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Abstract. We study the problem of gathering at the same location two
mobile agents that are dispersed in an unknown and unlabeled environment. This problem called Rendezvous, is a fundamental task in distributed coordination among autonomous entities. Most previous studies
on the subject model the environment as an undirected graph and the solution techniques rely heavily on the fact that an agent can backtrack on
any edge it traverses. However, such an assumption may not hold for certain scenarios, for instance a road network containing one-way streets.
Thus, we consider the case of strongly connected directed graphs and
present the ﬁrst deterministic solution for rendezvous of two anonymous
(identical) agents moving in such a digraph. Our algorithm achieves rendezvous with detection for any solvable instance of the problem, without
any prior knowledge about the digraph, not even its size.
Keywords: Distributed Algorithm, Directed Graph, Leader Election,
Rendezvous, Anonymous Networks, Mobile Agents, Graph Exploration.

1

Introduction

One of the fundamental problems in distributed coordination is the task of gathering together two autonomous entities that are dispersed in a unknown environment. The problem, called rendezvous problem, has been studied both for
robots moving in a terrain or software agents moving in a network. In the former case, the environment is a bounded (or unbounded) region of the inﬁnite
two-dimensional plane. While in the latter case, the environment is modeled as
a graph where the two agents are initially located at distinct nodes of the graph.
When the two dispersed entities can not communicate from a distance, solving
rendezvous is essential for an exchange of information or for achieving even the
simplest form of coordination between the mobile entities. The rendezvous problem belongs to the class of symmetry-breaking problems (e.g. leader election is
another such problem) that are central to study of computability in distributed
systems. The importance of the problem is evident from the large volume of
literature [10, 11, 14–17, 19] dedicated to solving the problem under various
conditions and restrictions.
N.A. Lynch and A.A. Shvartsman (Eds.): DISC 2010, LNCS 6343, pp. 282–296, 2010.
c Springer-Verlag Berlin Heidelberg 2010
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For rendezvous in graphs, almost all previous results were restricted to undirected graphs. However, in many scenarios, it is natural to model the environment as a directed graph. For instance, in a communication network such as the
internet, it may be possible to communicate in only one direction along some of
the channels. Another example of a directed graph is a road network containing
some one way streets.
To the best of our knowledge, there are no known results on rendezvous of
agents in arbitrary and unknown directed graphs. Moreover, the solutions for
the undirected graphs do not carry over to the case of digraphs, as they heavily
rely on the ability of the agents to backtrack on a traveled path.
In this paper, we show how two identical agents can rendezvous in an unknown
digraph. The agents are allowed to move along the arcs of the digraph from the
tail end to head end. We assume the digraph to be strongly connected so that
any node of the digraph can be reached. An agent located at any node v of the
digraph can choose one of the several arcs outgoing from v and this choice is made
by a deterministic algorithm which speciﬁes the moves of the agents. The idea
is to design an algorithm that when executed by each agent ensures that after a
ﬁnite number of moves, the agents terminate in exactly one node of the digraph.
In the most general setting, the nodes of the graph are anonymous (i.e. the agents
can not distinguish between nodes of the same degree) and the agents themselves
do not have any unique identiﬁers either. In this setting, rendezvous can not be
solved in arbitrary graphs, using deterministic algorithms. We thus focus on the
problem of “rendezvous with detect” where the agents rendezvous if and only if it
is deterministically possible for the given instance, and otherwise stop and report
that problem is not solvable. Solving rendezvous usually requires the agents to
completely explore the digraph. Exploration of unknown and unlabeled graphs
(or digraphs) is diﬃcult unless the agents are allowed to mark the nodes. As in
several previous papers on the topic [3, 4, 9, 11, 13], we allow the agents to mark
nodes of the digraphs by writing on whiteboards available at each node.
Related Works: The problems of rendezvous and leader election has been
extensively studied from the point of view of computability in unknown and
unlabeled graphs, starting from the work of Angluin [2]. Many researchers have
focussed on characterizing the conditions under which distributed coordination
problems (such as leader election) can be solved in the absence of unique identiﬁers for the participating entities. Characterizations of the solvable instances for
leader election in message passing systems have been provided by Boldi et al. [7]
and by Yamashita and Kameda [18] among others. The rendezvous problem
which falls under the same class of symmetry breaking problems, has been solved
under various diﬀerent assumptions such as distinct labels for the agents, sense
of direction information, or under a synchronous setting (e.g. [4, 10, 16, 17, 19]).
The problem has been studied for speciﬁc topologies such as rings [11], tori [17],
trees [15] as well as in the most general case of an unlabeled terrain [14]. The
idea of solving rendezvous by marking the starting locations with tokens was
ﬁrst proposed by Baston and Gal [5].
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Most of the above results are for undirected graphs. Boldi and Vigna [7, 8]
considered directed graphs and they introduced the concept of fibrations to illustrate certain properties of digraphs. For instance, they showed that deterministic
leader election is solvable only in fibration-free digraphs.
For directed graphs, even exploration using deterministic algorithms is relatively diﬃcult compared to undirected graphs. The problem of exploring and
constructing a map of an unknown strongly connected digraph has been studied
previously, from the point of view of minimizing the number of arc traversals
(also called the “moves” complexity). For exploration of node-labelled digraphs,
the best known algorithm [1] has a cost of O(dlogd ∗ m) moves for a digraph G
having deﬁciency d (i.e. d arcs are needed to make G Eulerian). Another optimization criteria is minimizing the amount of memory required by an agent to
explore a directed graph (See e.g. [13])
When the nodes of the digraph are not labelled, it is necessary to mark the
nodes so that they can be recognized on subsequent visits. Exploration of unlabeled and unknown digraphs using pebbles to mark vertices, has been studied
by Bender et al. [6]. A related problem of searching for a black hole has been
recently studied for directed graphs (see [9]).
Our Results: We study the rendezvous problem for two identical agents starting
from arbitrary locations in strongly connected directed graphs in the absence of
unique identiﬁers. We present an algorithm for solving Rendezvous with Detect
in any strongly connected digraph. Our results give a characterization of the
solvable instances for rendezvous in this setting. Thus, our result generalizes
previous results on rendezvous in undirected graphs to the more general case of
directed graphs. The algorithm considered in this paper requires O(m.n) moves
for graphs of n nodes and m edges, whereas for undirected graphs, the same
problem can be solved in O(m) moves. Our algorithm is universal and works
for digraphs of arbitrary size and topology (i.e. no prior knowledge about the
digraph is required).

