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1 The language of classical predicate logic CPL

The language of classical predicate logic (CPL), L consists of

— individual variables x, y,...

— w-many m; - place function symbols, F; for i € w
— w-many m; - place predicate symbols P; for j € w
— the logical symbols -, VV ,3

— the equality symbol =

Terms and formulas are defined as usual, and if ¢ and v are formulas and z is an
individual variable then —¢, ¢ V v, Jx¢ are formulas. A , —, ...are defined as in
propositional logic and Vx¢ = —Jz—¢.

If ¢ is a formula containing a term ¢ and ¢’ is a term, then we denote by ¢;[t'] the formula
obtained from ¢ by replacing every free occurrence of ¢ by t’. If ¢’ is the name of an
element of a set O then ¢;[t'] is called O-instance of ¢. In order to omit parentheses,
we assume that the one-place operators bind closer that the two place operators and A,
V bind closer than —, (i.e. p Ay — pV ais (¢ A) — (pV o), and a sequence of —
is parenthesized to the right (ie. ¢ = ¥ — p > ois ¢ — (¥ — (p — 0)). We call
atomic formula or atom any positive literal containing no free variables (i.e. containing
only constants or terms containing only constants).

2 Axioms and inference rules

Axiom 1 ¢V —¢

Axiom 2 ¢[c] — Jxd.[x]



Axiom 3 identity:t =t

Axiom 4 equality: x1 =11 A ... Ty = Y — (X1, 22, .. 20) = F(Y1,Y2y - -y Yn)
Axiom 5 z1 =y A Xy = Y — P(T1, T2, Tm) = DYWL, Y2, -y Ym)

Rule 1 Expansion ¢ : ¢ V ¢

Rule 2 Contraction ¢V ¢ : ¢

Rule 3 Associativity oV (Y V x) : (¢ V) V x

Rule4 Cutp Vi, x V- :oVy

Rule 5 3 - introduction : ¢ — ¢ : (Jxd) — 1) provided that x does not occur unbound

in .

Every instance of an axiom is a classical theorem and if A and B are classical theorems
and C is obtained from them by application of one of the rules, C'is a classical theorem.
We write - ¢ if ¢ is a theorem. When we introduce a set of non-logical axioms M from
which ¢ can be deduced then we write M F ¢.

3 Theorems and derivation rules which can be proven from the
above calculus

Furthermore, we shall often use theorems or derivation rules proven in classical predi-
cate logic as in [2], for example.

4 Semantical characterization of classical logic

4.1 Classical structures

Definition 1 The tuple A = (O, (fi)icw (Pj)jew,=), w being the set of natural num-
bers, is a classical structure, where

— O # ) is the set of objects
- fi: O™ — O is an n;-place function on O, forn; € w
- p;j € O™ is an mj-place predicate on O for m; € w.



4.2 Definition of a truth function T’

We define by recursion a function 7" which assigns elements of O to terms and truth
values { T, L} to formulas of L. Let ¢ be a term without variables.

— Ift is the name of an a € O, then T'(t) = a
— If ¢ is not a name then it has the form F;(¢; .. .t,,) since it is devoid of variables,
where SRRV IREEE .Then T(Fz(tl . tnl)) = fi(T(tl), e T(tnl))

Let A be a closed formula of £, and t1, t2 be terms. Then
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- T(Jx¢) = T iff there is ¢ € O such that T(¢,[c]) = T

A formula ¢ is called valid in a structure M iff T'(¢') = T for every O-instance ¢’

of ¢. This is denoted by M = ¢. A formula ¢ is called valid iff ¢ is valid in every
classical structure. This is denoted by |= ¢.

5 Soundness

Theorem 1 IfF ¢ then ¢ is valid.

We show that all axioms are valid and that Proof Axiom 1: T(A V —A) T iff
T(A) = T or T(=A) = T. In the first case, we are finished, in the second case we
have T'(¢) = L according to the

Axiom 2:

Q.E.D.

6 Completeness

In this part we will show that every valid formula is a theorem of. Our proof is along
the same lines as Henkin’s completeness proof [1].

Definition 2 A set of formulas, s, is called inconsistent if it has a finite subset {1, ¢, . .., P}
witht =¢1 V ...V —¢k. Otherwise s is called consistent.



Let s be a set of formulas. Then we denote by V (s) the set of all terms occurring in
formulas of s. We denote by P(s) the set of all formulas of £(K) containing only
nonlogical symbols (terms, function and predicate symbols) of formulas of s.

