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ABSTRACT. In this paper we investigate the number of integer points
lying in dilations of lattice path matroid polytopes. We give a charac-
terization of such points as polygonal paths in the diagram of the lattice
path matroid. Furthermore, we prove that lattice path matroid poly-
topes are affinely equivalent to a family of distributive polytopes. As
applications we obtain two new infinite families of matroids verifying a
conjecture of De Loera et. al. and present an explicit formula of the
Ehrhart polynomial for one of them.

1. INTRODUCTION

For general background on matroids we refer the reader to [20, 27]. A
matroid M = (E, B) of rankr = r(M) is a finite set £ = {1,...,n} together
with a non-empty collection B = B(M) of r-subsets of E (called the bases
of M) satisfying the following basis exchange axiom:

if B1, By € B and e € By \ By, then there exists

f € B2\ By such that (B —e) + f € B.

For a matroid M = (E, B), the matroid basis polytope Py of M is defined
as the convex hull of the incidence vectors of bases of M, that is,

Py o= conv{Zei:B a base ofM},

i€B
here e; is the i'" standard basis vector in R™. It is well-known [I4] that
dim(Pys) = n — ¢ where ¢ is the number of connected components of M.

Let £k > 0 be an integer and let P C R™ be a polytope. We define
kP := {kp|p € P} and the function

Lp(k) == #(kP N Z").

Note that Lp(0) = 1. It is well-known [I3] that for integral polytopes,
which is the case of matroid basis polytopes, the function Lp extends to a
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polynomial on R, called the Ehrhart polynomial of P. The Ehrhart series of
a polytope P is the infinite series

Ehrp(z) =Y Lp(k)2".

k>0

A classical result about Ehrhart series states that if P C R™ is an integral
convex polytope of dimension n then its Ehrhart series is a rational function,

Wp(z)  hy4hit+ -+ b t" 7" 4 ht”
(1—t)ntt (1 —¢t)ntt ‘

The coefficients of h}, are the entries of the h*-vector of P. The function
Lp(t) can be expressed as

(1) Lp(t):]z:)hj<t+z_j>.

In this paper we investigate the function Lp,,(t) when M is a lattice path
matroid. After introducing the necessary properties and in particular the
subclass of snakes in Section |2, in Section [3] we provide a combinatorial
characterization of the points in kPy; (Theorem and the integer points
in kPys (Corollaries and . As an application, we obtain an explicit
formula for Lp,,(t) for an infinite family of snakes (Theorem and a
matrix formula for Lp,, (t) for snakes in general (Theorem [3.9).

We then study in Section [4] the distributive lattice structure associated to
Pyr. We prove that there exists a bijective affine transformation 7 taking
Py to a full-dimensional distributive integer polytope Qa with Lp,, (1) =
L@y, (t) (Theorem [4.1)). We use this to make a connection between a natural
distributive lattice associated to Qs (and thus to Pys) and their correspond-
ing chain partitioned posets (Theorem . As an application, we present
a characterization of snakes via order polytopes (Theorem . As a con-
sequence we prove unimodality of the h*-vector for two infinite families of
snakes. This provides new evidence for a challenging conjecture of De Loera,
Haws, and Képpe [10] (Theorem which was only known to hold for the
class of rank two uniform matroids and for a finite list of examples.

Ehrp(z) =

2. LATTICE PATH MATROIDS

In this section we address the class of lattice path matroids first introduced
by Bonin, de Mier, and Noy [5]. Many different aspects of lattice path
matroids have been studied: excluded minor results [4], algebraic geometry
notions [I11, 22, 23], the Tutte polynomial [6, 17, 18], and results around the
matroid base polytope [1} 2] [7, §].

A path in the plane is a lattice path, if it starts at the origin and only does
steps of the form +(1,0) and +(0,1) and ends at a point (m,r). One way
to encode a lattice path P is therefore simply to identify it with a vector
st(P) = (Pi,..., Prym), where P; € {0,1} corresponds to the y-coordinate
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of the " step of P for all 1 < i < r 4+ m. The vector st(P) is the step
vector of P. We will often identify P with its step vector without explicitly
mentioning it. Note that since st(P) € {0,1}"™™ the path P can also be
identified with a subset of {1,...,7 + m} or cardinality r. Let L,U be two
lattice paths from (0,0) to (m,r), such that L never goes above U. The
lattice path matroid (LPM) associated to U and L is the matroid MU, L]
on the ground set {1,...,m + r} whose base set corresponds to all lattice
paths from (0,0) to (m,r) never going below L and never going above U.
In [5, Theorem 3.3] it was proved, that MU, L] is indeed a matroid. See
Figure [I] for an illustration.

(8,5)

U={1,4,509,11}
st(U) = (1,0,0,1,1,0,0,0,1,0,1,0,0)

P ={4,5,9,10,13}
st(P) = (0,0,0,1,1,0,0,0,1,1,0,0, 1)

L= {57 8,10,12, 13}
L st(L) = (0,0,0,0,1,0,0,1,0,1,0,1,1)

FIGURE 1. Left: Lattice paths U and L from (0,0) to (8,5)
and a path P staying between U and L in the diagram of
MIU, L]. Right: Representations of U, L, and P as subsets
of {1,...,13} and as step vectors.

It is known [5] that the class of LPMs is closed under deletion, contraction,
and duality. Indeed, to see the latter, for an LPM M, a base in the the dual
matroid M™* consists of the O-steps of a lattice path in the diagram of M.
Thus, reflecting the diagram of M along the diagonal x = y yields a diagram
for M* and shows that M* is an LPM as well. See Figure

LPMs are also closed under direct sum. The direct sum in terms of
diagrams is illustrated in Figure 3| In particular, we shall later use the fact
([5, Theorem 3.6]) that the LPM MU, L] is connected if and only if paths
U and L meet only at (0,0) and (m, 7).