2
2.1

Definitions and Properties
Our Model

The environment where the agents are operating is represented by a strongly
connected directed graph G = (V, A) where V is the set of nodes and A is the
set of arcs of G. We denote by n and m, the number of nodes and the number
of arcs of G, respectively. There are two identical mobile agents located in two
distinct nodes of the digraph G. The agents execute the same algorithm and
start from the same initial state (though not necessarily at the same time). The
agents do not have any prior knowledge of the graph G, not even n, the size of G.
Every action performed by an agent takes a ﬁnite but otherwise unpredictable
amount of time. The node from where an agent a starts the algorithm (i.e.
the initial location) is called the homebase of agent a, denoted by h(a). The
objective of the agents is to solve rendezvous i.e. meet at any unspeciﬁed node
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of the digraph G. We denote an instance of the rendezvous problem by (G, χp )
where χp : V → {0, 1} is a node-labeling of G such that χp (v) = 1 if there exists
an agent a such that h(a) = v, and χp (v) = 0 otherwise.
The agents can traverse the arcs of G only from the tail end to the head end
(but not the other way). Since G is strongly connected each node has at least one
incoming and at least one outgoing arc. We denote by din (v) (resp. dout (v)) the
number of incoming (resp. outgoing) arcs at v. The arcs going out from a node
v are locally oriented i.e. they are labelled as 1, 2, . . . , dout (v). Similarly, the arcs
incoming at a node v are labelled as 1, 2, . . . , din (v) and an agent arriving at node
v by an arc e, knows the label of e at v. Note that each arc e = (u, v) of G has
two labels, one at the tail end u and the other at the head-end v. The arc labeling
of G (sometimes called the port numbering) is speciﬁed by λ : A(G) → N2 . We
call this the Duplex arc-labeling model. Note that this model corresponds to the
Port-to-Port(PP) model in the message passing system, as deﬁned by Yamashita
and Kameda [18].
We will also consider the more general case of Simplex arc-labeling where only
outgoing arcs at a node v are labelled, but not the incoming arcs. In other words,
an agent arriving at node v does not know through which arc it arrived. In this
case, the arc labeling of G is speciﬁed by λ : A(G) → N.This model corresponds
to the Port-to-Mailbox (PM) model in the message passing system of Yamashita
and Kameda [18]. The diﬀerence between the two models and the eﬀect it has
on the computations, is further discussed in Section 4.
Each node v ∈ G has a whiteboard and any agent visiting node v can read or
write to that whiteboard. We use label(v) to denote the contents of the whiteboard of the node v. Initially all whiteboards are empty, so label(v)= φ, for each
v ∈ V (G). Whenever the two agents are in the same node, they see each other
and stop.
2.2

