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Abstract. We prove that the contact graph of a 2-dimensional CAT(0) cub e complex X of maximum degree

can be coloured with at most ()= M !® colours, for a xed constant M. This implies that X (and the
associated median graph) isometrically embeds in the Cartesian product of at most () trees, and that the
event structure whose domain is X admits a nice labeling with () labels. On the other hand, we present an
example of a 5-dimensional CAT(0) cube complex with uniform ly bounded degrees of 0-cubes which cannot
be embedded into a Cartesian product of a nite number of tree s. This answers in the negative a question
raised independently by M. Sageev and the rst author of this paper.

1. Introduction

In his seminal paper [Gro87], among many other results, Gromv gave a nice combinatorial
characterization of CAT(0) cube complexes as simply conndged cube complexes in which the
links of 0-cubes are simplicial ag complexes. Subsequentl Sageev|[Sag95] introduced and
investigated the concept of (combinatorial) hyperplanes & CAT(0) cube complexes, showing
in particular that each hyperplane is itself a CAT(0) cube complex and partitions the complex
into two CAT(0) cube complexes.

These two results identify CAT(0) cube complexes as the basi objects in a \high-
dimensional Bass-Serre theory", and CAT(0) and nonpositiely-curved cube complexes
have thus been studied extensively in geometric group thegr For instance, many
well-known classes of groups are known to act nicely on CAT(0cube complexes (see,
e.g. [CD95a/ CD95b/ Far05[ NROB, Wis04]). Groups acting esstially on CAT(0) cube com-
plexes enjoy a wide variety of properties resulting from sule actions { they do not have
Kazhdan's property (T) [NR98] and many of them admit splitti ngs or virtual splittings re-
lated to the hyperplanes (e.g. [[Sag97. Nib04]), for exampleCAT(0) cube complexes whose
hyperplanes are related to group splittings also lie at the leart of Wise's recent work on
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groups with a quasiconvex hierarchy and its attendant applcations to the topology of 3-
manifolds [Wis].

On the other hand, [Che00, Rol98] established that the 1-sketons of CAT(0) cube com-
plexes are exactly the median graphs, i.e., the graphs in whh any triplet of vertices admit a
unique median vertex. Median graphs and related median stratures have been investigated
in several contexts by quite a number of authors for more tharhalf a century. They have many
nice properties and admit numerous characterizations reling them to other discrete struc-
tures. Avann [Ava61] showed that median graphs and discretenedian algebras (i.e., ternary
algebras which are subdirect products of the two-element glebraf 0; 1g [BH83, [Isb80]) con-
stitute the same objects. Bandelt [Ban84] proved that media graphs are exactly the retracts
of the hypercubes. Bartlelemy and Constantin [BC93] showe that pointed median graphs
are exactly the domains of event structures with binary conict (investigated in computer
science in concurrency theory[[NPW85[ WN95[ RTI1]), while Shaefer [Sch78] proved that
median-stable subsets of Boolean algebras are exactly thelstion sets of instances of the
2-SAT problem (a well-known problem in theoretical compute science). Mulder and Schri-
jver [MS79] characterized the split systems (bipartitiong arising from halfspaces of median
graphs as the Helly copair hyperpgraphs, thus extending thebijection of Buneman between
trees and pairwise laminar (compatible) split systems. Dueto this bijection for trees, Dress,
Huber, and Moulton [DHHM97] called Buneman complexeshe median closures of arbitrary
collections of splits of a nite set. For other results and characterizations, see the books
[Fed95,1K0Q, [Mul80, [vdV93] and the surveys/[BC08| BHS3].

All CAT(0) cube complexes X and median graphs { the 1-skeletaG(X) of X { are inti-
mately related to hypercubes: they are constituted of cubesand themselves embed isomet-
rically into hypercubes. The minimum dimension of a hypercibe into which G(X) (or X)
isometrically embeds equals the number of hyperplanes of , or, equivalently, the number of
equivalence classes of the transitive closure of the \oppdsg" relation of edges of G(X) on
2-cubes ofX, or, equivalently, the number of convex splits of G(X). While the dimension of
the smallest hypercube into which the median graphG(X) embeds is easy to determine, the
problem of determining the least number (X) = (G(X)) of tree factors necessary for an
isometric embedding of the 1-skeleton oX into a Cartesian product of trees is hard.

There is a canonical construction of median graphs and CAT(D cube complexes beginning
from arbitrary graphs G: namely, for a graph G the simplex graph (G) has the simplices
(the complete subgraphs) ofG as its vertices and pairs of (comparable) simplices di ering
in exactly one vertex as its edges. The graph (G) is median, moreover it was shown in
[BvdV89] that (G) can be isometrically embedded into the Cartesian product & at most k
trees if and only if the chromatic number (G) of G is at most k: In particular, it is NP-
complete, even fork = 3, to decide whether (X) k for a 2-dimensional CAT(0) cube
complex (i.e. if a 3-cube-free cube complex embeds into thedttesian product of k trees)
[BvdV89]. Departing from triangle-free Mycielski graphs G (i.e., graphs with arbitrarily high
chromatic numbers), one get, via the simplex-graph constration, 3-cube-free median graphs

(G) with arbitrarily large  ( (G)):



For arbitrary CAT(0) cube complexes X, the value (X) is closely related to the chromatic
number of the so-calledincompatibility or crossing graph 4 (X) of X. 4 (X) can be viewed
as the intersection graph of the hyperplanes oK : its vertices are the hyperplanes oX sensu
[Sag95] and two hyperplanes are adjacent in4 (X) if and only if they cross (or, equivalently,
they intersect). The crossing graph of the CAT(0) cube compéx derived from the simplex
graph (G) of G coincides with G (see, e.g.[[Hag11]).

Extending the fact that ( (G)) = (G); it was formally stated in [BCE10b] (and seems to
be known to other people working in the eld) that the equality (X)= ( # (X)) holds for
all CAT(0) cube complexesX . Since an arbitrary graph can be realized as the crossing gph
of a CAT(0) cube complex X, in order to better capture the structure of X and some graph-
parameters of its 1-skeletonG(X); the second author of this paper introduced in [Hag1l]
the concept of the contact graph ( X) of X: the vertices of ( X) are the hyperplanes ofX
and two hyperplanes are adjacent in (X) if and only if they cross or osculate (i.e., their
carriers touch each other). (X) can be also viewed as the intersection graph of the carriers
of the hyperplanes ofX. The cliqgue number! (( X)) of the contact graph of X is exactly the
maximum degree inG(X) of a 0-cube ofX, i.e., to the maximum number of 1-cubes incident
to a 0-cube of X. The contact graph ( X) always contains the crossing graph # (X) as a
spanning subgraph. (X) also hosts thepointed contact graph (X)) of the 1-skeletonG (X)
of X pointed at arbitrary vertex . Then (X) has hyperplanes ofX as vertices and two
hyperplanesH; H ° are adjacent in  (X) if and only if they are adjacent in ( X) and two
incident 1-cubes, one crossed byl and another crossed byH° are directed away from the
common origin.

M. Sageev and, independently, the rst author of this paper asked the following question:

Question 1. s it true that all CAT(0) cube complexes X with uniformly bounded degrees
can be isometrically embedded into a nite number of trees, I equivalently, if there exists a
function :N 7! N such that (X) () for any CAT(0) cube complex X of degree ?

This question is closely related with the conjecture of Rozp and Thiagarajan (also
called the nice labeling problen) asserting that:

Question 2. Any event structure with nite (out)degree admits a labeling with a nite
number of labels.

