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The eccentricity lowering problem is to reduce the eccentricity of a network by

upgrading some nodes (i.e., shrinking the lengths of the edges incident to such

nodes). We consider two types of node-upgrading strategies, i.e., a continuous

upgrading strategy and a discrete upgrading strategy, where the improvement

under the first strategy is a continuous variable, and the improvement under the

second strategy is a fixed amount. These problems are hard even to approximate,

for general graphs. Therefore we restrict our attention to graphs with simple

structures. Assuming that the graph G = (V,E) is a tree, we show that the
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eccentricity lowering problem under the continuous node-upgrading strategy can

be reduced to the eccentricity lowering problem under the continuous edge-

upgrading strategy, and can be solved by an O(|V | log |V |) time algorithm. We

also show that the problem for a tree is NP-hard under the discrete upgrading

strategy, but admits a fully polynomial approximation scheme, if the graph is a

line.

Keywords: eccentricity, node-upgrading, edge-upgrading, discrete upgrading strategy, con-

tinuous upgrading strategy, tree, line

1 Introduction

In a communication network, the transmission delay over the edges incident with a node can

be reduced by node-upgrading (i.e., installing faster communication equipment at the node).

This strategy is sometimes applied to improve the communication quality of the network.

Given a network, the eccentricity is defined as the largest distance from one designated

node to the other nodes. Defining the transmission delay on an edge as its length, we consider

the problem of reducing the eccentricity by node-upgrading at minimum cost. The problem

has many potential applications in the real world such as broadcasting, facility-accessing and

so forth.

Let a graph G = (V,E) represent a communication network, where the node set V stands

for transmission stations, and the edge set E stands for the links between transmission

stations. The transmission delay d(u, v) associated with an edge (u, v) from u to v can be
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decomposed into three parts: s(u) the sending time from node u, t(u, v) the transmission

time over link (u, v), and r(v) the receiving time at v; i.e., d(u, v) = s(u) + t(u, v) + r(v).

The transmission delay between any two nodes (adjacent or nonadjacent) is given by the

length of the shortest path (in terms of edge lengths d(u, v)) between the two nodes. For any

node v, upgrading it will shorten the sending time and the receiving time at v. We consider

two types of upgrading strategies, a continuous upgrading strategy and a discrete upgrading

strategy.

Under the continuous upgrading strategy, each node v is given two positive shrinking

coefficients λs(v) > 0, λr(v) > 0 and a cost coefficient c(v) ≥ 0. Also associated with v is

a continuous variable 0 ≤ x(v) ≤ b(v) (called the improvement made at v), where b(v) is

the upper bound on the improvement. The sending time from node v under improvement

x(v) becomes max{s(v) − λs(v)x(v), 0} and the receiving time at v becomes max{r(v) −

λr(v)x(v), 0}. The eccentricity lowering problem under the continuous upgrading strategy

is to find a vector x = (x(v) | v ∈ V ) that minimizes the total cost
∑

v∈V
c(v)x(v) under the

constraints that the eccentricity from a designated node v0 after the upgrading is at most U

and x(v) ≤ b(v) holds for all nodes v. This problem is denoted as CELP (continuous version

of the eccentricity lowering problem).

Under the discrete upgrading strategy, each node v is given three fixed values 0 ≤ ps(v) ≤

s(v), 0 ≤ pr(v) ≤ r(v) and c(v) ≥ 0. If a node v is upgraded, the sending time will

become s(v) − ps(v), and the receiving time will become r(v) − pr(v) at the cost of c(v).

The eccentricity lowering problem under the discrete upgrading strategy is to find a subset

S ⊆ V such that upgrading all nodes in S reduces the eccentricity of the designated node v0
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to at most U at the minimum total cost
∑
v∈S

c(v). We denote the problem as DELP (discrete

version of the eccentricity lowering problem).

The difference between continuous and discrete upgrading strategies is that the cost and

reduction under the continuous upgrading strategy depend linearly on the magnitude of the

improvement x(v) made at each node v, while those under the discrete upgrading strategy

depend only on whether the nodes are upgraded or not.