Coverings of Digraphs

For the deﬁnitions given below, we consider multigraphs, i.e. digraphs that
possibly contain parallel arcs and self loops. Such a multigraph is denoted by
D = (V (D), A(D), s, t) where V (D) is a set of vertices, A(D) is a set of arcs,
and s and t are two functions that assign to each arc two elements of V (D) :
a source and a target. A path between two vertices u and v in D is a sequence
of arcs a1 , a2 , . . . ap such that s(a1 ) = u, ∀1 ≤ i ≤ p − 1, t(ai ) = s(ai+1 ) and
t(ap ) = v.
A homomorphism γ between the multigraph D and the multigraph D is a
mapping γ : V (D) ∪ A(D) → V (D ) ∪ A(D ) such that for each arc a ∈ A(D),
γ(s(a)) = s(γ(a)) and γ(t(a)) = t(γ(a)). An homomorphism γ is an isomorphism
if γ is bijective. We now deﬁne the notion of graph coverings, borrowing the
terminology of Boldi and Vigna[8].
Definition 1. A covering projection is a homomorphism ϕ from D to D satisfying the following: (i) For each arc a of A(D ) and for each node v of V (D)
such that ϕ(v) = v  = t(a ) there exists a unique arc a in A(D) such that t(a) = v
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and ϕ(a) = a . (ii) For each arc a of A(D ) and for each node v of V (D) such
that ϕ(v) = v  = s(a ) there exists a unique arc a in A(D) such that s(a) = v
and ϕ(a) = a .
If the homomorphism ϕ satisﬁes only property (i) above, it is called a fibration,
whereas if it satisﬁes only property (ii), it is called an opfibration. If a covering
projection ϕ : D → D exists, D is said to be a covering of D via ϕ and D is
called the base of ϕ. The notions of coverings extend to labelled digraphs in an
obvious way: the homomorphisms must preserve the labeling. Throughout the
paper we will consider digraphs where the vertices and arcs are labelled with
labels from a recursive label set L (The labeling of D is denoted by μD ). We will
consider homomorphisms which preserve these labelings.
Definition 2. A labeled digraph (D, μD ) is said to be covering-minimal if there
does not exist any labeled multigraph (D , μD ), where D is not isomorphic to
D, such that (D, μD ) is a covering of (D , μD ) via a label-preserving covering
projection.

G1

G2

H

Fig. 1. There exists an opﬁbration from digraph G1 to H and a covering projection
from digraph G2 to H. So, G2 covers H, while G1 is covering minimal. (The arc labeling
is not shown in the ﬁgure and the node-labeling is illustrated by colors black and white.)

