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1. Introduction

The notion of an n-tuple algebra of associative type was introduced
in [1] in connection with an attempt to obtain an analogue of the
Chevalley construction for modular Lie algebras of Cartan type. This
notion is based on the notion of an n-tuple semigroup. Recall that a
nonempty set G is called an n-tuple semigroup [1], if it is endowed
with n binary operations, denoted by 1 , 2 , ..., n , which satisfy
the following axioms: (x r y) s z = x r (y s z) for any x , y , z ∈ G
and r , s ∈ {1, 2, ..., n}. The class of all n-tuple semigroups is rather
wide and contains, in particular, the class of all semigroups, the
class of all commutative trioids (see, for example, [2, 3]) and the
class of all commutative dimonoids (see, for example, [4, 5]).
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2-tuple semigroups, causing the greatest interest from the point of
view of applications, occupy a special place among n-tuple
semigroups. So, 2-tuple semigroups are closely connected with the
notion of an interassociative semigroup (see, for example, [6, 7]).
Moreover, 2-tuple semigroups, satisfying some additional identities,
form so-called restrictive bisemigroups, considered earlier in the
works of B. M. Schein (see, for example, [8, 9]). Restrictive
bisemigroups have applications in the theory of binary relations, as
well allow effectively to study differentiable manifolds.
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It is known, for example, that a differentiable manifold is
characterized by a restrictive bisemigroup of coordinate systems
[10]. Sets with two binary associative operations 1 and 2 ,
satisfying the axiom (x 1 y) 2 z = x 1 (y 2 z), were considered in
[11] and in this paper the free object of rank 1 in the corresponding
variety was constructed. At the same time, it should be noted that
in [9] a pair of indicated associative operations 1 and 2 is called
an associative pair, and algebras with two associative operations,
forming an associative pair, have the name of a bisemigroup.
Associative pairs of operations were considered by А. Sade [12]. In
[1], with the help of the construction of an n-tuple semigroup some
properties of n-tuple algebras of associative type are studied.
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This work is devoted to the study of n-tuple semigroups. Here we
present the free n-tuple semigroup of an arbitrary rank and, as a
consequence, characterize one-generated free n-tuple semigroups.
Moreover, we give examples of n-tuple semigroups, establish the
independence of axioms of an n-tuple semigroup, as well show that
the semigroups of the constructed free n-tuple semigroup are
isomorphic, and its automorphism group is isomorphic to the
symmetric group. We also construct the free product of arbitrary
n-tuple semigroups and study its structure.
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2. Examples of n-tuple semigroups and the independence of
axioms

In this section, we give examples of n-tuple semigroups and
establish the independence of axioms of an n-tuple semigroup.
1) Obviously, every semigroup is an 1-tuple semigroup.
2) Every semigroup (S , ·) can be considered as an n-tuple
semigroup T , if assume T = (S , ·, ·, . . . , ·︸ ︷︷ ︸

n

).

3) Recall that a nonempty set T equipped with three binary
associative operations a, ` and ⊥, satisfying the following axioms:
(x a y) a z = x a (y ` z) (T1), (x ` y) a z = x ` (y a z) (T2),
(x a y) ` z = x ` (y ` z) (T3), (x a y) a z = x a (y ⊥ z) (T4),
(x ⊥ y) a z = x ⊥ (y a z) (T5), (x a y) ⊥ z = x ⊥ (y ` z) (T6),
(x ` y) ⊥ z = x ` (y ⊥ z) (T7), (x ⊥ y) ` z = x ` (y ` z) (T8)
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for all x , y , z ∈ T , is called a trioid. Trioids were introduced by
J.-L. Loday and M.О. Ronco [2] in the context of algebraic
topology. A trioid is called commutative [3], if its three operations
are commutative.

Proposition

([13], A. Zhuchok) Every commutative trioid is a 3-tuple semigroup.