It easily follows from the known results (as will be briefly surveyed in the next section)

that both DELP and CELP are NP-hard. Furthermore it is not difficult to show that ap-

proximating CELP and DELP on a general graph is as hard as approximating the problem

SETCOVER (see Appendix). So our attention focuses on graphs with simpler structures.

The paper is organized as follows. In the next section we review the literature related to

network upgrading problems, and give a brief comparison between our model and exist-

ing models. In Section 3 and Section 4, we discuss the two problems CELP and DELP

respectively, and present the main results of this paper. In Section 5, we give concluding

remarks.

2 Literature Review

The node-based upgrading problem was first studied by Paik and Sahni [10], in which the

authors considered that the delay of an edge is reduced by a factor α if one endpoint of the

edge is upgraded, and by α2 if both endpoints of the edge are upgraded, where 0 ≤ α < 1

is a constant. The objective is to find a minimum number of nodes to be upgraded such

that there exists some subgraph with a specific structure to satisfy delay requirements. For
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example, problem ShortPath(x,B) seeks the smallest number of nodes to be upgraded such

that the length of the shortest path between any two nodes is less than or equal to B.

This problem is the same as ours except that the upgrading strategy is different. Paik and

Sahni showed that several node upgrading problems are NP-hard. Recently Krumke et al.

[6, 7, 8, 9] generalized Paik and Sahni’s model of [10]. They associated with each edge e

three integers d0(e) ≥ d1(e) ≥ d2(e), where di(e) describes the delay of e when exactly i of

its endpoints are upgraded. The cost c(v) of upgrading v is also associated with node v.

The node upgrading problem considered by them are the bottleneck tree upgrading problem

and the minimum length tree upgrading problem, which are to find a minimum cost set of

upgraded nodes so that the resulting network has a spanning tree such that the maximum

delay and the total delay of the spanning tree do not exceed given bounds. Krumke et al.

[7, 8] presented O(log |V |) approximation algorithms for these problems.

There is a related class of network improvement problems called the edge-upgrading

problem, where the lengths of edges are reduced. The definition of one such problem will

be given in the next section. This class of problems has been studied in [2, 3, 12, 13]. For

a general graph, it is hard to approximate within an O(log |V |) approximation ratio. If

the graph is a tree, however, some polynomial algorithms have been presented [2, 12]. In

particular, Zhang et al. [12] contains an O(|V | log |V |) time algorithm.

In concluding this section, we note two features about our model, which are introduced to

describe the real world more precisely. In our node-upgrading model, the transmission delay

over an edge is divided into three parts: sending time, receiving time and transmission time.

Upgrading a node only shortens the sending and receiving times of this node, and the effects

of upgrading a node on the sending time and receiving time can be different. This reflects
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the situation that installing new communication equipment at a node does not change the

quality of the incident links. The discrete upgrading model represents the situation where

the amount of improvement is fixed with a fixed cost. On the other hand, the continuous

upgrading model represents the situation where the amount of improvement can be chosen

but further improvements require larger costs.

3 Problem CELP on a Tree

For a general graph, we can modify the proof in [13] to show that approximating problems

DELP and CELP is at least as hard as approximating problem SETCOVER, even on a

bipartite graph. We state this result in the appendix to this paper, and restrict our attention

to graphs with special structures. In this section we show that when the underlying graph is

a tree, CELP under node-upgrading can be reduced to CELP under edge-upgrading (studied

in [2, 12]), and hence can be solved in O(|V | log |V |) time.

Assume that a tree T = (V (T ), E(T )), a designated node v0 ∈ V (T ) and a bound U on

the eccentricity are given. It is clear that the problem is feasible if and only if the eccentricity

of v0 is at most U when the improvements at all nodes reach their upper bounds. From now

on, we assume that the problem is feasible. Also, we regard the given tree T as a directed

tree with the orientation from the source node v0 to all leaves. Let L(T ) denote the leaf set

of the tree (excluding v0 if v0 itself is a leaf node). Clearly the eccentricity is given by the

largest distance from v0 to a leaf node w ∈ L(T ) in this directed tree.