2.3

Impossibility Result

We now present a characterization of labelled digraphs where it is possible to
solve rendezvous of mobile agents. First let us consider some known computability results for digraphs.
Lemma 1 ([8]). Given a digraph G(V, A) and an arbitrary (non-injective) labeling μG on G, if there exists a label-preserving covering projection from the labelled
digraph (G, μG ) to a labeled multigraph (H, μH ), such that |V (H)| < |V (G)| then
it is impossible to solve leader election using message-passing in (G, μG ).
Lemma 2. For a directed graph G, a port numbering λ on the arcs of G, and
a bicoloring χp : V → {0, 1} of the nodes of G, if there exists an algorithm
for solving rendezvous of mobile agents that start from nodes of same color in
G, then there is an algorithm for solving leader election by message passing in
(G, λ, χp ).
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The above result follows trivially from the fact that a mobile agent algorithm
can be simulated by a message-passing algorithm where the messages are simply
an encoding of the agent’s states and their algorithm (see [3] for details). Once
rendezvous is solved on the digraph G, there is exactly one node that contains
all the agents and this node can be the designated leader.
Based on the above results, it follows that rendezvous is not possible in a
labelled digraph (G, λ, χp ) which is not covering minimal. In the next section we
present an algorithm the solves rendezvous for all strongly connected digraphs
that are covering minimal. Thus, we have the following result:
Theorem 1. Given any strongly connected directed graph G, a port numbering
λ on the arcs of G, and node labeling χp that denotes the initial placement of two
identical agents in G, Rendezvous is solvable if and only if (G, λ, χp ) is covering
minimal.
The above result holds irrespective of whether the port numbering λ is a simplex or duplex arc-labeling. In the next section, we present an algorithm for
rendezvous assuming duplex arc-labeling (i.e. when both incoming and outgoing
arcs are locally oriented). In section 4, we will show how to extend the algorithm
for the case of simplex arc-labeling.

3

Rendezvous Algorithm

A usual strategy for deterministic rendezvous in unknown graphs is the following.
Each agent marks its initial location, explores the graphs and builds a labelled
map of the graph. From the map and initial position of the agents in the map, the
agents can compute a unique location (if it exists, i.e. if the map is asymmetric)
and both agents move to that location.
Exploration of a digraph is relatively easy if each agent is provided with a
unique marker distinct from that of the other agent (for instance, suppose that
one agent has a spray-can of blue paint and the other agent has a spray-can
of red paint). An agent can explore the digraph G by following a depth-ﬁrst
strategy and writing on each visited node using the distinct marker (so that
it can recognize it on later visits). Such an algorithm for exploring a digraph is
presented as Algorithm Simple-Explore (See Algorithm 1). During the algorithm,
the agent maintains a counter that is incremented whenever a new node is visited.
The (counter,marker) pair provides a unique label for each node v that is visited
by the agent. It is easy to see that the algorithm succeeds in building a map of
any strongly connected digraph G.
Lemma 3. On executing Algorithm Simple-Explore using a unique marker, on
any strongly connected digraph G, the agent outputs a map of the digraph.
Lemma 4. Algorithm Simple-Explore requires O(m · n) moves by an agent.
In general, the agents would not have access to distinct markers at the beginning
of the algorithm. We now show how two identical agents may obtain distinct
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Algorithm 1. SimpleExplore(MARKER)
M AP ← φ; Count ← 1;
Write (MARKER, Count) on current node;
Increment Count;
Add current node to M AP ;
while ∃ a reachable node in M AP that has unexplored arcs do
Go to the closest reachable node u that has unexplored arcs;
Choose the unexplored arc e with smallest label;
Traverse arc e = (u, v) to reach node v;
if v is marked with MARKER, (i.e. v ∈ M AP ) then
add arc e to M AP ;
else
Write (MARKER,Count) on node v;
Increment Count;
Add node v and arc e to M AP ;
Return M AP ;