As noted above, pointed median graphs are exactly the domam of event structures with
binary con ict [BC93]l Then, in view of the bijection betwee n median graphs and 1-skeletons
of CAT(0) cube complexes, the nice labeling problem for suclevent structures can be equiv-
alently viewed as the colouring problem of the pointed contat graph  (X) of the CAT(0)
cube complexX associated to the domain of the event structure. Since ( (X)) (( X))
and ( # (X)) (( X)); in relation with Questions 1 and 2, the following question is
natural:

Question 3. Is it true that the chromatic number (( X)) of the contact graph of a CAT(0)
cube complexX of degree can be bounded by a function of ?



Since! (( X)= and 4 (X); (X) are subgraphs of (X); all three questions can be re-
formulated, namely: which of the classes of graphs4 (X); (X);and ( X) are -bounded?
A class C of graphs is called -boundedif there exists a functionf such that (G) f(! (G))
for any graph G of C. For example, Asplund and Gnanbaum JAG60] proved that the intersec-
tion graphs of axis-parallel rectangles ofR? are -bounded (we will review below some other
classes of -bounded intersection graphs).

On the other hand, via a series of nontrivial examples, Burlhg [Bur65] showed that the
class of intersection graphs of axis-parallel boxes d®2 is not -bounded. Based on Burling's
examples, it was recently shown in[[Chel1] that for CAT(0) cibe complexes the classes of
graphs (X)and (X) are not -bounded, thus disproving the nice labeling conjecture of
[RT91]. In this paper, we adapt this counterexample by usingthe recubulation technique
from [Hag11] to show that the class of crossing graphsy (X) of CAT(0) cube complexes is
also not -bounded, thus answering in the negative the rst open quesbn.

On the other hand, and this is the main contribution of our paper, we show that in the
case of 2-dimensional CAT(0) cube complexeX the contact graphs (X) (and therefore
the crossing and the pointed contact graphs) are -bounded by a polynomial function in
I (( X)) =, thus showing that in the 2-dimensional case the three g uestions have positive
answers; this is the content of our main result:

Theorem 1. Let X be a 2-dimensional CAT(0) cube complex such that the degrees alff its
vertices are uniformly bounded by : Then there existsM < 1 , independent of X, such that

((X) (O= M ¥ inparticular, (X) () ;i.e. the 1-skeleton ofX isometrically
embeds into the Cartesian product of at most () trees. Finally, all event structures of
(out)degree o whose domains are 2-dimensional cube complexes admit a ni@beling with
at most ( o+2) labels.

We actually obtain the following bound: (( X)) ()= 33 15 or, simply M <
4389.

The second assertion of Theorenill follows from the rst ass¢ion because 4 (X) is a
subgraph of (X) and because of the equality (X) = ( #(X)). The third assertion is a
consequence of the fact that the number of labels in a nice lalling is equalto ( (X)); and
because (X) is a subgraph of (X) and o+ n holds for all n-dimensional CAT(0)
cube complexes.

The main focus of our paper is thus to prove the rst assertionof Theorem[d. To show that
the chromatic number (( X)) of the contact graph ( X) is polynomially bounded in , we
show that the edges of (X) can be distributed over six spanning subgraphs of (X), such that
the chromatic numbers of each of these subgraphs can be polgmially bounded. As a result,
each (vertex) hyperplane of (X) receives a sextuple of colours, each colour corresponding
to the colour received by this vertex in the colouring of the orresponding subgraph. Since
each edge of (X) is present in at least one spanning subgraph, the sextupleelouring of the
hyperplanes of X is a correct colouring of the contact graph (X). The number of colours
is the product of the six numbers of colours used to colour thespanning subgraphs, thus



it is polynomial in . In Sections 4-6, one after another, we will de ne and colour the six
spanning subgraphs. For this, we will study the geometricaland the combinatorial properties
of contact graphs of 2-dimensional CAT(0) cube complexes.

We conclude with the formulation of the second principal resilt;

Theorem 2. For any n > 0, there exists a nite CAT(0) cube complex X, with constant
maximum degree such that any coloring of the crossing graphf &, requires more thann
colors, i.e., any isometric embedding ofX,, into a Cartesian product of trees requires> n
trees. There exists an in nite CAT(0) cube complex X with constant maximum degree which
cannot be isometrically embedded into a Cartesian product od nite number of trees, i.e.,
the chromatic number of its crossing graph is in nite.

2. Related results

Our counterexample in Theorem 2 and some steps of the proof dtheorem 1 are based on
the fact that there exist classes of geometric intersectiorgraphs that are -bounded, and also
classes that are not -bounded. Therefore, we continue with a brief review of sucltlasses.
Given a family of setsF with the ground-set S, the intersection graph of F has the sets of
F as the vertex-set and two setsF; F °de ne an edge of the intersection graph if and only if
F\ F%6 ;. With some abuse of notation, we will denote by (F) and ! (F), respectively,
the chromatic number and the clique numberof the intersection graph of F. The degree (F)
of F is the maximum number of sets ofF to which belongs an element ofS. It is evident
and well-known that the equality (F) = ! (F) holds if F satis es the Helly property, i.e.,
any subfamily F%of F has a nonempty intersection whenever any two sets of ®intersect.

Gallai established (in unpublished work; see [Gol80, GLBOB that (1) = ! (1) for families
| of intervals of the real line (whose intersection graphs arecalled interval graphs). This
founding result has numerous generalizations, among whickve recall only a few of them.
First, it is well known that the equality

(M=1(T)= (T)

holds for families T of subtrees of a tree[[Gol80, GLBOB] (the intersection graph of subtrees
are the so-calledchordal graphswhich are known to be a subclass of perfect graphs).

On the other hand, Asplund and Grunbaum [AG60] showed that (R) 4! 2(R) 4! (R)
for any family R of axis-parallel rectangles ofR2. Burling [Bur65] presented a seriesB,, of
axis-parallel boxes ofR® with ! (B,) =2 and (B,) > n (see [GLB03] for a description of
Burling's construction). Gyarhs [Gya85] showed that (1)  2t! (1) for families of sets
each set consisting ot intervals of the line. Gyarhs [Gya85]]and Kostochka [Ko s88] showed
that the class of intersection graphs of chords of a circle is -bounded by 2 ! (I + 2); there
are known examples showing only that I log! (similar kinds of bounds were proved in
for polygon-circle graphs). On the other hand, Kostochka [Kos88] proved that the
chromatic number of any triangle-free intersection graph @& chords is at most 5 (and this
bound is known to be sharp). It is conjectured in [GL85] that the class of intersection graphs



of \L" shapes in the plane is -bounded and McGuinness [McG96] established this conjecte
in the case of L-shapes whose vertical stem is in nite.

We conclude with a few known results about the three questioa in case of CAT(0) cube
complexes. Using the result of Kostochka about the trianglefree graphs of chords and the
\stretchability" of hyperplanes of plane 2-dimensional CAT(0) cube complexes (called square-
graphs), it was shown in [BCE10a] that 1-skeletons of such gphs can be embedded into
Cartesian products of at most 5 trees. In[[BCE10b] the CAT(0) cube complexes which can
be embedded in Cartesian products of two trees where charaetized in a local-to-global
way as the 2-dimensional CAT(0) cube complexes in which theihks of vertices are bipar-
tite graphs. In unpublished work, Sageev has shown that Grorav-hyperbolic CAT(0) cube
complexes (and in particular their 1-skeletons) isometrially embed in the product of nitely
many trees, and Sageev and Druu have extended this to certem CAT(0) cube complexes
that are universal covers of nonpositively-curved cube comlexes with relatively hyperbolic
fundamental group (personal communication from M. Sageev)

Likewise, the 1-skeleton of anacyclic CAT(0) cube complex of dimensiond admits an
isometric embedding in the product of at mostd trees [BC96]. The same paper also intro-
duces the notion of aperfect CAT(0) cube complex as a CAT(0) cube complexX whose
crossing graph 4 (X) is perfect (i.e., the chromatic number of 4 (X) and of any of its in-
duced subgraphs equals the cligue number) and conjecturesiat a CAT(0) cube complex X
is perfect if and only if the CAT(0) cube complexes which corespond to simplex graphs ob-
tained via median homomorphisms fromG(X) are perfect and shows that theStrong Perfect
Graph Conjecture implies this conjecture. The Strong Perfect Graph Conjectue has since
been proved [CRSTO06], and thus the conjectured characteration of perfect CAT(0) cube
complexes is also true.