Definition 3 A ser of formulas s is called complete (or complete) if

— s1s consistent.

— s is maximal, i.e. for all ¢ in P(s) holds: if ¢ & s then s U{¢ } is inconsistent.

— s is saturated, i.e. for every existential formula x¢p € s there is a formula
¢z[c] € s for some constant ¢ € V (s).

Lemma 1 Every consistent set of formulas can be extended to a complete set of formu-
las. Proof analogous to that by Henkin-Hasenjdiger.

Let s be a consistent set of formulas and let ay, ao, ... be a sequence of ‘new’ ob-
Jject variables not in V(s). We define P*(s) = P(s) U {j : j is a formula with
variables from a1,as...}. Let {3x;¢;(x;) }iz1,... be an enumeration of the existen-
tial formulas of P*(s). Then we form a set of formulas s~, by adding to s a set of
Sformulas 3x;p;(x;) — ¢(a;) for every existential formula of P(s). s™ is consis-

tent : assume for the contrary that there are formulas ¢1, ¢2, ...,y in s, such that
F _|(,Z51 V...V _\(,ZSk V ﬂ(ﬂﬂxiod)m (Ilo) V ¢1'0 (aio))
This gives

(]) H _\¢1 V...V _‘st vV 3Iig¢ig(zio) and

(2)F =1 V...V =y V =iy (ai,)

From (2), we obtain

(3)F—d1 V...V V Vg, (x)and hence

(4)F =1 V...V V aTFzg,, (x)

(1) and (4) imply = =¢1 V ...V —¢y, which contradicts the consistency of s.

s™ is extended to s* in the following way: let © be the set of all consistent formula sets,
containing s*: © = {s' : s C s’ and s’ consistent} Let H be a chain in ©, i.e. H C ©
and sy, s2 € H implies s1 C $3 or so C s1. Then |J H is an upper bound of H in O,
since s C\J H forall s € H. | H is consistent: if not, assume that there are formulas
G1,02, ..., 0k € \JH suchthatt —¢1 V ...V ~dy. Then there are s1, 82, ...,5, € H
and ¢; € s; for 1 < i < k. There is sy, € {s1,S2,...,8k}, such that s; C sy, for
1 <9 < Kk, hence ¢; € sk, for 1 < 1 < k, which contradicts the consistency of
Sko- Therefore | JH € O (since | H is consistent). | J H is an upper bound of H and
\UH € 6. By Zorn’s Lemma © has a maximal element s*, i.e. for all ' € ©: s* C &'
entails s' = s*. s* is complete:

— §* is consistent, because s* € O

— §* is maximal: let ) & s*. Then s* U {¢} & O because s* is a maximal element in
©. Therefore, from the definition of ©, s* U {1} is not consistent.

— s*is saturated: let Ax¢p € s*. From the definition of s™ and because of s~ C s*, we
have (Ax¢p(z) — ¢(a)) € s*. Hence (—xp(x)) € s* and —~(3xp(r) — ¢(a)) &



s* because s* is consistent. Assume now that ¢(a) ¢ s*. Then s* U {¢(a)} is

inconsistent, i.e. there are formulas ¢1, ¢, ..., ¢ € s*, such that
(1) b =g V...V =gV d(a).
By the same reasoning, there are formulas 1,1, ..., Ym € s*and X1, X255 Xn €

s*, such that

(2) F =1 V...V )y, V-—dxg and

(3) F=x1V...Voxs Voo(3ze(x) = ¢a)).

From (1) and (2) and (3) it follows easily

(4) F =1 V... V=agp V1 V...V =y, Voxxr V...V axXns
which contradicts the consistency of s*.

Q.E.D.

Lemma 2 Let s be a complete set of formulas. Then

Ifp € sthen ¢ & s

If¢ € P(s)and ¢ & sthen—¢ € s

Ifp € sandp € P(s) andb ¢ — Y then) € s

If¢NV W € sthenp € soryp € s

IfoVip € P(s)and ¢ € sor € sthen oV ) € s

If ¢la] € s then Iz € s

If 3x¢ € s then there is a € V(s) such that ¢[a] € s

t =1t € sforeverytermt € V(s)

Ifty =t €s,...t, =t, € sand F(ly,....,t,) € V(s) and F(t},t},...,t)) €
V(s) then F(ty,ta, ..., t,) = F(t],th,...,t)) € s

Ifti =1t €s,...t, =t € sand P(t1,ta,...,ty) € sand P(ty,th,... t)) €
P(s) then P(t},th,...,tl) € s
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Proof