markers for exploring the digraph. Each agent starts by exploring the digraph
and whenever it arrives at ith node in its traversal, it simply writes the integer i
on the node. The agent a maintains a partial map Ma containing the nodes and
arcs visited so far by the agent (The map Ma is a subgraph of G). The problem
is that when the agent arrives at an already labelled node, it can not determine
whether v was marked by itself (i.e. v ∈ Ma ) or node v was marked by the other
agent (i.e. v ∈
/ Ma ). At this stage the agent does not know how to update its
map Ma . So, the agent a executes a checking procedure (to be described later),
in order to determine if node v was marked by another agent. At the end of the
checking procedure, either the agent a realizes that the node v is marked by the
other agent, or, the agent a is able to come back to a known node u in its map
Ma . In the latter case, the agent continues with the traversal without adding
the node v to its map. While in the former case, the agent would have detected
an asymmetry i.e. a diﬀerence in the maps of the two agents. Thus, in this case,
the agent starts a new round of exploration (i.e. it executes Algorithm 1) using
its current map Ma as the unique marker to mark nodes during the exploration.
We present below a high level description of the algorithm. A more detailed description (pseudocode) is given in Algorithm 2. We need the following deﬁnition.
Definition 3. For any two nodes u, u ∈ G, (u, u ) is called a pseudo-arc if there
is a (not necessarily simple) directed cycle (u, v0 , v1 , . . . , vt , u = u0 , u1 , . . . , ut =
u) for some t ≥ 0, such that label(ui )=label(vi ), 0 ≤ i ≤ t, λ(vi , vi+1 ) =
λ(ui , ui+1 ), 0 ≤ i < t, and λ(ut , v0 ) = λ(vt , u0 ). We say that an agent traversed
the pseudo-arc (u, u ) whenever it traverses the path (u, v0 , v1 , . . . , vt , u ).
Notice that if ui = vi , 0 ≤ i ≤ t in the above deﬁnition, then the pseudo-arc
corresponds to an actual arc in A(G). On the other hand if t = 0 i.e. u = u ,
then the pseudo-arc corresponds to a pair of symmetric arcs between u and v0 .
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Algorithm DirRDV
Round I: The agent executes the following steps:
1. The agent executes an exploration procedure during which it traverses the
graph, marks the nodes that it visits with a counter (unless the node is
already marked) and adds any node that it marks, to its local map (the
map is a labelled subgraph of G containing the nodes marked by the agent).
The exploration is interrupted whenever either the agent reaches an already
marked node v or there are no more unexplored arcs that can be reached
from the current node.
2. If the agent has reached an already marked node v, the agent executes procedure Check-Path at current node v using its current map, in order to
determine if the node v belongs to its map. If procedure Check-Path returns
false then node v does not belong to its map and the agent has detected
an asymmetry in the digraph. In this case the agent executes round two of
the algorithm. Otherwise if Check-Path returns true, the agent would have
returned to a known node u (as shown later) and the agent continues the
exploration from node u.
3. If there are no unexplored arcs incident to any reachable node in the map,
then the agent terminates the exploration and executes procedure CheckMAP. If the procedure returns true then the current instance is not covering
minimal and thus, the agent declares that rendezvous is not possible. If procedure Check-MAP returns false then the agent has detected an asymmetry
in the digraph. In this case the agent executes round two of the algorithm.
During Round-I, whenever the agent arrives at an unmarked node v, it writes
on the whiteboard the label of v which consists of the round number, value of
the counter, the current map, and the number of unexplored arcs incident to v.
The partial map Ma maintained by the agent a contains each node marked by
this agent (along with its label) and each explored arc which the agent used to
reach an unmarked node (such an arc is called discovery arc). For any explored
arc that leads to a marked node, the agent adds a pseudo-arc to its map.
Round II: Let Ma be the map obtained by an agent a at the end of ﬁrst
round. The agent executes algorithm Simple-Explore using Ma as the marker.
Let (G, μG ) be the output of the procedure and λ be the arc labeling part of
μG . The agent can obtain the labeling χp by assigning χp (v) := 1 for any node v
whose label has counter value of 1; χp (u) = 0 for any other node u. If (G, λ, χp )
is covering minimal then the agent computes a unique rendezvous location (that
depends only on G, λ and χp ) and moves to that location using its map. Otherwise the agent declares the problem is not solvable and terminates.
Procedure Check-Path: This procedure is executed at a marked node v, by
an agent a that reached v through the arc e = (u, v). Let the current map of
agent a be M which is a labelled subgraph of G. If the label of v does not appear
in M then the procedure returns false. Otherwise there is a node u in M that
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Algorithm 2. DirRDV
/* Algorithm for rendezvous with detect, for two agents.
Write HOM E on the starting node;
begin
Round := 1; // Begin 1st Round
M AP := φ;
Count := 1;
Write visited(Round, M AP , Count) on current node;
Increment Count;
Add current node to M AP ;
while ∃ a reachable node in M AP that has unexplored arcs do
Go to the closest reachable node u that has unexplored arcs;
Choose the unexplored arc e with smallest label;
Mark e as explored at node u;
Traverse arc e to reach node v;
if v is already marked then
Result := execute Check-Path (M AP , u, e, label(v));
if Result = true, (i.e. ∃u0 ∈ M AP s.t. label(v)=label(u0 )) then
Add pseudo-arc (u, u0 ) to M AP ;
Write the new MAP at node u0 ;
else
Go to next round;