Relatedly, Ballman and Swatkowski, in [@], showed that CAT(0) cube complexes with
some additional structure { foldable cubical chamber complexegadmit bi-Lipschitz embed-
dings into the product of d trees, whered is the dimension of the cube complex.

On the other hand, there are known to be several classes of evestructures for which the
nice labeling conjecture is true. Assous et al. [[ABCR94] preed that the event structures
of degree 2 admit nice labelings with 2 labels and noticed thaDilworth's theorem implies
that the con ict-free event structures of degreen have nice labelings withn labels. Recently,
Santocanale [[San10] proved that all event structures of dege 3 and with tree-like partial
orders have nice labelings with 3 labels.

3. Preliminaries

This section is devoted to de nitions and basic properties @ the objects used throughout
the paper. We begin with a brief review of graph colouring, aml then discuss the basic
properties of CAT(0) cube complexes (following the discussn in [Hag11]) and median graphs
(following the discussion in [BC08]). We then de ne the crosing graph (see e.g.[[Rol98,
INibO4]) and the contact graph (see [[HagIl]) of a CAT(0) cube emplex, and the pointed
contact graph (see[Chell]) of a pointed CAT(0) complex or a pinted median graph. This



is then related to the nice labeling problem for event strucures. We discuss disc diagrams in
CAT(0) cube complexes, which are used throughout the paperand then relate the crossing
and contact graphs to isometric and convex embeddings of CA[D) cube complexes. Finally,
we de ne and prove basic properties of hyperplane-distancefootprints, and imprints, all of
which are used in our colouring of contact graphs.

3.1. Graph colouring. Let G be a graph, with vertex set V(G). An edge of G joining
X;y 2 V(G) is denoted xy. A graph homomorphism :G! H is amap fromV(G)to V(H)
such that, if xy is an edge ofG, then (x) (y) is an edge ofH. A colouring of G by a set
K of colours is a graph homomorphisnc : G! K (K), where K (K) = K, is the complete
graph with vertex set K of cardinality n. Equivalently, cis an assignment of an element oK
{ a colour { to each vertex of G in such a way that, for each edgexy, we havec(x) 6 c(y).
The chromatic number (G) of G is the cardinality of a smallest setK for which there exists
a K-colouring of G. Note that if H G is a subgraph, then (H) (G). Also, it was
shown by de Bruijn and Erdds that, for any graph G, we have (G) n if and only
if (H) n for each nite subgraph H of G. Hence, to K-colour G, it suces to x an
arbitrary vertex v and to K-colour the ball B,(v) for eachn 0.

3.2. CAT(0) cube complexes and hyperplanes. For0O d< 1, ad-cubeis a copy of
[ %; %] endowed with the ™ ; metric. A cube complexis a CW-complexX whose cells are cubes
of various dimensions, attached in the expected way: any twaubes ofX that have nonempty
intersection intersect in a common face, i.e. the attachingmap of each cube restricts to a
combinatorial isometry on its faces.

The link of a O-cubex 2 X is the complex built of simplices, with a (d 1)-simplex
for each d-cube containing x, with simplices attached according to the attachments of the
corresponding cubes. The simply-connected cube complex is CAT(0) if the link Lk (x)
of each 0-cubex is a ag (simplicial) complex, i.e. if each d + 1)-clique in Lk (x) spans an
d-simplex. The dimension of the CAT(0) cube complex X is the largest value ofd for which
X contains a 0-cube, and thedegree of X is the degree of a highest-degree 0-cube.

A midcube of the d-cubec, with d 1, is the isometric subspace obtained by restricting
exactly one of the coordinates ofd to 0. Note that a midcube isa (d 1)-cube. The midcubes
a and b of X are adjacent if they have a common face, and dyperplaneH of X is a subspace
that is a maximal union of midcubes such that, if a;b H are midcubes, eithera and b
are disjoint or they are adjacent. In [Sag95], Sageev showethhat each hyperplaneH is a
CAT(0) cube complex of dimension at most dimX 1, and that X H consists of exactly
two components, calledhalfspaces A 1-cube c is dual to the hyperplane H if the O-cubes of
c lie in distinct halfspaces ofH, i.e. if the midpoint of c is a midcube contained inH. The
relation \dual to the same hyperplane” is an equivalence rehtion on the set of 1-cubes of
X ; denote this relation by and denote by ( H) the equivalence class consisting of 1-cubes
dual to the hyperplane H.

In the remainder of this paper, X denotes a CAT(0) cube complex andH denotes the set
of hyperplanes. For eachH 2 H, let N(H) be the subcomplex ofX consisting of all closed



d-cubesc such that H\ ¢ 6 ;. The subcomplexN (H) is called the carrier of H, and it
was proved in [Sag9b] thatN (H) is a CAT(0) cube complex isomorphic to [ %% H. In
particular, we shall often use the natural projectionN(H)! H = f0g H arising from the
isomorphismN (H) = [ 3;3] H.

Although X admits a CAT(0) metric arising from the “, metric on the constituent
cubes [Gro87], it is more natural to use thewall-metric arising from the hyperplanes, dis-
cussed, for example, in[[Hag11] and, in the context of mediasomplexes, in[[vdV93]. More
precisely, X admits a metric d such that the restriction of d to any cube c of X is the *;
metric on ¢ and the restriction of d to the 1-skeleton of X is the standard graph distance.
In particular, a combinatorial path P ! X { a path in the 1-skeleton of X {is a geodesic
segment in X if and only if P is a geodesic segment of the 1-skeleton. Equivalentlp is a
geodesic segment if and only iP contains at most one 1-cube dual to each hyperplane of .
The length jPj of the path P is equal to the number of hyperplanes (with multiplicity) th at
crossP in the sense de ned below, andP is a geodesic segment if and only P] is equal to
the number of hyperplanes that separate its endpoints (as deed below).

Let Y X be a subcomplex. LetH be a hyperplane, and denote byA (H) and B(H)
the halfspaces ofH. Then H crossesY if A(H)\ Y and B(H)\ Y are both nonempty.
In particular, if HYis another hyperplane, thenH and HP° cross if and only if each of the
quarter-spacesA (H)\ A(H9; A(H)\ B(H9; B(H)\ A(H9; B(H)\ B(H9 is nonempty.
Equivalently, H and H° cross if and only if there exists a 2-cubes whose boundary path
contains a concatenationc® wherec2 ( H) and c®2 ( H9Y.

If H and H%do not cross, butX contains a pair of 1-cubexc2 ( H); c®2 ( H9 such that
c; @ have a common 0O-cube, therH and H°osculate If H and H 9 either cross or osculate,
then they contact, denoted H ?H © Equivalently, HH C%if and only if N(H)\ N(H% 6 ;.