Examples of commutative trioids can be found in [3].
4) Recall that a dimonoid is a nonempty set equipped with two
binary associative operations a and ` satisfying the axioms
(T1)− (T3). Dimonoids were introduced by J.-L. Loday [4] during
constructing the universal enveloping algebra for a Leibniz algebra.
A dimonoid is commutative [5], if both its operations are
commutative.
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Proposition

([13], A. Zhuchok) Every commutative dimonoid is a 2-tuple
semigroup.

Examples of commutative dimonoids can be found in [5, 14].
5) Let (D,`) be an arbitrary semigroup. Consider a semigroup
(D,a) defined on the same set. Recall that (D,a) is called an
interassociativity of (D,`) (see., e.g., [6, 7]), if the axioms (T2)
and (x a y) ` z = x a (y ` z) are satisfied. Thus, in any 2-tuple
semigroup (D,a,`) a semigroup (D,a) is an interassociativity of a
semigroup (D,`), and conversely, if a semigroup (D,a) is an
interassociativity of a semigroup (D,`), then (D,a,`) is a 2-tuple
semigroup.
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Descriptions of all interassociativities of a monogenic semigroup
and of the free commutative semigroup were represented in [6] and
[7, 15], respectively. Methods of constructing interasociativities of a
semigroup were developed in [16].
6) Consider connections between 2-tuple semigroups and restrictive
bisemigroups.
Let B an arbitrary nonempty set and a, ` binary operations on B .
An ordered triple (B,a,`) is called a restrictive bisemigroup (see,
e.g., [8, 9]), if operations a, ` are associative, idempotent and

x a y a z = y a x a z ,

x ` y ` z = x ` z ` y ,

(x a y) ` z = x a (y ` z)

for all x , y , z ∈ B .
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Thus, every 2-tuple semigroup (G , 1 , 2 ) is a restrictive
bisemigroup, if (G , 1 ) is a right normal band, and (G , 2 ) is a left
normal band. And conversely, every restrictive bisemigroup,
satisfying the axiom (T2), is a 2-tuple semigroup.
Note that restrictive bisemigroups have relationships with
rectangular dimonoids [17].
7) Let G be an arbitrary n-tuple semigroup with operations
1 , 2 , ..., n and a1, a2, ..., an ∈ G . Define new operations
1 a1

, 2 a2
, ..., n an

on G by

x i ai y = x i ai i y

for all x , y ∈ G , i ∈ {1, 2, ..., n}. These operations are well-defined
as the operations i , i ∈ {1, 2, ..., n}, are associative.
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Proposition

([13], A. Zhuchok) (G , 1 a1
, 2 a2

, ..., n an
) is an n-tuple semigroup.

The n-tuple semigroup (G , 1 a1
, 2 a2

, ..., n an
) is called a variant

of G , or, alternatively, a sandwich n-tuple semigroup of the algebra
G with respect to sandwich elements a1, a2, ..., an, or an n-tuple
semigroup with deformed multiplications. The operations 1 a1

,
2 a2

, ..., n an
are called sandwich operations.

For an n-tuple semigroup the following theorem takes place.

Theorem
([13], A. Zhuchok) A system of all axioms of an n-tuple semigroup
(n > 1) is independence.
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3. Free n-tuple semigroups

In this section, we construct the free n-tuple semigroup of an
arbitrary rank and consider separately one-generated free n-tuple
semigroups. Moreover, we show that the semigroups of the free
n-tuple semigroup are isomorphic, and its automorphism group is
isomorphic to the symmetric group.
As usual, N denotes the set of all positive integers.

Lemma
([13], A. Zhuchok) In an n-tuple semigroup (G , 1 , 2 , ..., n ) for
any m > 1,m ∈ N, and for any xi ∈ G , 1 ≤ i ≤ m + 1, and
∗j ∈ { 1 , 2 , ..., n }, 1 ≤ j ≤ m, any parenthesizing of

x1 ∗1 x2 ∗2 . . . ∗m xm+1

gives the same element from G .
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An n-tuple semigroup, which is free in the variety of n-tuple
semigroups, is called a free n-tuple semigroup.
The main result of this section is the following theorem.

