,q),u) <> and a position i such that k appears at
position t© in p1 and does not appear at position it in ps.

there exists a run p € R((p,k,q),u) <) and two positions i,j such that k appears in p
twice at positions i and at least once in position j.

This is the lemma above, but with the restriction that the runs in the second part
of the equivalence can be chosen among R((p, k,q),u)(<?). To prove this, consider first
that if there is a run of R((p,k,q),u) where the state k appears several times at the
same position, infinitely many runs of R((p, k, q),u) can be constructed from it. Indeed, if
p = oo(k,i)o1(k,i)oa(k,i)...on(k,i)o’ belong to R((p,k,q),u), then so do all runs in the
language oo (k,i) (o1 + 02 + ...+ 0,)(k,i))" o’. In particular, o¢(k,4)o’ is in R((p,k,q),u).
Meaning that for all runs in R((p, k, q), u) there exist a run in R((p, k, q),u) where no state
is visited twice. In a sense, we can get rid of the loops.

This operation applied to p; and ps of the first property of the equivalence gives the
result. For the second property, we do basically the same thing, except that we keep one
occurrence of the loop, to ensure that we do not get rid of the portion of the run containing
k at position j.

Therefore, from that lemma, we can write Algorithm 2.

E.3 Correctness of the algorithm Runs

Remark first that since by Property 49, an accepting run of C describes a proper run of
R((p, k,q),u)(<3), an accepting run of D describes two proper runs of R((p, k, q),u)<%) on
the same word, and states of D are two crossing sequences at the same position. This will
allows us to prove that the algorithm checks the properties of Lemma 51. For convenience,
let us note:
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Algorithm 2 Runs(A4, <, k,p, q)

C + Repeated_crossing_sequences_automaton(A, k, p, q)
D + Trim(C x C)
for all distinct pairs of states (c1,c2), (c3,cq) of D belonging to an accepting run of D do
if k& appears in ¢; XOR k appears in ¢, then
return False
end if
if k appears in each ¢y, co, ¢3,¢4 AND k appears twice in one of (¢, co, ¢3,¢4) then
return False
end if
end for
return True

Py: there exists two runs pq, po € R((p, k,q),u)(<?) and a position i such that k appears
at position ¢ in p; and does not appear at position ¢ in ps.

Py: there exists a run p € R((p, k, ), u)(<®) and two positions 4, j such that k appears in
p twice at positions ¢ and at least once in position j.

Az: There exists a state (c1, ) of D such that k appears in ¢; XOR k appears in cs.
As: k appears in each ¢, co, c3,c4 AND k appears twice in one of (¢, ¢z, ¢3, ¢4).

We prove the following:
(I) P = Al;
(iii) Py = A1V Ay;
(IV) A2 = Ps.

i: Pp = A;. P, means that there exists a run of D and a state (c1,¢z) on this run, where
the state k appears exactly in one of the two crossing sequences ¢y, co.

ii: Ay = P,. Existence of a state means existence of a run of D, and therefore of two
runs of C, for which there is a position where k appears only in one of these runs.

iii: Py = A1 \/AQ.

P, means that there exists two crossing sequences cq, c3, at two different positions, where
¢y contains k twice, and cg at least once.

Now, in pairs of states of D, to capture c¢; and c3 on the same run, it means that there
exists ¢g, ¢q, such that the pair is one of (¢1,¢2), (¢3,c4), (c3,¢4), (c1,¢2), (¢2,c1), (ca,c3), Or
(04, 03), (CQ, Cl).

Assume both ¢y and ¢4 contain k. We immediately have As. But if one of them does not
contain k, it means that the state of D from which it comes is comprised of two crossing
sequences, one that contains k, and the other who does not: this is Aj.

iv: Ay = P5. Assume wlog that k appears twice in ¢;. There is a run of R((p, k, q), u)(<%)
that contains both ¢; and ¢3. Which is the run for Ps.
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