If Y;Y%are convex subcomplexes oK, and H is a hyperplane such thatY A (H) and
YO B(H), then H separatesY from Y° We see thatH ?H 2if and only if no third
hyperplane separatesH from HC Relatedly, we say that a subsetH? H is inseparableif,
given any two hyperplanesH; H °2 H ¢ every hyperplaneH %2 H that separatesH from H©°
also belongs toH® Also, the distance between the convex subcomplexes and Y %is equal to
the number of hyperplanes that separateY from Y© and this is also the length of a shortest
geodesic segment having one endpoint iN and one endpoint in'Y°

Each hyperplaneH, and its carrier N (H), is convex with respect to the wall-metric, and
we give a simple characterization of convexity below. Sagee[Sag95] also showed thaH is
convex with respect to the CAT(0) metric.

The property of being a Cartesian product is characterized as follows for CAT(0) cube
complexes. The Cartesian productX = X1 X is again a CAT(0) cube complex. LetH1
and H, denote that sets of hyperplanes oX 1 and X , respectively. Then each hyperplane of
X is of the form H X, with H 2H 4, or X1 H, whereH 2 H,, and each hyperplane
of the former form crosses each hyperplane of the latter form Conversely, if the setH of
hyperplanes of X decomposes as a disjoint uniotd = H1tH 5 such that each element ofH 1
crosses each element dfi,, then X = X1 X, where fori 2 f 1;2g, the complex X; is a



convex subcomplex ofX that is crossed by each hyperplane irH; and no others. The wall-
metric on X is identical to the metric de ned by d((x1;X2); (y1;¥2)) = di(X1;y1)+ da(X2;Y2),
where d; is the wall-metric on X; and x;;y; 2 Xj.

A major source of CAT(0) cube complexes comes from the notiorof a \cube complex
dual to a wallspace". A wallspaceis a setS, together with a collection H of bipartitions
of S, called walls, into halfspaces The dual cube complex is constructed as follows: a O-
cubev is a choicev(H) of halfspace for eachH 2 H, in such a way that v(H)\ v(H9 6 ;
for all H;H °2 H; roughly speaking, the dual cube complexX is the appropriately chosen
component of the resulting complex.X has a set of hyperplanes corresponding bijectively to
H. The construction of a dual cube complex from a wallspace apgars in a group-theoretic
context in the work of Sageev [[Sag95]; the formal notion of a allspace is due to Haglund
and Paulin [HP98], and the construction of the cube complexm this more general context
appears in [CNO5] and [[NicO4].

This construction shows that each 0-cube ofX can be thought of as a consistent choice
of halfspace for each hyperplane, which is to say that, ifs is a 0-cube ofX and H;H °are
hyperplanes, thenv(H)\ v(H9 6 ;, wherev(H) denotes the halfspace oH containing v.

Hence the pointed CAT(0) cube complex X, { i.e., the cube complex X with basepoint
v { is equipped with a natural orientation on the 1-skeleton. Indeed, theinitial O-cube of
the 1-cubec is the 0-cube lying inv(H) and the terminal O-cube ofc is the 0-cube lying in
X Vv(H). The hyperplanes H;H ° of X, contact with respect tov, denotedH ?® (H? if H
and H%are dual to 1-cubesc; @, respectively, such thatc and c® have the same initial O-cube.
Note that H”? H%only if H/?H C Also note that if H crossesH %in a 2-cubes, then at least
one 0-cube ofs is initial in both of its incident 1-cubes in s, and hence, ifH and HP° cross,
then H” ,HC On the other hand, if H osculates withH® then HH Cif and only if neither
of H nor H?separates the other fromv.

3.3. Median graphs and parallelism of edges. Let G be a graph and letd be the standard
path-metric on G (i.e. each edge ofG has length 1 andd(u;Vv) counts the number of edges
in a shortest path joining the vertices u and v). The interval | (u;v) is the set of all points
X 2 G such that d(u;v) = d(x;u) + d(x;v). The graph G is a median graphif for all triples
of verticesu;v;w 2 G, the set

m(u;v;w) = T(u;v)\ T(u;w)\ T (v;w)

contains exactly one point, also denotedmn(u; v;w), called the median of u;v;w.

The induced subgraphG(S) of G generated by the setS of vertices isconvexif for all u;v 2
S, the interval | (u;v)  G(S). The subgraph G(S) is gated if for each vertex v of G, there
exists a unique vertexg(v) 2 S, called the gate ofv in S such that d(v;y) = d(v; v+ d(v®y)
for all y 2 S. Each convex set of vertices ofG is gated. A halfspaceis a convex subsetH
such that G H is also convex, and the pair H;G H) is a convex split

The relation is de ned on the set of edges of G as follows: is the Djokovec-Winkler
relation (\parallelism”) de ned as follows. If uv and xy are edges ofG, then (uv;xy) 2 if



and only if
d(u; x) + d(v;y) 6 d(u;y) + d(v;x):

Equivalently, is the transitive closure of the \opposite” relation: uv and xy are opposite
edges of a 4-cycldf uvxy is a 4-cycle inG (see [EFO07/1K00]). The equivalence class (v)
de nes a convex cut-setA (uv) of G, and complementB(uv) = G A(uv) is also convex.
The class (uv) therefore determines a convex split A (uv); B (uv)) of G [Mul80, vdV93].
Conversely, for each convex splitd ; B), there exists at least one edgeiv such that A = A (uv)
and B = B(uv). The convex splits (A 1;B1) and (A 2; B>) are incompatible if and only if each
of the setsA;\ Ay, A1\ By; B1\ Ay B1\ Bois nonempty.

The resemblance to the de nition of crossing hyperplanes, ad the use of the notation
for the set of 1-cubes dual to a hyperplane of a CAT(0) cube complex is not accidental. For
each median graphG, there exists a CAT(0) cube complexX whose 1-skeleton iS5, and the
hyperplanes ofX correspond bijectively to convex splits ofG: the equivalence class (uv) of
the edgeuv of G is precisely the set of 1-cubes dual to the hyperplané&l of X that crosses
the 1-cubeuv. Conversely, the 1-skeletonG(X) of the CAT(0) cube complex X is a median
graph, and the hyperplanes ofX correspond in the same way to the convex splits of5(X)
(see [Che0D]).

There is thus a perfect analogy between the following notios about median graphs and the
corresponding notions about CAT(0) cube complexes. IS is a set of vertices, andH = (A;B)
is a convex split of G, then H crossessS if there exist u;v 2 Swith u2 A andv 2 B. In
particular, the crossing of two hyperplanesH;H ° of X corresponds to incompatibility of the
corresponding convex splits ofc = G(X). Likewise, separation of subgraphs oz by a convex
split corresponds to separation of those subgraphs by the caesponding hyperplane.

Choosing a base vertexw of G, we de ne an orientation of all edges. Letxy be an edge
such that d(x;v) d(y;v). Then m = m(v;x;y) = x sinced(x;y) = d(m;x)+ d(m;y) =1
and hencex is strictly closer than y to v. Let x be the initial vertex of xy andy the terminal
vertex. Note that if uv 2 ( xy), and the terminal vertex x lies in the halfspaceA (xy) of
the corresponding convex split, then the terminal vertexu of the edgeuv also lies inA (xy),
and hence each convex split oz is oriented. If 1 and , are parallelism classes of edges,
we write 1”? , » if either the corresponding convex splits are incompatible or if there exist
edgesxy; 2 1 andXxy, 2 » such that x is the initial vertex of xy; and xy,. Note that the
hyperplanesH; H % of X satisfy H? (HCif and only if ( H)? , ( HO.