Theorem
([13], A. Zhuchok) Any free n-tuple semigroup is a subdirect
product of the free semigroup on some set and of the variant of
some n-tuple semigroup defined on the free monoid of rank n.

Let X be an arbitrary nonempty set and ω an arbitrary word in the
alphabet X . The length of ω will be denoted by lω. By definition,
the length of the empty word is equal to 0. Fix n ∈ N and let
Y = {y1, y2, ..., yn} be an arbitrary set consisting of n elements.
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Let further F [X ] be the free semigroup on X , F θ[Y ] the free
monoid on Y and θ ∈ F θ[Y ] the empty word. Define n binary
operations 1 , 2 , ..., n on
XYn = {(w , u) ∈ F [X ]× F θ[Y ] | lw − lu = 1} by

(w1, u1) i (w2, u2) = (w1w2, u1 ·yi u2)

for all (w1, u1), (w2, u2) ∈ XYn and i ∈ {1, 2, ..., n}, where ·yi is the
sandwich-operation on F θ[Y ]. The algebra (XYn, 1 , 2 , ..., n ) is
denoted by FnTS(X ). By the last theorem (see also [13]),
FnTS(X ) is the free n-tuple semigroup.
From the last theorem we obtain a corollary which describes the
free n-tuple semigroup of rank 1.

Corollary

([13], A. Zhuchok) (F θ[Y ], ·y1 , ·y2 , ..., ·yn) is the free n-tuple
semigroup of rank 1.
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The following lemma establishes relationships between semigroups
of the free n-tuple semigroup FnTS(X ).

Lemma
([13], A. Zhuchok) For any i , j ∈ {1, 2, ..., n} the semigroups
(XYn, i ) and (XYn, j ) are isomorphic.

Denote by =[X ] the symmetric group on a set X and by Aut G
′
the

automorphism group of an n-tuple semigroup G
′
.

Lemma
([13], A. Zhuchok) Aut FnTS(X ) ∼= =[X ].

Anatolii Zhuchok



We finish this section with the description of one congruence on
FnTS(X ) which helps to obtain the free semigroup from the free
n-tuple semigroup.
Let µ be an arbitrary fixed congruence on the free semigroup F [X ].
Define a relation µ̃ on FnTS(X ) by

(w1, u1)µ̃(w2, u2)⇔ w1µw2

for all (w1, u1), (w2, u2) ∈ FnTS(X ).

Lemma
([13], A. Zhuchok) The relation µ̃ is a congruence on the free
n-tuple semigroup FnTS(X ) and operations of the factor-algebra
FnTS(X )/µ̃ coincide.
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From the last lemma we obtain the following corollary.

Corollary

([13], A. Zhuchok) If µ is the diagonal of F [X ], then FnTS(X )/µ̃ is
the free semigroup.
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4. Free products of n-tuple semigroups

In this section, we construct the free product of n-tuple semigroups.
A principal importance of free products of algebras from a given
class < is the fact that any homomorphisms of free multipliers into
some fixed algebra from < can be uniquely extended to a
homomorphism of the free product into this algebra. Moreover,
every endomorphism of the free product of algebras is uniquely
defined by homomorphisms of free multipliers into the free product,
and conversely, any homomorphisms of free multipliers into the free
product of algebras can be uniquely extended to an endomorphism
of the free product.
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It is well-known (see, e.g., [18], [19]) that any free algebra is the
free product of one-generated free algebras. It is natural to consider
the problem of constructing a free product in the variety of n-tuple
semigroups.
Let Fr [Ti ]i∈I be the free product of arbitrary semigroups Ti , i ∈ I .
For every w ∈ Fr [Ti ]i∈I denote by w (0) (respectively, w (1), lw ) the
first letter (respectively, last letter, length) of w . Fix n ∈ N and let
Y = {y1, y2, . . . , yn} be an arbitrary set consisting of n elements.
Let further {(Si , i1 , i2 , . . . , in )}i∈I be a family of arbitrary
pairwise disjoint n-tuple semigroups, F θ[Y ] the free monoid on Y

and θ ∈ F θ [Y ] the empty word. For every j ∈ {1, 2, . . . , n} by j∗

denote the operation on Fr [(Si , ij )]i∈I . Fix j ∈ {1, 2, . . . , n} and
define n binary operations
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1
′
, 2

