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Matroid 
• A matroid consists of a pair (E, I) where E is  

a finite set and I is a collection of subsets of E 

• E is called the ground set 

• Subsets in X are called independent sets 

• (E, I) obey certain axioms: 

 1.  

 2. Subsets of independent sets are independent 

 3. For each                 the maximal independent 

sets of X have the same size 
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Cryptomorphic axiom systems 

• (E, B): where В is collection of all maximal 

independent sets of E 

• (E, r): r :                       is called the rank function 

• These generalize the idea of bases of vector space 

and linear rank 
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Column matroid 

• Let  A  be a matrix over field F 

• Let  E  be the set of column indices of A 

• Let  X  be the collection of subsets of E that 

index linearly independent sets of columns 

 

• The  column matroid  of  A, denoted as  M(A)  

is (E, X) 
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F-representability 

• A matroid is called F-representable if it is 

column matroid of some matrix over F 
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Graphic Matroids 
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Whitney's Problem(s) 

• H. Whitney, On the abstract properties of linear 

independence, Amer. J. Math. 57 (1935), 509–533 

• Are following problems decidable? 

• (P1) Is the given matroid 

representable over any field? 

• (P2) Is the given matroid 

representable over given finite field? 
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• (P1) Is the given matroid representable 

over any field? 

• YES! 

• P. Vamos, A necessary and sufficient 

condition for a matroid to be linear, 

• In Mobius algebras (Proc. Conf. Univ. 

Waterloo, 1971), 162-169. 

• University of Waterloo, Waterloo. 

• (P2) Is the given matroid representable 

over given finite field? 
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• Problems related to the representability of matroids 

are considered in my next works: 

• A.M. Revyakin  Matroids  // J. Math. Sci., p. 71–130 

• A.M. Revyakin  On some classes of linear representable 

matroids // Formal power series and algebraic combi-

natorics: 12 International Conference; proceeding FPSAC' 

00, Moscow, RUSSIA, jun 26-30, 2000, p. 564–574 

• A.M. Revyakin, A.N. Isachenko  Cryptomorphic systems of 

axioms, linear and algebraic representativeness of 

matroids // Collected scientific papers of MIET. Dedicated 

to the 70th birthday of Professor A.S.Pospelov.– М.: MIET, 

2016. – p. 99– 109 
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Matroid Duality 

• Dual of a matroid M is a matroid denoted as M* 

whose bases are compelments of those of M 

•  Theorem A matroid M is F-representable if 

and only if  M* is F-representable 
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Deletion and Contraction 

• Let  С  and  D  be sets of elements in a matroid 

M = (E, I) 

•  The matroid obtained by deleting  D is defined 

as (E – D, {X – subset of  E – D : X ∊ I }) 

•  Contraction is dual operation of deletion  

(М/С) = (M* \ C)* 
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Minors 

• Minors of a matroid M are matroids of type  

M \ D/C 

•  A minor is called proper if  D U С  is nonempty 

•  The class of F-representable matroids is closed 
under deletion and duality 

•  If a matroid is F-representable, so are all its 
minors 

•  Hence the class of F-representable matroids is 
closed under taking minors 
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Excluded Minors 

• Naturally we start look for matroids that are not 
F-representable but all their proper minors are 

•  We call these excluded minors 

•  Conjencture (Rota): For each finite field F, 
there are, up to isomorphism, only finitely 
many excluded minors for the class of F-
representable matroids 

  

• (P2) is decidable if this is true 
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In  2013 

• Jim Geelen – a professor at the University of 

Waterloo, Canada 

• Bert Gerards – a scientific staff member at the 

Centrum Wiskunde & Informatica in 

Amsterdam, The Netherlands 

• Geoff Whittle – a professor at Victoria 

University of Wellington, New Zealand 

solved Rota's Conjecture 
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Rigidity of planar frameworks consisting of rigid 

rods and rotatable joints with diagonal  

elements 

• If some diagonal rods are added to some 

squares, then in some cases the frameworks 

becomes rigid, i.e. does not lend itself to 

deformation, but in others it does not. There is a 

natural question: where should the diagonal 

rods be added, so that the farm becomes stiff? 
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• We define a bipartite graph G=(V, E) with a set 
of vertices   

and join vertices         and         in it and an edge if 
and only if the diagonal rod is placed in the grid 
square corresponding to the i-th row and the j-th 
column. 
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Theorem [Bolker and Crapo, 1977]  

• Let a square grid contain k rows and l columns 

of rooms. The square grid with this system of 

diagonals is rigid if and only if G is connected. 