3.4. Contact and crossing graphs. Let X be a CAT(0) cube complex and letG(X) = X @

be the corresponding median graph. LetH be the set of hyperplanes ofX or, equivalently,

the set of parallelism classes of edges ®(X). The contact graph of X was de ned in [Hag11]
as a modi cation of the \crossing graph” { the intersection graph of the setH of hyperplanes
in X { previously studied by Bandelt, Dress, Eppstein, Niblo, Rdller, van de Vel and others
(see [Rol98] and[[Nib04]). While any simplicial graph is thecrossing graph of some CAT(0)
cube complex, the class of graphs that arise as contact graghis quite restricted: contact
graphs are connected and quasi-isometric to trees [Hag[l1].
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De nition 1 (Contact graph, crossing graph) The contact graph ( X) of X is the graph
whose vertex set is the seH, with an edge joining the verticesH, and Hy if H1?H . We
use the same notation for a vertex of (X) as for its corresponding hyperplane, and we use
the notation H{?H , for the (closed) edge of (X) joining the contacting hyperplanes H;
and Ho.

The crossing graph  (X) is the subgraph of (X) obtained by deleting each open edge
corresponding to an osculating pair of hyperplanes, so thaH, and H, are adjacent in 4 (X)
if and only if they cross.

Given hyperplanesU;V 2 H, we denote by (U;V) the distance in ( X) from U to V.

Likewise, for a pointed CAT(0) cube complex X, or pointed median graph G(X),, we
de ne the pointed contact graph, introduced in [Chell], as bllows.

De nition 2 (Pointed contact graph). Then pointed contact graph (X) is the subgraph
of ( X) de ned as follows: the vertex set of ,(X) is the setH of hyperplanes ofX, and H
and Hare joined by an edge of (X) if and only if H?® ,H?

Observe that if H and H%cross, then the intersection of their carriers contains a Zubes,

one of whose four 0-cubes must be initial in the incident 1-ches dual toH and H% Hence

# (X) v(X) ( X). Pointed contact graphs are used in our applications to thenice
labeling problem.

3.5. Event structures, nice labeling and the associated cube complexes. The follow-
ing is an informal summary of the relationship between (poirted) contact graphs of CAT(0)
cube complexes and median graphs and nice labelings of evesituctures, following the treat-
ment given in [Chel1l].

An event structure] is a triple E= (E; ;" ), where E is a set ofevents is a partial
order on E, called causal dependencyand * is a symmetric, irre exive binary relation on
E called conict . Additionally, E is nitary , which is to say that for all e; €2 E, there exist
nitely many €°%2 E such thate &% &%

The eventse and €° are concurrent, denotede _ e © if they are incomparable in the partial
ordering ande6e % A conict e”e %is minimal if there does not existe’62 &; &g such
that e”Oprecedes one ok and €®in  and is in con ict with the other. The events e and
e are independent (or orthogonal) if they are either concurrent or in minimal con ict. An
independent setis a set of pairwise independent events ific. The degreeof E is the maximum
cardinality of an independent set inE.

In [RT91], Rozoy and Thiagarajan formulated the nice labeling problemfor event struc-
tures. A labelingisamap :E ! |, where is some alphabet, and is a nice labeling
if (e) 6 (&%) whenevere and €° are independent. Solving the nice labeling problem foiE
entails constructing a nice labeling such that is nite. More quantitatively, one asks,
given a class of event structuresE, whether there exists a functionf : N ! N such that,
for an event structure E of degreen in the given class, there exists a nice labeling o with

1Also called a coherent event structure or an event structure with binary conict .
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j j f(n). The rstauthor answered this question in the negative in [Chell] when the class
in question is the class of event structures of degree at leasre. Theorem L] however, asserts
that the nice labeling conjecture is true for event structures of nite degree that have as their
domain a CAT(0) cube complex of dimension at most 2.

The domain D(E) of the event structure E is de ned as follows. A con guration C is
a subsetC E of the set of events such that no two elements ofZ are in conict, and,
if e €22 C are not in conict, then e 2 C. The domain D(E) is the set of all such
con gurations C, ordered by inclusion. This construction naturally gives rise to a median
graph and an accompanying CAT(0) cube complex associated t&. Indeed, following [San10],
let G = G(E) be the graph whose vertices are the elements of the domain (C), with C and
CP%joined by an edge if and only ifC = C°[f eg for somee2 E C. In this situation, the
edgeCXC is directed from C%°to C. In other words, an evente 2 E is viewed as a minimal
change from one con guration to another [WN95].

It can be shown [BC93] that G is a median graph, and thusG = G(X), where X is a CAT(0)
cube complex; abusing language slightly, we refer t&(X) or to X as the domain of E, since
these objects are uniquely determined byE. The hyperplanes of X correspond bijectively
to the events in E. The events e and e are concurrent if and only if the corresponding
hyperplanes cross.

Indeed, let C%®be a con guration that does not contain e or € but such that C = C%
feg and C°= C% f &% are downward-closed. Then by the de nition of concurrency, the
con gurations C%C% C: and CY C are the vertices of a 4-cycle inG bounding a 2-cube inX
whose crossing dual hyperplanes correspond ®and €. On the other hand, if e and e are in
minimal con ict, then C%and C are both adjacent to C% and thus C%has two incident 1-cubes
in X, one dual to each of the hyperplane® and €°, and hence the corresponding hyperplanes
osculate. (The construction of X from the space of con gurations of an event structure is
highly reminiscent of the notion of a state complex of a metanorphic robot [AG0Z]
and of the construction of a cube complex from a wallspace [COB, [Nic04].)

Conversely, each CAT(0) cube complexX (and thus each median graphG(X) [Che0Q]),
and any xed base 0-cubev 2 X, gives rise to an event structureE whose events are the
hyperplanes ofX [BC93]. HyperplanesH and H°de ne concurrent events if and only if they
cross, andH  HPif and only if H = H%or H separatesH? from v. The events de ned
by H and H%are in conict if and only if H and H°do not cross and neither separates the
other from v. Thus the events corresponding toH and Hare in minimal conict if H and
H © osculate and neither ofH and H © separates the other fromv.

Already, from the de nition of an event structure, one de ne s a graphG(E) whose vertices
are the events, with e and €° joined by an edge if and only if e and €° are independent,
i.e. if and only if e and € are concurrent (analogous to crossing hyperplanes) or in mimal
conict (analogous to osculating hyperplanes). HenceG(E) is a spanning subgraph of the
contact graph ( X) that contains the crossing graph x (X). On the other hand, given a
pointed CAT(0) cube complex X, we see that the graph associated to the event structure
E, is precisely the pointed contact graph (X). It was noted already in [San10] that a nice
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labeling of E corresponds to a colouring of the edges of the correspondingedian graph in
such a way that edges dual to the same hyperplane receive theame colour, and edges; @
dual to a pair of hyperplanesH; H °that cross or osculate in a \minimal con ict" way receive
di erent colours. Thus we see that E admits a nice labeling if the corresponding pointed
CAT(0) cube complex has nite chromatic number for its point ed contact graph, and in
particular, E admits a nice labeling if the corresponding contact graph ha nite chromatic
number. Conversely, if (X) has in nite chromatic number, then the corresponding evert
structure E, does not admit a nice labeling.

3.6. Disc diagrams. We shall frequently use the technique of minimal-area disc igrams
in the CAT(0) cube complex X . For a discussion of disc diagrams over cube complexes, ugin
the language and notation closest to that of the present pape see [Hagll] or[[Wis]. The
results we shall use are summarized below.