*/

else
Add node v and arc e to M AP ;
Write visited(Round, M AP , Count) on node v;
Increment Count;
Result := Execute Check-Map(MAP);
if Result = true then
return ”Rendezvous is not possible” ;
else
Go to next round;
end
begin
Round := 2; // Begin 2nd Round
MARKER:= (Round, M AP );
Map2 := Simple-Explore (MARKER);
v := RV-point(Map2);
Go to node v using Map2;
end

has the same label as v. In this case there exists a directed path P from u to
u in M . The agent tries to traverse, from the current node v, the path having
a same label-sequence as path P . If such a path does not exist or the agent
detects a discrepancy between the path it is traversing and the path P in M ,
then we know that node v was marked by the other agent and thus, v ∈
/ M . In
this case, the procedure returns false. Otherwise the procedure returns true and
this implies either node u is same as node v (i.e. arc e completes a cycle in M )
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or u and v are symmetric nodes in G. In either of these cases, the agent has
returned to the known node u in its map, at the end of the checking procedure.
Procedure Check-Map: The agent executes this procedure to check the accuracy of the map that it obtained. The agent ﬁrst writes the current map on
the whiteboard of each node that it originally marked. Then the agent traverses
the path corresponding to each pseudo arc in the map and compares the label
of each node with the corresponding node in its map. If there is a mismatch,
the procedure returns false (i.e. the agent has detected an asymmetry in the
digraph). Otherwise the procedure returns true at the end of the traversal. (In
this case the map is the base of a covering on the labelled graph (G, λ, χp ) as
shown later.)
3
G
1

1

2

3
2

2

1

M

3

Fig. 2. The labelled digraph M is the map computed by the agents executing our
algorithm on G. The thin arcs in M are the pseudo-arcs and black nodes are homebases.

Lemma 5. If procedure Check-Path returns true for the arc (u, v), then the
agent has returned to a known node u0 in its current map and it has discovered
a new pseudo-arc (u, u0 ).
Proof. Let v be the current node and e = (u, v) be the last arc traversed by the
agent (let’s call it agent a), at the start of the procedure. The agent a is trying
to determine whether node v belongs to its current map Ma . Note that u ∈ Ma
and there exists a node u0 ∈ Ma such that label(u0) = label(v) (otherwise the
procedure would have returned false). If v was marked by agent a then v = u0
(since the agent would not mark two nodes with the same label). In this case the
agent returns to node u0 at the end of the procedure after traversing the path
P = (u0 , u) followed by arc e.
Otherwise node v was marked by the other agent (say agent b), i.e. v = u0 . At
the end of the procedure the agent arrives at a node w such that label(w)=label(v)
(otherwise the procedure would return false). Note that either w = v or w = u0 ,
since there are at most two nodes in the digraph having the same label. Suppose
w = v and let us consider the directed path P  traversed by the agent during
the procedure. This path has the same labels as path P above and ends at the
same node (v) as path P . There can not be two distinct incoming arcs with the
same label at any node1 . Thus the paths P and P  are the same, i.e. u0 = v; A
contradiction! Thus, the node w = v, which implies that w = u0 . So, the agent
would ﬁnally arrive at node u0 ∈ Ma in either case.
1

Recall that we assume duplex arc-labeling.
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Lemma 6. If an agent reaches round two of the algorithm DirRDV, then the
two agents have distinct maps at the end of round one.
Proof. An agent reaches round two, if during round one, either an execution of
procedure Check-Path returns false or an execution of Check-MAP returns false.
Suppose an agent a executes procedure Check-Path at node v after traversing
arc e = (u, v) and the procedure returns false. This implies that node v ∈
/ Ma ,
the current map of agent a. Let Mb be the current map of the other
agent.
We