 

• Consequently, the minimum number of diagonal 

rods that need to be added for the rigidity of  

a k х l  square grid is  k+l-1 . This number is 
equal to the number of edges in the 
corresponding spanning tree of the graph  G.  
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• For example, the frameworks in Figure is not 

rigid, since the corresponding bipartite graph is 

not connected. The possible deformation of the 

framework is also shown. 
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• It follows from the theorem that every k х l 
square grid for its rigidity requires a k+l-1 
diagonal rod. Moreover, these rods make the 
farm rigid if and only if the corresponding 
bipartite graph is the spanning tree. Figure 
shows two rigid trusses, in which they are added 
along diagonal bars. Both corresponding graphs 
are spanning tree. 
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• Consider the trusses, in which instead of rigid 
diagonal rods deforming (stretching) ropes are 
added. In this situation, it becomes important, 
according to which diagonal the square is 
connected (from the bottom up, or vice versa). 
In Figure the vertices of the square are 
differently tied with an equal number of ropes. 
As a result, the first farm (a) becomes rigid, and 
the second (b) – no. Figure (c) shows the 
deformation of the second farm. 

      a                         b                      c 
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• Consider two "mixed" farms (added both rigid 
rods and ropes) in Figure. The difference 
between these farms is that the ropes are 
differently tied. And the first farm is rigid, and 
the second one is not. The deformation of the 
second farm is shown in (c). We transform the 
mixed graphs of the corresponding trusses into 
digraphs by replacing all nonoriented edges by a 
pair of arcs directed in opposite directions. The 
digraphs of these farms are shown in Fig. 

      a                         b                      c 
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• Note that the digraph corresponding to the first 
farm is strongly connected, the digraph of the 
second farm is connected, but not strongly 
connected. 

      a                         b                        c 
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• It can be shown that a farm with added diagonal 

elements (rods or ropes) is rigid if and only if the 

corresponding digraph is strongly connected. 

Therefore, to make a k х l square farm stiff using 

ropes, you need to add at least  2max{k, l}   

elements. 
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• Consider now a more complex truss obtained 

from a k х l square lattice by removing a u х s 

fragment                            . 
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• Now the question is what is the minimal system of 

diagonal rods which will make the farm hard? To 

answer upgrade our old bipartite graph. 

• Replace each vertex corresponding to the row that 

contains the remote fragment, pair of vertices, 

calling them respectively the left and right 

vertices. The left and right vertices, connect the 

red edge. We proceed similarly with the vertices 

corresponding to the columns of the farm. The 

left and right ends are joined by green edges. 

• The resulting "new" graph denote by Gk,l,s,u 
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• Theorem. Suppose that of the k x l square lattice 

deleted by its s x u fragment                           . 

Then add to the farm  k+l+s+u-3 diagonal bars 

makes a considered farm rigid if and only if added 

to the set will form a base of matroid of graph 

Gk,l,s,u    after adding to it one edge of the red and 

one edge green colors. 

• In other words, attached diagonally to form in the 

graph  3–component of the forest F and there is a 

red edge a and a green edge b such that F U {a, b} 

is the tree in Gk,l,s,u . 

( 2, 2)s u 

27 



• For example, for square lattice 5 x 4 which 

removed a fragment 3 x 2 for rigidity need to 

add diagonal rods 11. 
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• Consider the farm obtained from the k x l  
square lattice by removing two parallel 
rectangular  s x u slices                           . 

• Upgrade previous bipartite graph. Replace each 
vertex corresponding to the string with deleted 
fragments of three vertices. Connect the first and 
second measles of the top edge is red and the 
second and third copies – fin blue. Replace each 
vertex corresponding to a column in which there 
is a remote cage pair of vertices, connecting 
them by an edge green or yellow, depending on 
the number of the far fragment.  

( 2, 2)s u 
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• Edges between vertices without the copies 

keeping the same. The vertices of the columns of 

the lattice, lying to the heights of rows with data, 

connect with the first copies, the vertices of 

columns lying between the vertices connected by 

the edge copies with the second copies, and 

vertices after which there is no vertex with 

copies connected with third copies of the vertices 

of the lines. The obtained graph we denote by 

Gk,l,2s,2u . 
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• For example, for farm 

graph Gk,l,2s,2u has the following form 
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• Theorem. Suppose that of the k x l square lattice 

removed two parallel rectangular s x u slice                       .  

Then add to the farm k+l+2s+2u-5 diagonal bars makes 

a considered farm rigid if and only if added to the set will 

form a base of matroid of graph Gk,l,2s,2u after adding to it 

exactly one edge red, blue, yellow and green colors. 

For example, for a square 5 x 7  lattice in which removed 

two parallel 3 x 2 fragment for rigidity need to add 17 

diagonal rods. 

The last two theorems were obtained jointly by 

A.Recski, on the basis of his criterion for the rigidity 

( 2, 2)s u 
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Thank you for attention 
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