First of all, we note that the upper bound b(u) on the improvement value at node u

can be removed by charging the delays remaining in s(u) and/or r(u) after the maximum

6



improvement x(u) = b(u) to the transmission time of the incident edges. Let us consider

only s(u) at a node u, since r(u) can be similarly treated. Assume that s(u) > λs(u)b(u)

holds, since otherwise no delay remains in s(u) after the maximum improvement. In this

case, replace s(u) by λs(u)b(u), and t(u, v) by t(u, v) + [s(u) − λs(u)b(u)] for each edge

(u, v) ∈ E(T ) incident from u. It is not difficult to see that the length of any path from v0 to

a leaf node does not change by this modification for any improvement value 0 ≤ x(u) ≤ b(u).

Furthermore, as λs(u)b(u)− λs(u)x(u) becomes 0 at x(u) = b(u), we do not need the upper

bound x(u) ≤ b(u) in the formulation.

Moreover, for any intermediate node u ∈ V (T )\(L(T )∪{v0}), the set of feasible solutions

does not change even if we switch the roles of the sending time and the receiving time (by

interchanging s(u) and r(u), and interchanging λs(u) and λr(u)). Therefore, we can assume

without loss of generality that s(u)
λs(u) ≤ r(u)

λr(u) holds for all intermediate nodes u.

Next, we define the corresponding edge-upgrading version of CELP as follows: Given

a tree T ′ = (V (T ′), E(T ′)), a designated node v′0 ∈ V (T ′), non-negative lengths l′(e′) and

costs c′(e′) for all edges e′ ∈ E(T ′), and a non-negative parameter U ′, we want to find a

vector y = (y(e′) | e′ ∈ E(T ′)) such that 0 ≤ y(e′) ≤ l′(e′) holds for each e′ ∈ E(T ′) and

∑

e′∈E(T ′)
c′(e′)y(e′) is minimized under the constraint that the eccentricity of v′0 in T ′ with

edge lengths l′(e′) − y(e′) is at most U ′. As noted above, this problem can be solved in

O(|V ′| log |V ′|) time.

Now we show that CELP under node-upgrading can be reduced to CELP under edge-

upgrading. Given a CELP instance I = (T, v0, r, s, c, λr , λs, t, U) under node-upgrading

(without upper bounds b(v)), we define an instance I ′ = (T ′, v′0, l′, c′, U ′) under edge-upgrading
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as follows.

• For the designated node v0 ∈ V (T ), create:

two nodes α(v0), αs(v0) ∈ V (T ′),

edge (α(v0), αs(v0)) ∈ E(T ′) of length l′(α(v0), αs(v0)) = s(v0) and cost

c′(α(v0), αs(v0)) = c(v0)
λs(v0) .

• For each leaf w ∈ L(T ), create:

two nodes αr(w), α(w) ∈ V (T ′),

edge (αr(w), α(w)) ∈ E(T ′) of length l′(αr(w), α(w))) = r(w) and cost

c′(αr(w), α(w)) = c(w)
λr(w) .

• For each intermediate node u ∈ V (T ) \ (L(T ) ∪ {v0}), create:

three nodes αr(u), α(u), αs(u) ∈ V (T ′),

edge (αr(u), α(u)) ∈ E(T ′) of length l′(αr(u), α(u)) = s(u) + λr(u) s(u)
λs(u) and

cost c′(αr(u), α(u)) = c(u)
λs(u)+λr(u) ,

edge (α(u), αs(u)) ∈ E(T ′) of length l′(α(u), αs(u)) = r(u) − λr(u) s(u)
λs(u) and

cost c′(α(u), αs(u)) = c(u)
λr(u) .

• For each edge (u, v) ∈ E(T ), create:

edge (αs(u), αr(v)) ∈ E(T ′) of length l′(αs(u), αr(v)) = t(u, v) and cost

c′(αs(u), αr(v)) = ∞.

Finally, let v′0 = α(v0) and U ′ = U . This transformation is illustrated in Figure 1. One can

easily verify that T ′ is a tree with a set of leaves {α(w)|w ∈ L(T )}.
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Figure 1: T on the left and T ′ on the right.