′
, . . . , n

′
on

V =
{

(w , u) ∈ Fr [(Si , ij )]i∈I × F θ [Y ] | lw − lu = 1
}

by
(w1, u1) r

′
(w2, u2)

=

{
(w1w2, u1yru2) ,w

(1)
1 ∈ Sk ,w

(0)
2 ∈ Sm, k ,m ∈ I , k 6= m,(

w1 r∗ w2, u1u2
)
,w

(1)
1 ,w

(0)
2 ∈ Sk , k ∈ I

for all (w1, u1) , (w2, u2) ∈ V , r ∈ {1, 2, . . . , n}. The algebra

(V , 1
′
, 2

′
, . . . , n

′
) is denoted by FrnT (Si )i∈I . Obviously,

constructing the algebra FrnT (Si )i∈I does not depend on the
choice j in the definition of V .
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Theorem
FrnT (Si )i∈I is the free product of n-tuple semigroups
(Si , i1 , i2 , . . . , in ), i ∈ I .

Recall that the construction of the free n-tuple semigroup of rank 1
was given in Section 3. Let further {Λi}i∈I be a family of free
n-tuple semigroups of rank 1. Using the fact that every free algebra
is the free product of one-generated free algebras, from the last
theorem we obtain a corollary which gives the free n-tuple
semigroup.
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Corollary

The free product of n-tuple semigroups Λi , i ∈ I , is the free n-tuple
semigroup of rank |I |.
Recall that the free n-tuple semigroup of an arbitrary rank was first
constructed in [13].
We also introduce the notion of an n-band of n-tuple semigroups
and in terms of this notion describe the structure of FrnT (Si )i∈I .

Anatolii Zhuchok



5. References

[1] Koreshkov, N. A.: n-Tuple algebras of associative type. Russian
Mathematics (Izvestiya VUZ. Matematika). 52:12, 28–35 (2008)

[2] Loday, J.-L., Ronco, M.O.: Trialgebras and families of polytopes.
Contemp. Math. 346, 369–398 (2004)

[3] Zhuchok, A.V.: Trioids. Asian-European J. Math. 8, no. 4, 1550089
(23 p.) (2015). doi: 10.1142/S1793557115500898

[4] Loday, J.-L.: Dialgebras. In: Dialgebras and related operads: Lect.
Notes Math., vol. 1763, Berlin: Springer-Verlag, pp. 7–66 (2001)

[5] Zhuchok, A.V.: Commutative dimonoids. Algebra and Discrete
Math. 2, 116–127 (2009)

Anatolii Zhuchok



[6] Gould M., Linton K.A., Nelson A.W.: Interassociates of monogenic
semigroups. Semigroup Forum. 68, 186–201 (2004)

[7] Givens, B.N., Linton, K., Rosin, A., Dishman, L.: Interassociates of
the free commutative semigroup on n generators. Semigroup Forum
74, 370–378 (2007)

[8] Schein, B.M.: Restrictive bisemigroups. Izv. Vyssh. Uchebn. Zaved.
Mat. 1 (44), 168–179 (1965) (in Russian)

[9] Schein, B.M.: Restrictive semigroups and bisemigroups. Technical
Report. University of Arkansas, Fayetteville, Arkansas, USA, 1–23
(1989)

[10] Schein, B.M.: Relation algebras and function semigroups.
Semigroup Forum 1 (1), 1–62 (1970)

Anatolii Zhuchok



[11] Pirashvili, T.: Sets with two associative operations. Cent. Eur. J.
Math. 2, 169–183 (2003)
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