1. Since s is consistent and - —¢ V ——¢.

2. s U {¢} is inconsistent. Hence there are formulas ¢1,¢2,...,¢0r € s and
F =gy V...V =gy V —¢. Assume —¢ & s. Then sU{—o} is inconsistent and there
are formulas 11,0, ..., € s such thatt= )1 V ...V =, V 2@, It follows
thatt- —=¢1 V ...V ¢ V 1 V ... V Uy, which contradicts the consistency of s.
is proven along the same lines as 2.

is proven along the same lines as 2

is proven along the same lines as 2

holds because s is saturated and from = ¢[a] — Jx@[x] and from 3.

holds by the definition of complete set (saturated)

Assume for the contrary thatt = t & s. Then there are formulas ¢1, ¢o, ..., ¢ € S
such that b —¢1 V...V =¢p V —(t = t). But = t = t by (identity axiom). Hence
F=op1 V...V —poy from the cut rule contradicting the consistency of s.
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9. Proof as in 7. by the equality axiom t; = t...t, = t,, — F(t1,ta,...,t,) =
F(ty,th, ..., t)) of classical logic.
10. Proof as in 7. by the equality axiom t; =t} ...t, = t,, = P(t1,t2,...,tn) —
P(t),th, ... t0).

Q.E.D.

We are now in a position to define the canonical model. The objects will be the equiva-
lence classes according to the identity of terms, =.

Definition 4 Let S be a complete formula set. Let to, t1 € V(s). Then tg = t1 iffges
(t() = tl) € s.

Lemma 3 =2 is an equivalence relation. Proof:

a) = is reflexive by 2,9.

b) = is symmetricbytt =t ANt =t" — t' =1’ equality axiom. -t =t Nt =1 —
t' =t replace t” by t. Since t = t € s by Lemma 2.9., we gett = t' € s entails
t' =t € sbyLemma?2.1l.

c) Zistransitive -t =tV ANt =t =t =1t =t € sandt = t' € s entails
t=1" € s by Lemma 2,3.

Q.E.D.

We denote by [t] the 2-equivalence class of .

Given a complete set of formulas s, we define a the canonical structure A = as the
classical structure (O, (fi), (pj), =), where

(1) O is the set of = - equivalence classes.

(2) f?([tl]; [tQL R [tnlD = [Fi(t17t27 s 7tn7)]

3) ([tl], [tz], ey [thD € pjy ifij(fl,tQ, - 7tm].) €s
(4) = is the equality of the equivalence classes.

The definition of the functions f; and the predicates p; depends only on the = - classes
and not on the terms, i.e.

[ o] = [t] ... and [tn;] = [t'n;] entails
fi([ta], [ta], - - [tn]) = fu([t1], [t5), - - - . [t5,,]) by Lemma 2, 10.
[t1] = [t}],- and [t ] =[] entalls
([t1], [t - - o5 [tm;]) € py) iff (ft1], [ta] - - . [th,,]) € pj by Lemma 2,11



Definition of the truth value function T':
For every term ¢ we set T'(t) = [t]. The truth value for a formula is given inductively

by the definition of functions and predicates.

Lemma 4 For every closed formula ¢ € P(s), we have T'(¢) = T iff ¢ € s. Proof by
induction over formulas:

~

Tt=¢)=Tiff T(t) =T iff t| = [t'] iff t =t' € s by definition of =.

2. T(Pj(t1,ta, ... tm,) = Tif (T(t1),... T(tm,)) € p; iff ([t1], [t2], ..., [tm,]) €
pj l.fpj(thtg, . 7tm].) € s.

3. T(—) =Tiff T(¢) = Lify € sby induction hypothesis iff —) & s from Lemma
2,1. and 2.

4. T(YVvx) =tifTW)=TorT(x) =Tiffv € sorx € sbyinduction hypothesis
ifvV x € sby Lemma 2, 4. and 5.

5. T(3x) = T ifthere is ¢ € O such that T (¢, [c]) = t if Yz[c] € s by induction

hypothesis iff 3z € s (from Lemma 2,6 and 7.

Q.E.D.

Theorem 2 Theorem 2. Completeness theorem. Every valid formula is deducible. Proof
Assume for the contrary that there is a valid formula ¢ which is not deducible. Then, by
definition 2, {—¢} is a consistent set of formulae. {—¢} can be extended to a complete
set of formulae s, by Lemma 1, where —¢ € s. By Lemma 4, T(—¢) = T and hence
T(¢) = L, which contradicts the validity of ¢. Q.E.D.
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