It is known that if M = M; & --- & M, is the direct sum of matroids
then Py = Py, X -+ X Py, is the Cartesian product of the corresponding
basis polytopes. Since the Ehrhart polynomial of the Cartesian product of
two integral polytopes is just the product of their Ehrhart polynomials, it
will be enough to work with connected matroids, that is, matroids that are
not the direct sum of two non-trivial matroids. We thus often suppose that
dim(Pps) = n — 1 where n is the number of elements of M.
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FIGURE 2. Presentations of an LPM and its dual.

Ficure 3. Diagrams of two LPMs and their direct sum.

An LPM is called snake if it has at least two elements, it is connected and
its diagram has no interior lattice points, see Figure 4l Note that snakes
have also been called border strips in [II, 2].

We represent a snake as S(aq,as2,...,ay,) if starting from the origin its
diagram encloses a1 > 1 squares to the right, then ay > 2 squares up, then
as > 2 squares to the right and so on up to a, > 2, where the last square
counted by each a; coincides with the first square counted by a;41 for all
i < n — 1. Moreover, unless M = S(1) = Uj 2, since Ehrhart polynomials
of basis polytopes are invariant under matroid duality, we will suppose by
duality of snakes that a; > 2, as well.

The base polytope Py; will be called snake polytope if M is a snake.

3. INTEGER POINTS IN LATTICE PATH MATROID POLYTOPES

We shall present a halfspace description of Py; when M is a connected
LPM. In order to do this, we give an attractive geometric interpretation of
the points in Py in terms of polygonal paths. Let M = M[U, L] be a rank r
connected LPM with r +m elements. Let [; be the line defined by x +y =i
for each i = 0,...,r +m and denote by R(M[U, L]) the region bounded by
U and L. Let T; = [; "N R(M[U, L)) for each i = 0,...,r + m, that is, T; is
the segment of [; contained in R. We notice that the endpoints of T; are



ON LATTICE PATH MATROID POLYTOPES 5

4]

H

2]

FIGURE 4. The diagram of the snake S(aq, a9, as,aq).

given by the intersection of [; with U and L. Moreover, Ty = {(0,0)} and
Trim ={(r,r+m)}.

We define a generalized lattice path P as a polygonal path formed by r+m
segments S;11(P) joining (x;,v;) to (xiy1,yir1) where x4, y; € T;, x; < xiqq
and y; < y;+1 for each i =0,...,r4+m — 1. Notice that a generalized lattice
path is an ordinary lattice path if and only if all its coordinates (z;,y;) are
integer points.

The points (z;,y;) will be called bend points (points where P may change
slope). Let st(P) = (P1,...,Pr4m) where Py = yj41 — y; for each i =
0,...,7+m—1, ie., st(P) stores the y-steps of the segments S;(P).
Example 3.1. We construct the three generalized lattice paths A, B and C
in the snake S(1,2) given in Figure[5

A is formed by segments : S1(A) = (0,0)(5,2), S2(4) = (3,2)(3,3) and
53(A) = (%7 %)(172):

B is formed by segments : Si(B) = (0,0)(0,1), S2(B) = (0,1)(1,1)
and S3(B) = (1,1)(1,2) (B is an ordinary path corresponding to a base
of S(1,2)) and

C' is formed by segments : S1(C) = (0,0)(2,1), S2(C) = (2, 1)(3,2) and

We have that st(A) = (3,2, 1),st(B) = (1,0,1) and st(C) = (1,1, 3).
Remark 3.2. Let P be a generalized lattice path in the diagram of M[U, L]
of rank r and with r +m elements. We have

Bl
EN[SN]
ot

a) P starts at (xo,y0) = (0,0) and ends at (Trim, Yrtm) = (1,7 +m).

b) P is monotonously increasing since x; < x;+1 and y; < y;i+1 for each
1=0,....7r+m — 1.

c) If P is a lattice path corresponding to a base in MU, L] then, P is
a generalized lattice path where either x;+1 = x; + 1 and yi+1 = y;
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L: x+)f:2 ly: x‘+y=3

11.'x+y={

14

7R V- B VS
Lo xty=0

F1GURE 5. Three generalized lattice paths A, B and C' in the
snake S(1,2)

or xix1 = x; and Y1 = y; + 1 for each i =0,...;,r+m—1. We
thus have that st(P) € {0,1}"™ and the notion of step vector for
generalized paths generalizes step vectors of ordinary lattice paths.
d) Since dist(l;,li+1) =1 and xi41 — x; > 0 (resp. yi+1 — yi > 0) then
1> yip1 —yi (resp. 1> w41 — x7).
e) Let st(P) = (P1,...,Prym). Then, by definition, we clearly have

that
ZLj < ZP] < ZUj for alli € [r +m)].
j=1 j=1 J=1
r+m
In particular, > P;=r.
i=1

Let Cas be the family of step vectors of all the generalized lattice paths
in M[U, L].