A disc diagramD ! X inthe CAT(0) cube complex X is a combinatorial map, whereD is a
contractible 2-dimensional cube complex, not necessarilCAT(0), such that D topologically
embeds inS2. The boundary path of D is the combinatorial path P ! X whose image
coincides with the restriction of the map D ! X to the boundary of D.

Proposition 1  (Existence of disc diagrams) Let P ! G(X) be a closed path. Then there
exists a disc diagramD ! X whose boundary path is.

Let D! X be a disc diagram. Thearea of D is the number of 2-cubes inD. The disc
diagram hasminimal area for its boundary path P if for all disc diagrams D°with boundary
path P, the area of DCis at least the area ofD. Note that the equivalence relation on the
1-cubes ofX pulls back to an equivalence relation on the 1-cubes dd. Each equivalence class
( H) of 1-cubes inD determines adual curve de ned as follows. If sis a 2-cube ofD, and
c; @ are opposite 1-cubes o§ with ¢;®2 ( H), then the midcube of s corresponding toH is
the *;, geodesic segment irs joining the midpoint of ¢ to the midpoint of ¢ A dual curve K
is a maximal concatenation of midcubes of 2-cubes iD. The mapD ! X restricts to a map
K ! H, and moreover, the unionN (K) of all 2-cubes inD containing constituent midcubes
of K {the carrier of K { maps to the carrier N (H). A dual curve K is an immersed interval
or circle in D.

If K is a dual curve, then anend of K is a midpoint p of a 1-cubec such that p is contained
in only one constituent midcube of K. K has at most two ends, and each end oK lies on
the boundary path P of D. The following proposition states, in the language of[[Wi$] that a
minimal-area disc diagram does not contain a \nongon" or a \monogon" of dual curves, i.e.
dual curves begin and end on the boundary path oD, and no dual curve crosses itself.

Proposition 2 (No nongons or monogons) Let D ! X have minimal area for its boundary
path P. Then every dual curveK in D is an embedded interval (possibly of length 0), and in
particular each 2-cubes of D contains 1-cubes of exactly two distinct equivalence class in

. If JKj> 0, then K has exactly two ends orP. If K is a single point, thenK 2 P.
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If Q P is a subpath of the boundary path of D, we say that K emanates fromor ends
on Q if Q contains a 1-cube whose midpoint lies irK .

Proposition 3 (No bigons). If D is a minimal-area disc diagram for its boundary path
P, and K1 and K, are distinct dual curves in D, then N(K1)\ N(K>) is either empty or
consists of a single 2-cube. In the latter casekK 1 and K, are said to cross If K1 and K»
cross, then their corresponding hyperplanes also cross, dnin particular K1 and K, map to
distinct hyperplanes.

Propositions[2 and3 are used implicitly in all of our disc diggram arguments. The situation
concerning trigons of dual curves is somewhat more subtle: @igon of dual curves along the
boundary path of D in general contradicts minimality of the area of D (except in certain
special cases). However, as in the proof of Theore@ 1, ¥ is at most 2-dimensional, then
all trigons of dual curves are impossible, regardless of mimality of area.

De nition 3 (Trigon, trigon along the boundary). Let D ! X be a disc diagram with
boundary path P. If K1;K2;K3 are distinct pairwise crossing dual curves inD, then they
form a trigon of dual curves as at left in Figure [1.

Let c; and ¢, be distinct 1-cubes ofP, and let ¢c;Qc, be one of the paths onP subtended
by c; and cp. Fori 2f1;2g, let K; be the dual curve inD emanating from ¢;. Suppose that
K1 and K, cross, and there exists a hyperplanél such that the image ofc;Qc; lies in N (H).
Then the pair K 1; K, forms atrigon along the boundary ofD. See the middle of Figurel.

Figure 1. At left is a trigon of dual curves, which is in general possibé in
a minimal-area diagram, but which cannot occur in two dimensons. In the
center is a trigon along the boundary, which is always disalbwed by minimality
of area. At right is a four-cornered diagram, which is a grid.

Using hexagon movesone proves the rst assertion in the following proposition. The
second follows from the fact that dimX is bounded below by the cardinality of any set of
pairwise-crossing hyperplanes.

Proposition 4. Let D have minimal area for its boundary pathP. Then D contains no trigon
K 1;K2;c1Qc, along the boundary, unles¥ ; and K, cross in a 2-cubes whose boundary path
contains 2 consecutive 1-cubes dP.

If, in addition, dimX 2, then D contains no trigon of dual curves and no trigon along
the boundary.
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Finally, it is sometimes useful to consider thecorners of a disc diagram.

De nition 4  (Corner, grid). Let P! X be a closed path bounding a disc diagranD ! X
which is of minimal area among disc diagrams with boundary p&éh P. Suppose thatP is
embeddeE. Moreover, suppose thatP = PgP;:::P,, where eachP; maps to the carrier
N (H;) of a hyperplane with H; 6 Hj.; for all i. Then D has at most n corners: a corner
of D is a 0-cubeP; \ Pj:;. If D has at mostn corners, andD does not have at mostn 1
corners, thenD hasn corners.
Denote by [0, m] the tree with m+1 vertices and m edges, such that each vertex has valence

1 or 2 (i.e. a subdivided line segment). A disc diagranD is agrid if D = [0;m] [O;n] for
somem;n.

In [Che0q], it is shown thatif P! X is a closed embedded combinatorial path, then there
exists a minimal-area disc diagramD ! X such that D has at least three corners; this is
reminiscent of Proposition[3. In the two-dimensional casewe obtain:

Proposition 5. Let P! G(X) be an embedded closed path in the 2-dimensional CAT(0)
cube complexX, and letD ! X be a minimal-area disc diagram with boundary patH?. Then
D has at least four corners, andD has exactly four corners if and only ifD is a grid.

Proof. If D has three corners, then we obtain a trigon of dual curves or arigon along the
boundary, contradicting Proposition @ HenceD has at least four corners. LetP = PoP1P,P3
be a decomposition ofP into a concatenation of pathsP; such that P; ! N (H;), where the
hyperplanes H; are all distinct. Let K be a dual curve in D emanating from Pg. Then
K cannot end on Py or on P3, since that would lead to a trigon of dual curves along the
boundary. Thus dual curves travel from Py to P, or from P; to P3. Let Ky denote the set of
dual curves of the former type, and letK; denote the set of dual curves of the latter type.
Then, as at right in Figure [ every element ofKy crosses every element dk,, and no two
elements ofKg (or Kj) cross, since that would lead to a trigon along the boundary.Let G
be the grid whose crossing graph is the join oKy and K;. Then G = D by Proposition 6l

Conversely, ifD isagrid, thenD = Q R, whereQ and R are subdivided intervals, and the
boundary path P = QoRpQ1R1, where Q; and R; are copies ofQ and R respectively. Since
D is a grid, the dual curve K emanating from the initial 0-cube of Q¢ ends on the terminal
0-cube ofQq, and henceR; N (K). Likewise, each of the other named subpaths oP maps
to a single hyperplane carrier, so thatD has at most 4 corners. If two consecutive hamed
paths mapped to the same hyperplane, therD would have at most 3 corners, a contradiction,
and thus D has exactly four corners.

Note that if X is 2-dimensional andD is a minimal-area disc diagram inX, then D is
itself a CAT(0) cube complex whose hyperplanes are the dualwves, since any triangle in
the link of a 0-cube in D would result in a trigon of dual curves, contradicting Proposition @l
Moreover, if H; and H, are hyperplanes represented by dual curve&; and K, in D, and

2The alternative is that D has features calledspurs, corresponding to backtracks in P and bounding 0-area
subdiagrams of D.
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a subtended pathc;Qc, P betweenK i and K, maps to a single hyperplaneH, then Hy
contacts H if and only if K1 contacts K 5.