Let us denote the optimum values of instances I and I ′ by OPT (I) and OPT (I ′), re-

spectively. The following lemma shows that a feasible solution of instance I corresponds to

a feasible solution of instance I ′ with the same cost, yielding OPT (I ′) ≤ OPT (I).

Lemma 1 Let instances I and I ′ be defined as above. If (x(u) | u ∈ V (T )) is a feasible

solution of instance I, then the solution (y(e) | e ∈ E(T ′)) defined by

y(α(v0), αs(v0)) = λs(v0)x(v0),

y(αr(w), α(w)) = λr(w)x(w) for all w ∈ L(T ),

y(αr(u), α(u)) = (λs(u) + λr(u))min{x(u), s(u)
λs(u)} for all u ∈ V (T ) \ (L(T ) ∪ {v0}),

y(α(u), αs(u)) = λr(u)max{0, x(u) − s(u)
λs(u)} for all u ∈ V (T ) \ (L(T ) ∪ {v0}),

y(αs(u), α(v)) = 0 for all (u, v) ∈ E(T ),

is a feasible solution for instance I ′. Moreover, the costs of these two solutions are identical.
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Proof. Consider a leaf w ∈ L(T ). Let P be the unique path from v0 to w in T , and P ′ be the

corresponding unique path from α(v0) to α(w) in T ′. The length of P under node-upgrading

may be viewed as the sum of the following three contributions:

D1 =
∑

(u,v)∈E(P )
t(u, v),

D2 = s(v0) − λs(v0)x(v0) + r(w) − λr(w)x(w),

D3 =
∑

u∈V (P )\{v0,w}
[max{0, s(u) − λs(u)x(u)} + max{0, r(u) − λr(u)x(u)}].

D1 consists of all transmission times over the links in P . D2 represents the sending time from

v0 and the receiving time at w. D3 includes sending and receiving times at all intermediate

nodes in P .

Analogously, the length of P ′ may be viewed as the sum of the following three contribu-

tions:

D′
1 =

∑

(u,v)∈E(P )
[l′(αs(u), αr(v)) − y(αs(u), αr(u))],

D′
2 = l′(α(v0), αs(v0)) − y(α(v0), αs(v0)) + l′(α(w), αr(w)) − y(α(w), αr(w)),

D′
3 =

∑

u∈V (P )\{v0,w}
[l′(αr(u), α(u)) − y(αr(u), α(u)) + l′(α(u), αs(u)) − y(α(u), αs(u))].

Directly from definitions, we get D′
1 = D1 and D′

2 = D2. It remains to prove that D′
3 = D3,

by comparing these two sums term by term for the following two cases:

• If x(u) ≤ s(u)
λs(u) (≤ r(u)

λr(u) by assumption), then y(αr(u), α(u)) = (λs(u) + λr(u))x(u)

and y(α(u), αs(u)) = 0 hold. Therefore, we have

l′(αr(u), α(u)) − y(αr(u), α(u)) = s(u) + λr(u) s(u)
λs(u) − (λr(u) + λs(u))x(u),

l′(α(u), αs(u)) − y(α(u), αs(u)) = r(u) − λr(u) s(u)
λs(u) .

The sum of these two terms (i.e., those corresponding to node u) is equal to s(u) +
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r(u)− (λs(u)+ λr(u))x(u). For the case of x(u) ≤ s(u)
λs(u) , this is exactly the term in D3

that corresponds to node u.

• If s(u)
λs(u) < x(u) ≤ r(u)

λr(u) , then y(αr(u), α(u)) = (λs(u) + λr(u)) s(u)
λs(u) = s(u) + λr(u) s(u)

λs(u)

and y(α(u), αs(u)) = λr(u)(x(u) − s(u)
λs(u)). Therefore, we have

l′(αr(u), α(u)) − y(αr(u), α(u)) = 0,

l′(α(u), αs(u)) − y(α(u), αs(u)) = r(u) − λr(u) s(u)
λs(u) − λr(u)(x(u) − s(u)

λs(u))

= r(u) − λr(u)x(u).