Theorem 3.3. Let M = M[U, L] be a rank r LPM with r+m elements and
let st(L) = (L1, .., Ly4m) and st(U) = (U1, ...,Uptm). Then, Cpr equals

peERTM[0<p; <1 and ZLjSij§ZUjforalli€[r+m]
j=1 j=1 j=1
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Proof. Let st(P) = (P1,..., Prym) € Cpr. By definition Py = y;41 — y; for
eachi =0,...,7+m— 1. Thus, st(P) satisfies the first set of inequalities by
Remark[3.2] (d). By Remark [3.2](e) we conclude that st(P) € R™*™ satisfies
the remaining inequalities.
Let conversely p € R™ such that 0 <p; <land Y L; < > p; < > U
j=1 i=1 j=1
for all i € [r + m]. We consider the points

i i
(zo,y0) = (0,0) and (x;,y;) = (i — ij,ij) foreachi=1,...,7r+m

We clearly have that y;11 > y; for all i since p; > 0. Moreover,
i+1 %
Tip1 —x; = (i+1) Zp] i—zpj)zl—piﬂ

but 1 — p;4+1 > 0 since p; < 1.
i i
Now, (x;,y;) € T;, indeed, z; +y; = i — > p;j + > p;j = ¢ and thus
j=1 j=1
(xi,yi) belongs to line ;. Moreover, (zi,y:) belongs to R(M[U, L]) since

L€ Xp < N U and thus 20— L) = $(1-p) > B0 -
= , = : :
Uj). Therefore the pomts (x;,yi) form the generahzed lattice path C’ with

St(C) (p17' . '7p7"+m)
U

Theorem 3.4. Let M = MI[U, L] be a rank r LPM on r + m elements.
Then, Pyr = Cyy.

Proof. We first prove that Py; C Cps. By Remark any base of M corre-
sponds to a generalized lattice path. Therefore, by Theorem any vertex
of Pys belongs to Cys and since Cyy is convex (it has a halfspace intersection
description) then Py C Cyy.

We now prove that Py O Cpr. We show that every element in Cyy is a
convex combination of step vectors corresponding to ordinary lattice paths.
We proceed by induction on the number n of elements of M. If n = 1,
then there are only ordinary paths, so we are done. Now suppose n > 1. If
M = M & M is disconnected, we have Py = Py, X Py, and by induction
Py, 2 Cyyy and Py, O Cpy,. This gives Py O Cay, % Cpg, where the latter
consists of step vectors of concatenated generalized lattice paths in M; and
M. Thus, Cpr, X Cy, = Cuy

Suppose now that M is connected. Note that Cp; is contained in the
(n — 1)-dimensional subspace H defined by the equality

r+m r+m r+m

> n=Ym=Y U=
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Let C be a point on the boundary of Cps with respect to H. Hence, C
satisfies the equality in one of the inequalities of the halfspace description of
Cas of Theorem If C; = 0 for some i € [n], then we can consider M \ 4,
which corresponds to all lattice paths of M with a 0 in the " coordinate.
By induction C is in the convex hull of these vectors. The dual argument
works if C; = 1. If 3°%_ ) Ly = 37", Cj, we know that >>"_, C; < 3%, U;
since the case of both equalities cannot happen in a connected M. Thus, C
coincides with L at a point (x,y) € Z? which is not in U. We consider the
lattice path matroid M’ with lower path L and upper path U’, where U’
arises from U by going right from the point (2/,y) € U until reaching (z,y)
and then up until reaching the point (x,y’) € U. Now, M’ contains C and
is not connected. By applying the above argument for disconnected LPMs
we get C' € Py, but clearly we have Py C Py. If C coincides with U at a
point which is not in L the analogous argument works. We thus have shown
that all points on the boundary of Cj; are in Py, that is, Py D Cyy. O

The above geometric description of the points in Py; seems to be new as
far as we are aware. The equality

Py =SpeR"|Vieh:0<p; <L) L; <> pj <> U
j=1 j=1 j=1

was already stated in |2, Lemma 3.8] but it seems that the given proof con-
tains a wrong argument. Indeed, in the proof a vector B := (a—a; X)/(1—a;)
is defined, where a is a vector satisfying the inequalities describing Cy; with-
out any coordinate in {0,1}, a; a smallest entry of a, and X; a 0, 1-step
vector of an ordinary lattice path such that X; = 1. It is claimed that B
also satisfies the inequalities of Cjs, in particular verifying that 0 < B; <1
for all i. However, if a; = 1 — % and X; = 0, then B; = a;/(1 — a;) =
1-%)/(1—a;)>1

Let C]IQ be the family of step vectors of all the generalized lattice paths P
of MU, L] such that all the bend points (z,y) of P satisfy kx, ky € Z. The
following two corollaries can be easily deduced from Theorems |3.3| and

Corollary 3.5. Let M be an LPM on n elements and let k € N. Then, a
point p € R™ is in kPy NZ™ if and only if p corresponds to a generalized
lattice path in Cﬁ/l.

Corollary 3.6. Let M = MU, L] be a rank r LPM on r + m elements.
Then, a point p € R™™ is in the interior of Py if and only if p corresponds
to a generalized lattice path P of M such that

e PNU=PNL=LNU,

e P is strictly monotone, that is, x; < x;y1 and y; < yiy1 for all i.

3.1. Application: a formula for Lp,,, (¢). In [10], Lp,(?) is explicitly

calculated for 28 selected matroids M and in [16] for all uniform matroids.
The following result provides an explicit formula for Lpg, (t).
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Theorem 3.7. Let a,b > 2 be integers. Then, the Ehrhart polynomial of
Ps(ap) is given by

a+b—1 [a+b—2

1 i1 Bj—iv1-0aqp—2—j (7 +1 ,
1w - _1)d i+l Pi—it + J "
T e 2 | 22 Y Iy i

i=1 \j=i—1

gth

where oy is the symmetric function on the numbers

1,2,...,a—1,1,2,...,0—1
and B, is the mt" Bernoulli number.

In order to prove this, we will state a couple of general results for counting
the number of integer points in kPg(,, ... 4,)- For this purpose, we will use
the description given by Corollary so we shall focus on counting the
number of generalized lattice paths whose coordinates are integer multiples
of % Later on we will see how these results simplify in the case n = 2 and
yield the formula in Theorem

We begin with the following simple combinatorial lemma. We refer the
reader to Figure [6] for a geometric interpretation that relates the lemma to
generalized lattice paths.