3.7. Isometric embeddings, convexity and the Helly property. We briey review

some notions about isometric embeddings and convex subcongxes of CAT(0) cube com-
plexes. As usual, the combinatorial mapY ! X is an isometric embedding if the distance
between any two pointsx;y 2 Y (with respect to the wall-metric) is equal to the distance in

X between the images ok andy in X. We have the following characterization of isometrically
embedded subcomplexes of .

Proposition 6. LetY X be a subcomplex, and letl (Y ) be the set of hyperplanes crossing
Y. Then H(Y) is an inseparable set, and for allH 2 H (Y ), the intersection H \ Y s
connected.

Conversely, letY and X be CAT(0) cube complexes with hyperplane setd(Y ) and H(X)
respectively. Suppose there exists an injective graph homorphism : »(Y) ! 2 (X)
such that (H(Y)) is inseparable. Then there is an isometric embeddinyy ! X.

Proof. SupposeH;H °2 H(Y) and that H%separatesH from H® Then H%must separate
H\ Y from HO\ Y, and hence each halfspace dfl ““contains a nonempty subspace o¥ .
Let y;y°2 H\ Y;H®\ Y be O-cubes in distinct halfspaces ol °0 SinceY is isometrically
embedded, there exists a geodesic segmeRt! Y joining y and y° and P must contain a
1-cube dual toH % HenceH ©crossesy and H(Y)) is inseparable.

Suppose now thatH 2 H (Y ) is a hyperplane such thatN (H)\ Y is disconnected, and let
y:y%be O-cubes in distinct components oH \ Y. Let P! Y be a geodesic segment joining
ytoy’andlet Q! N(H) be a geodesic segment joininy to y°. Then PQ * bounds a
minimal-area disc diagramD ! X, and sincejPj = jQj, each dual curve inD travels from P
to Q. No two dual curves emanating fromQ can cross, for otherwise there would be a trigon
along the boundary lowering the area ofD, and thus P = Q. HenceQ Y\ N(H), and thus
y;y? actually belong to the same component ofN (H)\ Y. HenceN(H)\ Y is connected,
and thusH \ Y is also.

To prove the converse, one considers the cube compleX dual to the wallspace
(X©@: (H(Y))) and veri es that each 0-cube of Z (consistent choice of halfspace of each hy-
perplane in (H(Y))) extends to a 0-cube ofX { one orients hyperplanes ofH(X) (H(Y))
toward some xed 0-cube in the carrier ofN(H), for H 2 (H(Y)), using inseparability. This
yields an isometric embeddingZ ! X. One then veri es, from the fact that is a graph
homomorphism, that Z and Y are isomorphic. See[[Hag11].

In fact, using Proposition 2.17 of [Hag1l], one produces fra any connected, inseparable
subgraph of 4 (X) at least one isometric subcomplex ofX. Note also that, sinceG(X) is an
isometric subspace oX , an isometric embeddingX ! Y restricts to an isometric embedding
G(X) ! Y. Proposition @ yields the equality (X)= ( #(X)):

Corollary 1. The CAT(0) cube complex X (and hence G(X)) isometrically embeds in a
Cartesian product Y of at mostk trees if and only if ( 4 (X)) k.
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Proof. LetY = ", Ti. Then 4 (Y) is the join of k totally disconnected graphs ;, where

i is the crossing graph ofT;. Suppose there is an isometric embedding : X ! Y. Then
there is an induced graph homomorphism 4 (X)! % (Y ). We colour 4 (X) by assigning
to each hyperplaneH the colour i corresponding to the unique subgraph ; containing the
image ofH in 4 (Y). If H and H cross, then their images inY also cross, and hence belong
to distinct factors ;. HenceH and H O receive distinct colours, and this is thus a correct
colouring in k colours, i.e. ( # (X)) k.

Conversely, letc: H! K be a correct colouring of 4 (X) in the set K of k colours. For
eachi 2K, let H; = ¢ 1(i) be the set of hyperplanes with the colouri. For eachi 2 K, let T;
be the CAT(0) cube complex dual to the wallspace X ©:H;). Sincec is a correct @Iouring

of the crossing graph, no two elements oH; cross, and thusT; is a tree. LetY = ik=1 Ti.
Each hyperplane ofY is of the form

HH;i)=T, 0 Ti1 H Tiax 0 Ty
for someH 2 H; with1 i k. Moreover, H(H;i) and H(H®j) are distinctif H 6 H°

and cross if and only ifi 6 j. Furthermore, eachH 2 H gives rise to a hyperplane of this
form, by construction. Hence the identi cation H; 3 H 7! H(H;i) is a bijection yielding
a graph homomorphism 4 (X) ! (Y ) whose image is inseparable, since it contains all
hyperplanes. Thus, by Proposition[®, there is an isometric mbedding X ! Y.

Convexity of a subcomplexY X is characterized as follows: the subcompleX is convex
if and only if, whenever H and H® are hyperplanes that crossY , either H and H° do not
contact or N(H)\ N(H9\ Y 6 ;. In other words, the contact graph of Y is an induced
subgraph of (X) whose vertex set is inseparable. This follows from a simpléisc diagram
argument (see, for example, Proposition 3.3 of [Hag11]). Em the point of view of median
graphs, one veri es that, sinceY is gated if it is convex, if ( H) and ( H9 contain 1-cubes
c and c®with a common 0-cubev, then the gate ofv in Y must lie in N(H)\ N(HO9.

Note also that X enjoys the Helly pro[perty: if Y1;Y2;:::;Y, are convex subcomplexes of
X such that Y;\ Y; 6 ; fori 6 j, then i”:l Yi 6 ;. This follows from the fact that convex
subgraphs of G(X) are gated, or from a simple disc diagram argument [[Hag11])

3.8. Hyperplane-distance. Let U be a xed hyperplane of X. In our applications, U is
the central hyperplane of a speci ed sphere in (X) of radius 2.

De nition 5 (Hyperplane-distance) For each hyperplane H, let d(H) =
dgx)(N(H);N(U)) be the distance in X between the carrier of H and the carrier
of U. If C is a subgraph of (?5) with vertices labeled Hg;H1;:::;H, 1, then the
hyperplane-distanceof C is D(C) = inzol d(H;).

Lemma 1. Let H be a hyperplane with (U;H) = 2 and let F be a hyperplane such that
UM M . Then there exists a pathP ! N (F) such thatd(H) = jPj.

Proof. Let P! N (F) be a shortest combinatorial path joining a 0O-cubea 2 N (F)\ N(H) to
a 0-cubeb2 N(F)\ N(U). Let Q! G(X) be a path realizing the distanced(H ) from N (H)
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to N (U), with endpoints c2 N(H) and d2 N(U). Let A! N(H) be a geodesic segment
joining ato cand let B! N (U) be a geodesic segment joinind to d. Then there exists a
minimal-area disc diagramD ! X with boundary path PBQ A 1. Every dual curve in
D emanating from P ends onQ, since otherwise there is a trigon of dual curves along the
boundary path of D, since each of the pathsP; A;B maps to the carrier of a hyperplane.
Thus jPj j Qj and hencejPj = jQj = d(H) by minimality of jQj.

Remark 1. Note d(H) > O if and only if (U;H) 2. In our applications, Lemmall is
applied in such a way that P lies in the father of H, de ned below.