This is exactly the term in D3 corresponding to node u.

The proof that the costs of instances I and I ′ are identical is similar. The main point

here is to note that for each node u ∈ V (P )\ (L(T )∪{v0}), we have the equality c(u)x(u) =

c′(αr(u), α(u))y(αr(u), α(u)) + c′(α(u), αs(u))y(α(u), αs(u)). The proof can proceed again

by considering the two cases x(u) ≤ s(u)
λs(u) and s(u)

λs(u) < x(u) ≤ r(u)
λr(u) separately. �

We then show that the converse of Lemma 1 is also true.

Lemma 2 If (y(e) | e ∈ E(T ′)) is a feasible solution of instance I ′ satisfying condition (1),

then the following solution (x(u) | u ∈ V (T )):

x(v0) = y(α(v0), αs(v0))
λs(v0) ,

x(w) = y(αr(w), α(w))
λr(w) for all w ∈ L(T ),

x(u) = y(α(u), αs(u))
λr(u) + y(αr(u), α(u))

λs(u)+λr(u) for all u ∈ V (P ) \ (L(T ) ∪ {v0}),

is a feasible solution of instance I, and the costs of these two solutions are identical.

Proof. First note that there exists an optimal solution y to instance I ′ that satisfies

y(α(u), αs(u)) > 0 ⇒ y(αr(u), α(u)) = l′(αr(u), α(u)), (1)
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for all u ∈ V (P ) \ (L(T ) ∪ {v0}), since c′(αr(u), α(u)) ≤ c′(α(u), αs(u)) holds and shrinking

either (αr(u), α(u)) or (α(u), αs(u)) has the same effect on the distance in T ′ between v0 and

any leaf. Based on this, the rest of the proof is similar to that of Lemma 1. �

From Lemma 1 and Lemma 2, we deduce OPT (I) = OPT (I ′). Moreover, from any opti-

mal solution for instance I ′ we can derive an optimal solution for instance I. Therefore solving

a CELP under node-upgrading can be reduced to solving a CELP under edge-upgrading.

Since an O(|V (T ′)| log |V (T ′)|) time algorithm is known for CELP under edge-upgrading

[12], and |V (T ′)| ≤ 3|V (T )| is obvious, we can conclude the following.

Theorem 1 When the underlying graph is a tree T = (V,E), CELP under node-upgrading

can be solved in O(|V | log |V |) time.

4 Problem DELP on a Line

Now let us turn our attention to problem DELP. We show that DELP is NP-hard in the

weak sense even if the underlying graph G = (V,E) is a line, but admits a fully polynomial

approximation scheme.

Theorem 2 Problem DELP is NP-hard even on a line.

Proof. Let a1, a2, . . . , an and b be n + 1 positive integers such that
n∑

i=1
ai = 2b holds.

Without loss of generality, we assume b ≥ ai for i = 1, 2, . . . , n. Problem PARTITION is to

find a subset I ⊆ {1, 2, . . . , n} such that
∑
i∈I

ai = b holds, and is known to be NP-complete

[4]. We now reduce PARTITION to DELP on a line, which shows that the latter is NP-hard.
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From an instance of PARTITION, let us construct an instance of DELP. First we con-

struct the following graph G = (V,E) having 2n + 1 nodes and 2n edges:

V = {ui | i = 0, 1, 2, . . . , n} ∪ {vi | i = 1, 2, . . . , n},

E = {(ui−1, vi), (vi, ui) | i = 1, 2, . . . , n}.

This G is a line between u0 and un. For each e = (u, v) ∈ E, we let s(u)+ t(u, v)+r(v) = 2b.

For nodes in G, let c(ui) = b + 1 for i = 0, 1, 2, . . . , n and c(vi) = ai for i = 1, 2, . . . , n.

Let ps(vi) = pr(vi) = ai for i = 1, 2, . . . , n. Moreover without loss of generality, we assume

that s(ui), r(ui), s(vi), r(vi) and ps(ui), pr(ui) are properly defined; i.e., 0 ≤ ps(ui) ≤ s(ui),

0 ≤ pr(ui) ≤ r(ui), 0 ≤ ps(vi) ≤ s(vi), and 0 ≤ pr(vi) ≤ r(vi). Finally, let v0 = u0 and

U = 4nb − 2b.