1 2 3 4 5
v V) Vi 2 v
4
1
Vi Vlz Vi
;e ———— >
1% 4
v; y2 1 = v,
3
Vi
Vo y! V3 V3 V3

FIGURE 6. General construction.

Lemma 3.8. Let k and a be positive integers. Let u' = (utl), . ,u}c) be a

vector of positive integers. Fori=1,...,a—1 define recursively the entries
of vectors u* as follows:

k
ué-“zZué, for j €{0,1,... k}.
l=j

Then u® = A(k,a)u' where A(k,a) is the (k+ 1) x (k + 1) matriz with

entries A;; given by:
a—2+75—1
Ajj = < - >
j—i



10 KNAUER, MARTINEZ-SANDOVAL, AND RAMIREZ ALFONSIN

Proof. Consider the (k+ 1) x (k + 1) matrix J with entries J;; given by
1 forj>i
Jij = .
0 forj<i.

Using this matrix the recursion can be stated as u'*' = Ju’. Therefore,
u® = J% tyl. An easy induction argument shows that J¢= 1 = A(k,a). O

Suppose now that we want to count the number of generalized lattice
paths in the snake S(ai,as,...,a,) whose coordinates are integer multiples
of % A standard technique is to count the number of paths recursively
starting in the lower left corner and then writing at each bend point p the
number of possible ways to get to that point. The number in p equals to
the sum of the numbers in the possible points that precede p.

6 25 54

‘\9‘ 14
10 10
1 2 ‘\j

FiGure 7. Counting bends horizontally and vertically.

As long as the snake is horizontal, the process above yields the recursion
in Lemma [3.8 we add the numbers in points before and below p. However,
whenever the snake bends the numbers in the diagonal play an “inverse role”
and we have to invert the recursion accordingly, see Figure[7] If we proceed
inductively on the number of bends in the snake we obtain the following
result.

Theorem 3.9. Let k > 1 be an integer. Then, the number of integer points
mn kPS(al,...,an) 18

ul HA(k,ai)R u,
j=1

where u = (1,1,...,1) is the vector with k + 1 ones, R is the matriz that

inverts the coordinates of a vector and the matrices A(k,a;) are defined as
in Lemma [3.8.
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When n = 2 we have a snake with just one bend, say S(a,b). This allows
the formula above to be simplified to a polynomial in k.

Proof of Theorem[3.77 Theorem [3.9]states that the number of lattice points
in the dilation kPg(,p) is equal to

u” A(k,b)RA(k, a)u.
First, the 5™ entry of A(k,a)u is:
kij <a—2+i) B (a—i—k—j)
— i k+1—7
When we invert the coordinates, we get the vector

(06 (7))

Now we have to multiply from the left by u” A(k, b) or, equivalently, mul-
tiply by A(k,b) and sum the coordinates of the obtained vector. After
multiplying we can arrange the sum of entries as follows:

BRI ECIEC T
)

=0

k
R PES I b—l'z 145G+ ((b=1+1)...(+1))

H(0)+ HQ) + ...+ H(k)
(a—1)Ib_ 1)

In the last line H is the polynomial

Ht)=t+1D)({t+2)--(t+a—-1Et+1)(t+2)---(t+b—1).

The proof ends by expanding the polynomial using symmetric functions
on the multiset {1,2,...,a — 1,1,2,...,b — 1}, grouping terms with the
same t exponent, using standard formulas for the sums of first powers and
regrouping as a polynomial in k.

O
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4. DISTRIBUTIVE LATTICE STRUCTURE

In this section we will study a lattice structure induced by lattice path
matroids. For more on posets and lattices we refer the reader to [9].

4.1. Distributive polytopes. A polytope P C R" is called distributive if
for all z,y € P also their componentwise maximum and minimum max(z, y)
and min(x,y) are in P.

Distributive polytopes are those polytopes whose point set forms a dis-
tributive lattice as a sublattice of the componentwise ordering of R™. The
latter is a distributive lattice itself with join and meet operations compo-
nentwise maximum and minimum, respectively. Distributive polytopes have
been characterized combinatorially and geometrically in [I5].

x max(x,y)

min(x,y)

FIGURE 8. A distributive polytope in R?

The following relates Py; with distributive polytopes when M is an LPM.

Theorem 4.1. Let M = MU, L] be a rank r connected LPM on r +m
elements. Then, there exists a bijective affine transformation taking Py C
R™™ into a full-dimensional distributive integer polytope Qur C R7m—1
consisting of all ¢ € R™™~1 such that

0< (—=1)Fi+1 (g —q) <1 for alli € [r+m — 2]
and
0<gq <> (U;—Lj) foralli e [r+m—1].
7j=1
Moreover, Lp,,(t) = Lg,,(t).
Proof. Let st(L) = (L1,..., Ly4m) and st(U) = (Ur,...,Uprtm). Then, by
Theorems [4.6] and we have that

7

Py = peRr+m\0<pZ§1andZL Zp]<ZU for all i € [r +m]
7=1 7=1
Let
m: Py CRT™ — Rrtm-l
p=(p1,- - Drm) = (pr—Lu,.. Y oy — L))
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We thus have that 7 is an affine mapping consisting of a translation by
—st(L) and of the linear map using the above halfplane description of Pjy.
Clearly, 7 is injective. Let p be a point in Pj; and let P the corresponding
generalized path of M with st(P) = p. Let n(p) = 7(p1,--- s Pr+m) =
(q15- -, G@r+m—1)- By Remark (e) we have both

ZLj < ZPJ- for all i € [r + m] and thus ¢; = Z(P’ —-Lj)>0
Jj=1 Jj=1 Jj=1
and
i

> Pj<) Ujforalli€ [r4+m]and thus g = » (Pi—Lj) <Y (U;i—Ly).
j=1

i=1 =1 =1
Now,
i+1 i
g1 —ai = (0j— L) =Y _(pj — Lj) = pir1 — Lisa.
j=1 Jj=1

Since Liy1 = 0 or 1 and 0 < p;4+1 < 1 then we clearly have that —1 <
Piv1 — Lip1 <0if Lipy =1and 0 <pjy1 — L1 < 1if Lipg = 1.