know v ∈ Mb . If label(v) does not exist in Ma , then Ma = Mb H for any
(possibly empty) subgraph H of G. Thus, even if agent b adds more nodes and
arcs to its map, its map would never be same as Ma . Now let us consider the
other case when one of the nodes u0 ∈ Ma has the same label as node v ∈ Mb .
In this case there is no directed path starting from v that has the same sequence
of labels as the path P = (u0 , u) ∈ Ma . The agent b can not mark any other
node w to its map such that label(w)=label(v). Thus, the map of agent b would
never contain any path corresponding to the path P in Ma . Thus the map Ma
would be distinct from the map obtained by agent b at the end of its execution
of round one of the algorithm.
Let us consider the other scenario when the procedure check-MAP returns
false. In this case, either the map Ma is not strongly connected or the maps
written on some of the nodes do not correspond to the map carried by the
agent. In the latter case it is easy to see that the maps carried by the two agents
are distinct. In the former case, notice that (G, λ, χp ) is not a covering of Ma
(since G is strongly connected and Ma is not). This implies that the map of the
other agent (which is node disjoint from Ma ) can not be an exact copy of Ma .
The algorithm terminates unsuccessfully if the procedure CheckMAP returns
true. This happens when the map constructed by the agent at the end of its
exploration (i.e. when there are no more unexplored arcs) is a strongly connected
digraph M such that the map written on any node that the agent visits is
identical. In this case we can show that the original labelled digraph (G, λ, χp )
is a covering of M .
Lemma 7. If the procedure Check-MAP returns true, then the labeled digraph
(G, λ, χp ) is not covering minimal.
Proof. Omitted.
Theorem 2. For any strongly connected digraph G and a duplex arc-labeling
λ on G, algorithm DirRDVsolves the rendezvous of two agents placed initially
according to χp , if (G, λ, χp ) is covering minimal and otherwise detects that
rendezvous is not solvable.
Proof. The algorithm executed by an agent may terminate after round one only
if the procedure CheckMAP returns true. In this case, we know that (G, λ, χp ) is
not covering minimal as proved in Lemma 7. In all other cases, both the agents
reach round two of the algorithm. Thus, due to Lemma 6, the two agents have

Rendezvous of Mobile Agents in Directed Graphs

293

distinct maps at the end of round one. The marker used by each agent consists of
the round number and its map at the end of round one; This marker is distinct
from the marker used by the other agent and also distinct from the markers used
by both agents in the ﬁrst round. Thus, due to Lemma 3 each agent successfully
builds the map of (G, λ, χp ) and if (G, λ, χp ) is covering minimal, the agents can
determine a unique location to meet.
Theorem 3. Algorithm Rendezvous requires O(m.n) moves by the agents in
total.
Proof. The exploration part of the algorithm requires O(m.n) moves by the
agents (to explore each unexplored arc, e = (u, v) the agent has to traverse at
most n arcs to reach the source u of the arc). There are at most m calls to the
procedure Check-Path and each execution of Check-Path requires O(n) moves
by an agent. The procedure Check-MAP is executed at most once during the
algorithm and this requires O(m.n) moves (since the size of the traversal path
in the procedure is at most m · n). Finally the second round of the algorithm
has the same complexity as procedure Simple-Explore, which requires O(m.n)
moves as shown previously.

4

Rendezvous without Incoming Arc Labels

In the previous section, we assumed the presence of local orientation on both
the set of incoming arcs and the set of outgoing arcs incident to any node of
the digraph. Having local orientation on the outgoing arcs is necessary for navigability in the digraph. In this section we consider digraphs G with simplex
arc-labeling λ where incoming arcs at a node are not labelled. In fact, in this
model, the agent can not even determine the in-degree of a node. The diﬀerence
between the two models is the following. In the duplex arc-labeling model, any
ﬁbration on (G, λ, χp ) was also an opﬁbration and vice versa. However, in the
simplex arc-labeling model, there could exist an opﬁbration ϕ from (G, λ, χp ) to
a smaller labeled digraph even if (G, λ, χp ) is covering minimal (and ﬁbrationfree). In this case there exists a node v ∈ G such that two arcs e, f from distinct
nodes u, u lead to the node v such that label(u) = label(u) and λ(e) = λ(f ).
For example, see Figure 3 where the node labelled 4 has two similar incoming
arcs (from two distinct nodes, both labelled with 2).
One consequence of the above observation is that Lemma 5 does not hold
anymore. In other words, after executing procedure Check-Path, if the procedure
returns true, then the agent may not have returned to a known node in its map.
The agent is either back at a node u0 in its own map or it is in some symmetric
node v0 in the map of the other agent. The agent was no means of determining
which case is true. To solve this problem, we take the following approach. The
agent continues with the exploration assuming that it is at node u0 . In this case
the agent may have swapped places with the other agent or both agent may be
in the same map. As the two subgraphs corresponding to the two partial maps
are symmetric, it does not matter which part the agent is in. In fact we can
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Fig. 3. An execution of the algorithm on a digraph G without incoming local orientation