We claim that there exists a subset I ⊆ {1, 2, . . . , n} with
∑
i∈I

ai = b if and only if there

exists a subset S ⊆ V such that
∑
v∈S

c(v) ≤ b holds and the eccentricity of v0 becomes at

most U after upgrading the nodes in S.

If there exists a subset I ⊆ {1, 2, . . . , n} with
∑
i∈I

ai = b, let S = {vi | i ∈ I}. We have

∑

v∈S

c(v) =
∑

i∈I

c(vi) =
∑

i∈I

ai = b.

By upgrading the nodes in S, for each vi ∈ S, the delays of the edges incident with vi are

reduced from 2b to 2b−ai. Denote by R(v0) the eccentricity of v0 (i.e., the path length from

u0 to un in G) after this upgrading. We have

R(v0) = 2b|E| − 2
∑

i∈I

ai = 4nb − 2b = U.

Conversely, suppose that there exists a subset S ⊆ V such that the eccentricity of v0

becomes at most U after upgrading the nodes in S and its cost satisfies
∑
v∈S

c(v) ≤ b. First,
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we note that {ui | i = 0, 1, 2, . . . , n} ∩ S = ∅ holds since upgrading a node in {ui | i =

0, 1, 2, . . . , n} will make the cost more than b. Let I = {i | vi is upgraded}. We have

∑

v∈S

c(v) =
∑

i∈I

ai ≤ b,

and

R(v0) = 2b|E| − 2
∑

i∈I

ai ≤ U = 4nb − 2b,

i.e.,
∑
i∈I

ai ≥ b. Hence we conclude that
∑
i∈I

ai = b holds. �

The above theorem, however, says that DELP on a line is only NP-hard in the weak

sense, since so is PARTITION [4]. We now show that there is a pseudo-polynomial time

algorithm for solving DELP on a line.

Consider an instance of DELP on a line G = (V,E) with V = {ui | i = 0, 1, 2, . . . , n} and

E = {(ui−1, ui) | i = 1, 2, . . . , n}. We treat the following two cases separately.

The first case is that the source node v0 is located at one end of the line, say v0 = u0.

In this case, let ci = c(ui) for i = 0, 1, 2, . . . , n, and let d0 = ps(u0), dn = pr(un), di =

ps(ui) + pr(ui) for i = 1, 2, . . . , n − 1, and d(ui−1, ui) = s(ui−1) + t(ui−1, ui) + r(ui) for

i = 1, 2, . . . , n. Then DELP is formulated as the following knapsack problem:

min
n∑

i=0
cixi

s.t.
n∑

i=0
dixi ≥

n∑
i=1

d(ui−1, ui) − U

xi ∈ {0, 1}, i = 0, 1, . . . , n

(2)

The second case is that the source node v0 is located at one of the intermediate nodes

on the line, say v0 = uk for some 0 < k < n. Then we divide the line into two segments,

L1 = {(u0, u1), (u1, u2), . . . , (uk−1, uk)} and L2 = {(uk, uk+1), (uk+1, uk+2), . . . , (un−1, un)},
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and define the following four knapsack problems:

KP1 : min
k−1∑
i=0

cixi

s.t.
k−1∑
i=0

dixi ≥
k∑

i=1
d(ui−1, ui) − U

xi ∈ {0, 1}, i = 0, 1, . . . , k − 1,

(3)

KP2 : min
n∑

i=k+1
cixi

s.t.
n∑

i=k+1
dixi ≥

n∑
i=k+1

d(ui−1, ui) − U

xi ∈ {0, 1}, i = k + 1, k + 2, . . . , n,

(4)

KP3 : min
k−1∑
i=0

cixi

s.t.
k−1∑
i=0

dixi ≥
k∑

i=1
d(ui−1, ui) − U − pr(uk)

xi ∈ {0, 1}, i = 0, 1, . . . , k − 1,

(5)

KP4 : min
n∑

i=k+1
cixi

s.t.
n∑

i=k+1
dixi ≥

n∑
i=k+1

d(ui−1, ui) − U − ps(uk)

xi ∈ {0, 1}, i = k + 1, k + 2, . . . , n.