Therefore, m(Pys) is a polytope contained in a polytope @y having the
following description

Qu={qge R0 < (~1)ki+1 (g1 —¢q) <1forallie[r+m—2] and

i
0< ¢ <Y (Uj—Lj) foralli € [r+m—1]}.
j=1
Conversely, it is easy to see that Qp C w(Pys) by constructing for a
given ¢ € Q) a preimage p in Py; under m by setting p;1 = ¢; and p; =
7 r+m—1
¢ —pi-1+ > Ljforl1<i<r+mand ppym=7— >, Dpj.

j=1 j=1
By using the above description or the characterization in [15], it is straight-
forward to verify that QQp is closed under componentwise maximum and

minimum. Therefore, @ p is a distributive polytope.

Furthermore, since dim(Pys) = r+m—1 then Qjy is full-dimensional. Let
k be a positive integer. It is also immediate that 7 sends points in %Z’"*m to
12+m=1 Indeed, if 7 would send a point p € P\ 1Z"*™ to +Z"+™~1 then

i—1
it would exist a minimal index i such that p; ¢ %Z and since ) p; € %Z

j=1
i—1

we would have Y p; +p; ¢ %Z which would be a contradiction. Therefore,
j=1

LPM(t) = LQM(t)’ O
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The above theorem can be extended to a disconnected LPM M as follows.
Let M = M; @ --- ® M, where M; is a connected LPM on e¢; = r; +my;
elements with r; and m; the number of lines (rank) and columns in the
presentation of M;,i = 1,...,c¢. Thus, M = MJ[U, L] is an LPM with ¢
connected components and its representation consists by identifying the top-
right corner of M; with the bottom-left corner of M;,; foreacht=1,...,c—
1, see Figure[3] We obtain that L = Ly,..., L, and U = Uy, ..., U, and thus

C C
MU, L] is of rank r = ) r; having n = ) (r; + m;) elements.

i=1 j=1

i
We clearly have that > L; < > U; for all i € [n] except at the values
j=1 j=1
C
i=ri+my,r+my+re+ma, ..., Y (r; +m;j), that is, except at the c
j=1
points where the paths U and L meet (other than (0,0)).

Theorem [4.1] can be generalized to M by considering the map

i

w . PM C Rrt+n — Rrtn-—c
p=(p1,--,Pr4n) = () = (1, Yrgn—c)
where 1; is the i*" nonzero coordinate of ¢ = (qi,...,¢r4n) Where ¢; =
> i—1(pj — Lj) for all i € [n] with > L; < >° U; and zero otherwise (that
j=1 j=1

(&
is, ¢ =0 when i =71 +my,ri +my +r2+ma,..., > (r; +my)).
j=1
Notice that if M is connected then U and L meet only at one point (other
than (0,0)) and ¢ becomes the map 7 given in Theorem

Example 4.2. Let us consider the snake S(1,2). Since S(1,2) consists of
3 elements and it is connected then dim(Ps(1,2)) =3—1=2. We have
Psqo={peR®|0<p;<land0<p <1
1<pi+p2<22<p;+ps+p3 <2}
We notice that the vertices of Pg oy correspond to the three bases u =
st(U) = (1,1,0),b =st(B) = (1,0,1) and | =st(L) = (0,1,1), see Figure[9
Since w(st(U)) = (1,1) and w(st(L)) = (0,0) then

Qs ={¢eR*|0< g —2<1and 0 < q1,q2 < 1}.

Qs(1,2) 18 illustrated in Figure . We can check that m(a) = (3 — 0,5 —
1) =(3,3),m(b) =(1-0,1-1)=(1,0) and 7(c) = (; = 0,5 = 1) = (7, 7).

Example 4.3. Let us consider the snake S(2,2) (“L inversed”). Notice that
5(2,2) is given by Us s from which the base {1,2} is deleted. It is known
that Py, , is the octahedron and thus Ps(s9) is the pyramid obtained from
removing the north vertex of the octahedron.

Since st(U) = (1,0,1,0) and st(L) = (0,0,1,1) then w(st(U)) = (1 —
0,1-0,2—1)=(1,1,1) and 7(st(L)) = (0 — 0,0 — 0,0 — 0) = (0,0,0) and
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1 I=sl(L)
P
S(1,2
b=sl(B) & @2 . c
a
,,,,,,,,,,,,,,,,,,,,,,,,,, 1
1 u=s’l( U)

FIGURE 9. Pg( ) where the three points a,b, ¢ correspond
to the step vectors of the generalized paths A, B, C given in

Example
y
1 , TU()
T(a)
172 .
TT(c)
1/4
QS(1,2)
TUb)
X
T 14 4

FIGURE 10. Polytope Qg(1,2)-

thus
Qs(22) ={0€ER?|0< -1 <1,0< e — g3 <1 and 0 < q1,q2,q3 < 1}.
See Figure[11] for an illustration.