show that the same algorithm from the previous section works also for the case
of simplex arc labeling.
Theorem 4. For any strongly connected digraph G, and a simplex arc-labeling
λ on G, algorithm DirRDVsolves the rendezvous of two agents placed initially
according to χp , if (G, λ, χp ) is covering minimal and otherwise detects that
rendezvous is not solvable.
Proof. During the exploration in round one of the algorithm, each agent maintains a map of the subgraph explored by it. Let Ma and Mb be the partial
maps of the two agents a and b respectively. If the two maps are not symmetric,
the agents will detect the asymmetry (during an execution of Check-Path or
CheckMAP). Notice that Lemma 6 still holds. So, if the agents go to Round-2,
they would have distinct maps and thus, they will successfully solve the rendezvous problem. Further Lemma 7 also continues to hold and if (G, λ, χp ) not
covering minimal, the agents detect that rendezvous is not possible.
The only diﬀerence from the previous section occurs when the maps of the two
agents are identical but there exists a node v of G which has two incoming arcs
e, f having the same label x = λ(e) = λ(f ). Suppose node v ∈ Ma , then there
exists a node v  ∈ Mb with identical label as node v. (For an illustration, see
Figure 3 where the nodes labeled 4 correspond to v and v  ). In this case, (G, λ, χp )
is still covering minimal and we show below that the two agents indeed succeed
in solving rendezvous for this instance.
The agent that is ﬁrst to arrive at node v through either arc e or arc f ,
would add an arc labeled x incident to v in its map and write the new map at
v. The other agent that arrives later to v through the other arc, would notice
that the map at v already contains an arc labeled x incoming at the node v.
This inconsistency would be detected when this agent executes Check-Path for
the new arc that it traversed. Thus this agent would execute Round-2 of the
algorithm using a map that does not contain the arcs e or f (such a map is
distinct from the map of the other agent). Now consider the other agent which
added the arc labeled x to its map. Note that the map written at v  does not
contain such an arc. Thus, when the agent executes CheckMAP at the end of
Round-1, it will arrive at node v  and detect the inconsistency in the maps.
So, the procedure CheckMAP would return false and the agent would execute
Round-2 of the algorithm using a map which contains one of the arcs e or f .
Thus, the two agents execute round-2 using distinct maps (i.e. distinct markers)
and they would succeed in solving rendezvous.
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Conclusions

In this paper, we considered the rendezvous of two agents in strongly connected
digraphs. If the digraph G is not strongly connected, it is not always possible to explore the graph in general and thus, rendezvous is not possible. For
any strongly connected digraph G, the algorithm we presented achieves the rendezvous of two agents whenever it is deterministically possible, i.e. whenever
the labeled digraph (G, λ, χp ) is covering minimal (or ﬁbration-free). The rendezvous problem requires breaking the symmetry between two identical agents
and a generalization of this problem, called the Gathering problem, is to gather
together k > 2 agents at a single node of G. To solve the gathering of k > 2
agents we need to extend our solution by generalizing the technique of mapping
paths in the graph using pseudo-arcs. A straightforward generalization of the
algorithm would involve replacing each pseudo-arc traversal with the traversal
of a cycle in the map, repeated r = gcd(1, 2, . . . k) times (instead of just twice as
in our algorithm), in order to ensure that the agent returns to the correct subgraph. However, this will blowup the cost of the algorithm exponentially. So, an
interesting question to be answered by future research is whether k > 2 agents
can gather in anonymous digraphs such that the number of moves is polynomial
in the parameters n, m and k. For undirected graphs, it is already known to be
possible using O(m · k) moves.
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