(6)

Denote the optimal values of these four knapsack problems by C1, C2, C3 and C4 respec-

tively. In the optimal solution of DELP, either the source node uk is upgraded or not. It is

straightforward to see that C1 and C2 correspond to the case without upgrading uk, while

C3 and C4 correspond to the case when uk is upgraded. The optimal cost C of DELP is

then given by

C = min{C1 + C2, c(uk) + C3 + C4}.

As the knapsack problem has a pseudo-polynomial time algorithm [4], DELP on a line can

also be solved in pseudo-polynomial time.
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Moreover, as the knapsack problem admits a fully polynomial approximation scheme,

we can easily show that DELP on a line can also admits a fully polynomial approximation

scheme. This is clearly true for the first case (i.e., source v0 is one of u0 and un), and we

need only consider the second case.

Let {Aρ | ρ > 0} be a set of algorithms for the knapsack problem such that each Aρ

is a (1 + ρ)-approximation algorithm and the running time is polynomially bounded in the

input length and 1/ρ. For any instance KP of the knapsack problem, write by Aρ(KP ) the

objective value obtained by Aρ applied to KP . We construct an algorithm Bρ for DELP as

follows:

Bρ(DELP ) = min{Aρ(KP1) + Aρ(KP2), c(uk) + Aρ(KP3) + Aρ(KP4)},

where we slightly abuse the notation since DELP stands for an instance of DELP, and

KP1,KP2,KP3 and KP4 stand for instances of the associated knapsack problems. Clearly,

the running time of Bρ is bounded by a polynomial in the input length and 1/ρ.

By the definition, we have

Aρ(KPi) ≤ (1 + ρ)Ci for i = 1, 2, 3, 4.

Hence

Bρ(DELP ) ≤ min{(1 + ρ)C1 + (1 + ρ)C2, c(uk) + (1 + ρ)C3 + (1 + ρ)C4} ≤ (1 + ρ)C,

since ρ > 0. Therefore {Bρ | ρ > 0} is a fully polynomial approximation scheme for DELP

in the second case.

Theorem 3 DELP on a line can be solved by a pseudo-polynomial time algorithm and ad-

mits a fully polynomial approximation scheme.
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Remark 1: We call a graph G = (V,E) a star if G is a tree and there is at most one node

u ∈ V whose degree is more than one. Using similar arguments as in this section, it is not

difficult to deduce that DELP on a star can also be solved in pseudo-polynomial time and

admits a fully polynomial approximation scheme.

Remark 2: If ci = 1 holds for all i, the knapsack problems (2) to (6) are trivially solved.

In fact, we select the items in non-increasing order of di until the requirement is satisfied.

As {di} can be sorted in O(|V | log |V |) time, DELP on a line with unit costs can be solved

in O(|V | log |V |) time. This result can also be extended to DELP on a star.

5 Concluding Remarks

In this paper, we considered a new type of network upgrading model. The model divides

the communication delay over an edge into three parts: sending time, receiving time and

transmission time. Upgrading a node shortens the sending and receiving times of this node,

with possibly different effects on them. We considered two upgrading strategies; one assumes

that the improvement at a node is variable, while the other assumes that the improvement

at a node is fixed. These two problems are denoted by CELP and DELP respectively.

We showed that CELP can be solved in polynomial time if the underlying graph is a tree.

However DELP is NP-hard in the weak sense even if the underlying graph is a line, but admits

a fully polynomial approximation scheme. Note that the eccentricity lowering problems

considered in this paper are to minimize the upgrading cost in order to reduce the eccentricity

by a given amount. There is a related version of the eccentricity lowering problem, i.e., to

minimize the eccentricity within a given budget. It is straightforward to see that the results

17



in this paper can be extended to such a version.
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Appendix: An outline of the proof for inapproximability of DELP and CELP

First consider problem DELP. We show that problem SETCOVER is L-reducible [1] to

DELP.