We are able to determine a distributive lattice structure in Py; by using
the above application 7, i.e., for p,p’ € Py we have p < p’ if and only
if 7(p) < w(p') with respect to the componentwise ordering in Q. In
particular, since the set %Z”m_l is closed under componentwise minimum
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z

o

FIGURE 11. The distributive polytope Qg2 2)-

and maximum then 7 restricts to a distributive lattice on t@Qy; N Z" ™1
which carries over to tPy; N Z™™. This leads to:

Corollary 4.4. Let M = M][U, L] be a rank r connected LPM on r 4+ m
elements and let k be a positive integer. Then, both the points in Py and
the points in kPy NZTT™ carry a distributive lattice structure defined by

p <9 if and only if ij < Zp; for alli € [r +m].
j=1 j=1

Moreover, in Cpr and Cﬁ/[ this order corresponds to ome generalized lattice
path lying above another generalized lattice path.

4.2. Chain partitioned poset. We study further the distributive lattices
given in Corollary [£.4] Let us quickly recall some definitions and notions
needed for the rest of the section.

Given a poset X, an order ideal I C X is a set such that x € I and
y < x implies y € I. The poset Z(X) of all order ideals of X (ordered by
containment) is a distributive lattice. An element ¢ of a lattice L is join-
irreducible if it cannot be written as the join of two other elements, that is,
if ¢ =0 V¢ then £ = ¢ or £ =¢". The induced subposet (not sublattice) of
L consisting of all join-irreducible elements is denoted by J (L)

The Fundamental Theorem of Finite Distributive Lattices (FTFDL) [3]
states:

Up to isomorphism, the finite distributive lattices are exactly
the lattices Z(P) where P is a finite poset. Moreover, L is
isomorphic to Z(J (L)) for every lattice L and P isomorphic
to J(Z(P)) for every poset P.
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We say that a distributive lattice L is embedded in Z™ if

e the affine hull of L is Z" (full-dimensional),

e L is a sublattice of the componentwise order of Z" (sublattice),

e the minimum of L is 0 € Z" (normalized),

o if / < ¢ in L then ¢ — ¢’ = ¢; for some unit vector e; (cover-
preserving).

Dilworth’s Theorem [12] generalizes the FTFDL to a bijection between
embedded distributive sublattices and chain partitioned posets. More pre-
cisely, given a chain partitioned poset (X,Cq,...,C,) we associate an em-
bedded distributive lattice by mapping ideals I of X to Z" via

o(I); == |INC| for all i € [n].

Conversely, given a join-irreducible element ¢ of the embedded lattice L,
it is covering a unique ¢’ and ¢ — ¢/ = e; for some unit vector e;. We put ¢
into the chain C;. The FTFDL corresponds to embeddings into {0, 1}" and
posets with the trivial singleton-chain partition.

By using Theorem the distributive lattice defined in Corollary
can be viewed in Cy; as follows: for two generalized lattice paths P and Q,
we have P > @ if for every line [; in the diagram the y-coordinate of PN/ is
larger or equal than the y-coordinate of QQ N £. Equivalently, the area below
P contains Q.

Let us now describe the distributive lattice structure on kPp; N Z™+t™
corresponding to elements of C]’f/[ (by Corollary .

Given the digram representing M it is easy to construct the chain par-
titioned poset representing the lattice on these paths, see Figure [12| for an
illustration:

e insert lines T; in the diagram,

e in each line T; add between any two consecutive grid points k£ — 1
equidistant points,

e connect two of these new points with a line if and only if their dif-
ference is (1,0) or (0, 1).

e remove the points lying on the lower path L,

e rotate the drawing by 45 degree clockwise.

The resulting diagram is the Hasse diagram of a poset, that we denote by
X ]’f/f The chain partition that we consider simply puts all points on a given
line [; into a chain Cj; of X]]\Z.

Let Lﬂ“w be the embedded distributed lattice obtained from the chain
partitioned poset (XJ]\% C4,...,Cy) via the Dilworth’s bijection as described
above.

Theorem 4.5. Let M be a connected rank r LPM on r+m elements. Then,
Lé“w =kQyu NZtmL,

Proof. A generalized lattice path with all its bends on coordinates (z,y)
such that kxz,ky,z +y € N corresponds to choosing the ky*" element in
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Ty T.

4 2

T, T 272 Ly
—>

L/

7y

77/

44

MU, L]

7,

D
7

T
/7

ﬂ(’

Ci Cs

7

- CNCs
X3 (X3, C1, ..., Cy) N/

Ficure 12. Constructing XJQVI, its chain partition, and the
embedded L?M C Z* from a diagram representing M.

chain Cyp4y of (X ]’fm Cy,...,Cy) for all its bends. Since generalized lattice
paths are weakly monotone this choice indeed corresponds to an ideal in
X J’\“/[ Conversely, any ideal in X 1@ can be viewed as an element of C]’f/[.
Thus, the Dilworth mapping satisfies ¢(X%,,C1,...,C,) = C%,. Now, by
Corollary {4.4| the ordering on C]k{/[ corresponds to the distributive lattice
structure on kQys N Z"™T™~1 whose embedding clearly corresponds to the
chain partition C1,...,C). ([l

4.3. Application: Ehrhart polynomial for snakes. After having un-
derstood the combinatorics of the embedded distributive lattice L'fw let us
combine these results with the polyhedral structure in the case of snakes.

In this section, let X be a poset on {1,...,n} such that this labeling is
natural, i.e., if i <x j then i < j. The order polytope O(X) of X is defined
as the set of those x € R” such that

(2) 0<z; <1, forallie X

(3) x>y, ifi<jin X
Note that O(X) is a convex polytope since it is defined by linear inequal-
ities and is bounded because of .
Let x(I) € R™ denote the characteristic vector of an ideal I, i.e.,
wni={g g
It is known [26, Corollary 1.3] that the vertices of O(X) are the charac-

teristic vectors x(I) as I runs through all order ideals I in X. In particular,
the number of vertices of O(X) is the number of ideals of X.
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For integers ai,...,ar > 2 denote by Z(ay,...,ax) the zig-zag-chain
k
poset on Y a; — k + 1 elements arising from k disjoint incomparable chains

=1
Ci,...,Cy of lengths a1, .. .a by identifying the bottom elements of C; and
Ciy1 for odd 1 < i < k and the top elements of C; and C;y; for even
1 <1 < k, see Figure

FIGURE 13. Zig-zag-chain Z(a1, az,as,as).