Problem SETCOVER can be stated as follows: Given a finite ground set X = {x1, x2, . . . ,

xn} and a collection of its subsets S1, S2, . . . , Sm satisfying ∪m
i=1Si = X, find the size of the

minimum subcollection that covers X, i.e., a subset I ⊆ {1, 2, . . . ,m} with the minimum size

such that ∪i∈ISi = X. It is well known that approximating SETCOVER within a ratio of

c ln(n) for some constant c > 0 is NP-hard [11].
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Given an instance of SETCOVER, we construct the following graph G = (V,E) (shown

in Figure 2).

V = {u0, u1, u2, . . . , um} ∪ {v0, v1, v2, . . . , vn},

E = {(v0, u0)} ∪ {(u0, ui) | i = 1, 2, . . . ,m} ∪ {(ui, vj) | xj ∈ Si}.

Figure 2: Graph G.

Let U = 1, c(v) = 1 for all v ∈ V , t(e) = 0 for all e ∈ E, s(v0) = r(v0) = ps(v0) =

pr(v0) = 0 and s(v) = r(v) = ps(v) = pr(v) = 1 for v ∈ V \ {v0}. This completes the

construction of the instance of DELP. In this case, we have d(v0, u0) = 1, and d(e) = 2 for

all e ∈ E \ {(v0, u0)}, so the eccentricity from v0 is 5. Moreover, if all nodes in a subset

V ′ ⊆ V are upgraded, the cost incurred is |V ′|.

If C∗ = {Si1 , Si2 , . . . , Sik} is a minimum set cover of X, we upgrade u0 and nodes uih for

Sih ∈ C∗, where we denote the set of upgraded nodes by V ′. It is not difficult to see that the

upgraded distance d′ satisfies d′(v0, u0) = 0, d′(u0, uih) = 0 for Sih ∈ C∗, d′(u0, ui) = 1 for
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Si /∈ C∗, d′(uih , vj) = 1 for Sih ∈ C∗, and d′(ui, vj) = 2 for Si /∈ C∗. As C∗ is a set cover, we

have d′(v0, vj) = 1 for all j, d′(v0, ui) = 1 for Si /∈ C∗, and d′(v0, v) = 0 for all other nodes v.

Hence the eccentricity from v0 is 1, implying that V ′ is feasible. The cost of this solution is

|V ′| = 1 + k = 1 + |C∗|. Therefore, any optimal solution V ∗ of DELP satisfies

|V ∗| ≤ |V ′| = 1 + |C∗|. (7)

Conversely, assume that upgrading V ′ ⊆ V is feasible. If u0 /∈ V ′ holds, then the length

from v0 to any node ui or vj is not less than 2. Thus u0 must be upgraded.

Next if, for a vj , ui /∈ V ′ holds for all i with (ui, vj) ∈ E, then

d′(v0, vj) = min
(ui,vj)∈E

[d′(u0, ui) + d′(ui, vj)] ≥ 1 + 1 = 2,

showing that this is not feasible. Therefore for each vj , one of the ui adjacent to vj must

be upgraded to make d′(v0, vj) ≤ 1. In this case, as u0 and one of the ui adjacent to vj are

upgraded, we have d′(v0, vj) = 1, and upgrading vj is unnecessary. Also the set of upgraded

ui gives a set cover C as each vj must be incident to one of the upgraded ui. Hence we obtain

a set cover C from a feasible solution of DELP, such that

1 + |C| ≤ |V ′|. (8)

Combining (7) and (8), we obtain |C|− |C∗| ≤ |V ′|− |V ∗|. Moreover, since |C∗| ≥ 1 holds,

we have |V ∗| ≤ 2|C∗| by (7). Hence we obtain

|C| − |C∗|
|C∗| ≤ 2

|V ′| − |V ∗|
|V ∗| . (9)

This shows that the reduction from an instance of problem SETCOVER to the instance

of DELP is an L-reduction. It is not difficult to see that (9) implies that approximating

DELP is as hard as approximating problem SETCOVER.

21



For problem CELP, we can also use a similar argument to show its inapproximability.
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