The following result relates snakes polytopes with order polytopes.

Theorem 4.6. Let aq,...ax > 2 be integers. Then a connected LPM M is
the snake S(ay,...ax) if and only if Qur is the order polytope of the poset
Z(ai,...,a).

Proof. Let M be a snake of rank r with r + m elements. By Theorem
we have that Qps is a full » + m-dimensional distributive (0, 1)-polytope
consisting of ¢ € R~ ! such that

(4) 0< (=Dl (g1 —qi) <1forallie[r+m—2|

and

(5) quiSZ(Uj—Lj) for all i € [r +m —1].
j=1

Now since L; = 0 or 1 for all i, we can write as

(6) Gi+1 < q; if Lip1 =1 and ¢; < @41 if Lip1 = 0 for each ¢ € [r—{—m— 2]

i
Moreover, since M is a snake then ) (U; —L; <1 forall i € [r+m —1],

7j=1
and thus, from , we get that

(7) 0<¢g <1lforallie[r+m—1].
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As R¥ can be identified with R” (X on [n]) then, by and (3), O(X)
is the polytope consisting of those points in ¢ € R” such that

(8) 0<¢g <landgq <gqjifi>xjforallijecX.

k
Therefore, O(Z(ay,...,ay)) is of dimension ) a; —k+ 1 which is exactly

i=1
the number of elements of S(aq,...ax) and, in this case, it can be verified
that inequalities in are given by @ and @ ([l

Theorem [4.6] is useful in order to study Ehrhart polynomials of snake
polytopes. Indeed, volumes and Ehrhart polynomials of order polytopes
have been already studied. In [26], Corollary 4.2], it was proved that
e(X)

n!

vol(O(X)) =

where e(X) is the number of linear extensions of X and n the size of X.
Here a permutation ¢ of X is in the set of linear extensions £(X) if i <x j
implies o (i) < o(j).

Given the poset X, we define the function Qx (k) as the number of order
preserving mappings 1 from X to the total order on [k] (i.e., if z <y in X
then n(z) < n(y)). In [25], it was proved that x is a polynomial (called
the order-polynomial of X'). Moreover, it was shown in [25, Theorem 2] that

(9) Qx(t+1):§ws<n+t_s>

s=0 n
where the sequence ws denotes the number of linear extensions of X such

that exactly s consecutive pairs in the linear extension are not ordered as
the natural order on [n].

In [26, Theorem 4.1] it was proved that
(10) Qx<t + 1) = LO(X) (t)

Remark 4.7. In view of the sequence w in @D corresponds to the h*-
vector of O(X). Sometimes w is defined in a different (but equivalent) way.
For instance, in [21] it is defined setting L'(X) to be the set of permutations
o of X such thati <x j implies 0~ 1(i) < 071(j), i.e., the inverse of a linear
extension in our sense, and denoting by ws elements o € L'(X) such that
exactly s consecutive pairs (i,i+ 1) have o(i) > o(i + 1).

Recall that the rank of a poset X is the length of its largest chain and that
X is graded if all maximal chains have the same length. A vector (cy,...,cq)
is unimodal if there exists an index p,0 < p < d, such that ¢;_1 < ¢ for
i <pandcj > cjqq for j > p.

Theorem 4.8. Let a,b > 2 be integers. The h*-vectors of the snake poly-
topes Psq,....a) and Ps(qyp) are unimodal.
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Proof. By Theorem we have that Pg,, . .) and Pg(,p have the same
Ehrhart polynomial as Qg(q,....a) and Qg(ap)- By Theorem both these
have the same Ehrhart polynomial as O(Z(a,...,a)) and O(Z(a,b)). Now,
Remark the h*-vectors of the latter two polytopes coincide with the
sequence w in (9] associated to Z(a, .. .,a) and Z(a,b), respectively. In [21],
it was proved that if X is a graded poset then the sequence w is unimodal.
Since the zig-zag poset Z(a,...,a) is graded, the latter implies that the
h*-vector of Pg(q,... 4) 18 unimodal.

Now, observe that all linear extensions of Z(a,b) begin with the unique
minimal element, which thus can be removed from Z(a,b) without affecting
w. The resulting poset is a disjoint union of two chains. It can be easily
shown by hand, that w is unimodal in this case, but for shortness let us
just refer to the stronger result of [24] showing unimodality of w for any
disjoint union of chains. Thus, implying the unimodularity of the h*-vector
of PS(a,b) . U

Theorem supports the more general conjecture [I0, Conjecture 2| as-
serting that the h*-vector of any matroid basis polytope is unimodal. Let us
also note that we have shown that for matroids whose polytope is equivalent
to an order polytope, this conjecture is a weakening of a famous conjecture
of Neggers [19] which implies unimodality of h* for order polytopes. Note
that since the latter conjecture has also be confirmed for all naturally la-
beled posets on at most 7 elements, we get unimodality of h* for snakes
S(al,...,ak) with a1 + ... 4+ ap — (k—l) <T.

REFERENCES

[1] S. AN, J. JunG, AND S. KM, Fuacial structures of lattice path matroid polytopes,
ArXiv e-prints, (2017).

[2] H. BIDKHORI, Lattice Path Matroid Polytopes, ArXiv e-prints, (2012).

[3] G. BIRKHOFF, Rings of sets, Duke Math. J., 3 (1937), pp. 443-454.

[4] J. E. BONIN, Lattice path matroids: the excluded minors, J. Combin. Theory Ser. B,
100 (2010), pp. 585-599.

[5] J. E. BONIN, A. DE MIER, AND M. NOY, Lattice path matroids: enumerative aspects
and Tutte polynomials, J. Combin. Theory Ser. A, 104 (2003), pp. 63-94.

[6] J. E. BoNIN AND O. GIMENEZ, Multi-path matroids, Combin. Probab. Comput., 16
(2007), pp. 193-217.

[7] V. CHATELAIN AND J. L. RAMIREZ ALFONSIN, Matroid base polytope decomposition,
Adv. in Appl. Math., 47 (2011), pp. 158-172.

[8] E. COHEN, P. TETALI, AND D. YELIUSSIZOV, Lattice Path Matroids: Negative Cor-
relation and Fast Mizing, ArXiv e-prints, (2015).

[9] B. DAVEY AND H. PRIESTLEY, Introduction to lattices and order. 2nd ed., Cambridge:
Cambridge University Press, 2nd ed. ed., 2002.

[10] J. A. DE LoErA, D. C. Haws, AND M. KOPPE, Ehrhart polynomials of matroid
polytopes and polymatroids., Discrete Comput. Geom., 42 (2009), pp. 670-702.
[11] E. DELUCCHI AND M. DLUGOSCH, Bergman complexes of lattice path matroids., SIAM

J. Discrete Math., 29 (2015), pp. 1916-1930.



22

12
[13)
[14]
[15]
[16]
17)
18]
[19]
[20]
21]
[22]
23]
[24]
[25]

[26]
27]

KNAUER, MARTINEZ-SANDOVAL, AND RAMIREZ ALFONSIN

R. DILWORTH, A decomposition theorem for partially ordered sets., Ann. Math. (2),
51 (1950), pp. 161-166.

E. EHRHART, Sur les polyédres rationnels homothétiques a n dimensions, C.R. Acad.
Sci., 254 (1962), pp. 616-618.

E. M. FEICHTNER AND B. STURMFELS, Matroid polytopes, nested sets and Bergman
fans, Port. Math. (N.S.), 62 (2005), pp. 437—468.

S. FELSNER AND K. KNAUER, Distributive lattices, polyhedra, and generalized flows.,
Eur. J. Comb., 32 (2011), pp. 45-59.

M. KATZMAN, The Hilbert series of Veronese type., Communications in Algebra, 33
(2005), pp. 1141-1146.

K. KNAUER, L. MARTINEZ-SANDOVAL, AND J. L. RAMIREZ ALFONSIN, A Tutte poly-
nomial inequality for lattice path matroids, Adv. Appl. Math. (to appear), (2017).

J. MORTON AND J. TURNER, Computing the Tutte polynomial of lattice path matroids
using determinantal circuits., Theor. Comput. Sci., 598 (2015), pp. 150-156.

J. NEGGERS, Representations of finite partially ordered sets., J. Comb. Inf. Syst. Sci.,
3 (1978), pp. 113-133.

J. OXLEY, Matroid theory, vol. 21 of Oxford Graduate Texts in Mathematics, Oxford
University Press, Oxford, second ed., 2011.

V. REINER AND V. WELKER, On the Charney-Davis and Neggers-Stanley conjec-
tures., J. Comb. Theory, Ser. A, 109 (2005), pp. 247-280.

J. SCHWEIG, On the h-vector of a lattice path matroid, Electron. J. Combin., 17
(2010), pp. Note 3, 6.

J. SCHWEIG, Toric ideals of lattice path matroids and polymatroids, J. Pure Appl.
Algebra, 215 (2011), pp. 2660-2665.

R. SIMION, A multiindexed Sturm sequence of polynomials and unimodality of certain
combinatorial sequences., J. Comb. Theory, Ser. A, 36 (1984), pp. 15-22.

R. P. STANLEY, A chromatic-like polynomial for ordered sets. Proc. 2nd Chapel Hill
Conf. Combin. Math. Appl., Univ. North Carolina 1970, 421-427 (1970)., 1970.

R. P. STANLEY, Two poset polytopes., Discrete Comput. Geom., 1 (1986), pp. 9-23.
D. J. A. WELSH, Matroid theory, Academic Press [Harcourt Brace Jovanovich, Pub-
lishers], London-New York, 1976. L. M. S. Monographs, No. 8.

LABORATOIRE D’INFORMATIQUE FONDAMENTALE, AIX-MARSEILLE UNIVERSITE AND
CNRS, FACULTE DES SCIENCES DE LUMINY, F-13288 MARSEILLE CEDEX 9, FRANCE
E-mail address: kolja.knauer@lif.univ-mrs.fr

DEPT. OF COMPUTER SCIENCE, FACULTY OF NATURAL SCIENCES, BEN-GURION UNI-
VERSITY OF THE NEGEV, BEER SHEVA, 84105, ISRAEL
E-mail address: 1leomtz@im.unam.mx

INSTITUT MONTPELLIERAIN ALEXANDER GROTHENDIECK, UNIVERSITE DE MONTPEL-
LIER, PLACE EUGENE BATAILLON, 34095 MONTPELLIER CEDEX, FRANCE
E-mail address: jramirez@umontpellier.fr



	1. Introduction
	2. Lattice path matroids
	3. Integer points in lattice path matroid polytopes
	3.1. Application: a formula for LPS(a,b)(t)

	4. Distributive lattice structure
	4.1. Distributive polytopes
	4.2. Chain partitioned poset
	4.3. Application: Ehrhart polynomial for snakes

	References