3.9. Footprints and imprints. In this section, we suppose that the CAT(0) cube complex
X is 2-dimensional and in particular that each hyperplane ofX is a tree. The carrierN (H)
of any hyperplaneH is bounded by two disjoint subcomplexesH* and H which are both
isomorphic to H and constitute convex and therefore gated subcomplexes oX: If V is
a hyperplane contacting H; then the footprint of H in V is F(H;V) = N(V)\ N(H).
Any footprint is gated as the intersection of two gated subcanplexes. If V and H are
osculating, then F(H;V ) is completely contained inH™* or in H : On the other hand, if
V and H are crossing, thenF (V;H) contains the union of two isomorphic subcomplexes
F*(V;H) = N(V)\ H" and F (V;H) = N(V)\ H , each of which is a 1-cube, and
F(V;H) is a single 2-cube, sinceX is 2-dimensional. We call the projection of the footprint
F(H;V) onV the imprint of H onV and denote it by J(H;V ): Denote by F (V) and J (V)
the set systems consisting of all footprintsF (H; V) and of all imprints of all hyperplanes H
such that H”?V . We begin our discussion of footprints and imprints with a cansequence of
the Helly property for hyperplanes.

Lemma 2. Let HAH%V be hyperplanes such thaH®® and H%%V . Then HOH 90jf
and only if F(H®V)\ F(HV)6 ;. If H?%H %then J(H%V)\ J(H®V) 6 ;:

Proof. If v 2 F(H%V)\ F(H%V); then by de nition of footprints we conclude that v 2
N(H9Y\ N(HO; yielding H?H ©9 Conversely, if HO?H %9 then there existsv 2 N(H9\

N (H: Let vo be the gate ofv in N (V): Pick x°2 N(V)\ N(H9 and x%%2 N(V)\ N(H%%:
Since the carriersN (H9 and N (H% are convex andx®v 2 N(H9; x%v 2 N(H%; and
vo 2 1 (v;x9\ 1(v;x%; we conclude thatvg 2 N (H9\ N (H%: Sincevy also belongs toN (V);
this implies that vo 2 F(H%V)\ F(H%V): Finally, the projection vJ of vo in V belongs to
the imprints J(H%V) and J(H%V):

Lemma 3. For a hyperplane V; any vertexv of the 1-skeleton ofN (V) belongs to at most
footprints from the family F (V). In particular, (F(V)) and (J(V)) 2

Proof. The degree ofvin G(X) and therefore in the 1-skeleton ofN (V) is at most . Consider
the set H, of all hyperplanesH such thatv 2 F(H;V): If H 2 H, crosses the hyperplane
V, then the equivalence class (H) of H contains an edgeey incident to the vertex v and
belonging to N (V): Analogously, if the hyperplanesH 2 H, and V osculate, then any vertex
of F(H;V); in particular v; is incident to an edgeey of ( H) (in this case ey does not belong
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to N(V)). Two edgesey ;&0 de ned by two di erent hyperplanes H;H %2 H, are di erent

because they belong to two di erent equivalence classes of érelation . Thus jHyj ;

establishing that (F (V)) : Since each vertexvg of the tree V is the image of two vertices
of the 1-skeleton ofN (V), which belong to at most footprints each, vy belongs to at most
2 imprints.

Proposition 7. (F(V)) aw) 2 :

Proof. The inequality (F(V)) (J (V)) is obvious because two intersecting footprints give
rise to two intersecting imprints. It is well-known (see, for example, [Gol80], [GLB03]) that
if F is a family of subtrees of a treeT; then (F) = ! (F) and, sinceF satis es the Helly
property, ! (F)= (F): Sinced (V) is a family of subtrees of the treeV and (J (V)) 2
by Lemmal3, we conclude that (J (V)) 2

4. Canonical paths, grandfathers, and the weak combing proper ty

Choose, once and for all, an arbitrary but xed base hyperplaneHg 2 H. Forany H 2 H,
the gradeof H isg(H) = (H;Hy).

De nition 6  (Ball, sphere, cluster). For eachr 0, the (full) ball B, := B, (Hp) is the full
(i.e., induced) subgraph of (X) generated by the set of hyperplanedd with g(H) r. The
(full) sphere S; := S;(Hy) is the full subgraph of ( X) generated by the set of hyperplanes
H with g(H)=r.

Let H;H °2 S, be hyperplanes. ThenH HPCif and only if there exists a path P in ( X)
joining H to HOsuch that every vertex of P corresponds to a hyperplane of grade at least
r. This de nes an equivalence relation on the grade- hyperplanes. An equivalence class of
hyperplanes of grader is called agrade+ cluster.

The notion of a realization allows us to translate statements about paths in (X) into
statements about paths in X . More speci cally, note that if Ho™ 1H , is a path in ( X),
then we have a pathcgP ¢, in X, where ¢cp; ¢, are 1-cubes dual toHy and H, respectively,
and P! N(H3) is a combinatorial path joining a 0-cube of N (Hg) \ N (H1) to a O-cube of
N(H1)\ N(Hy).

De nition 7  (Realization, canonical path). Let Ho?H 1?H , be a path in . An edge-
realization of Ho”?H 1 ?H , is a combinatorial geodesicP ! N (H,) that joins N (Hp) to
N(H2). If = He™ 1™ ,7®::: ®H | is an embedded path in , then a realization of is
a path R( )= R1R2:::R; 1, where eachR; is a realization of the path W; 1W;W;.1.

Let = Ho”H 17?::: ?H , = H be a geodesic path in (X). The weight jj jj of

such that the previous r-tuple is minimal in the lexicographic order as R( ) varies among
realizations of .

A path (H)= Hgo”H 7?::: H = H is acanonical path for H if jj (H)jj is minimal
(in the lexicographic order) among all paths of ( X) joining Hg to H. The hyperplane
f2(H) = H, ,is called the grandfather of H .
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Figure [3 contains heuristic pictures of realizations. Give a grade+ hyperplaneH = H,,
there are in general many canonical paths joiningHo to H,. Figure [Z shows a grade-3
hyperplane in a CAT(0) cube complex, and two distinct canoncal paths, along with their
realizations. Figure[2 also shows that, in general, a givength in X may realize many paths
in ( X).

Figure 2. X is shown at left and the contact graph (X) at right. Arrowed
paths in X are least-weight realizations of the correspondingly-amwed paths
in ( X).

Proposition 8.  Let H; H %be two hyperplanes belonging to a common gradeeluster of ( X);
withr 2 andlet (H): (HY be two canonical paths, respectively joiningHo to H = H,
and to H?= H% Then the grandfathersf 2(H);f?(H%) of H and H%in (H) and (H9 either

coincide or contact, i.e., either H, ;= H? , or H, ™ 0 .

Proof. First, note that the claim is obviously true for r = 2, since in that caseH, ;= HrO 5=
Ho, so assumea 3 and assume thatH, 6 H? ,.

The disc diagram D: Let R( (H)) = RiR2:::R; 1 and R( (H9) = RJRY:::R? ;|
be least-weight realizations of (H) and (H9Y respectively, so thatR; ! N (H;) and RiO!

N (HD are combinatorial geodesics for each. Let Po! N(Ho) be a combinatorial geodesic
joining the initial 0-cubes of Ry and RY.

SinceH and H °belong to the same grade- cluster, then by de nition there exists a shortest
path H = Vo ®V 12V 2::: #V X = HOjoining H to H® and g(V;) rfor0 i k.
Hence there is a concatenationQ = QuQi:::Qk, Where Q; 7! N(V;) is a combinatorial
geodesic, joining the terminal O-cube ofR, ; to that of R? ;. Hence we have a closed,
piecewise-geodesic path

yi o1 3
A= R Q RO Py'! G(X):
i=1 i=1
Let D! X be a minimal-area disc diagram with boundary path A. This notation is illus-
trated in Figure Bl

The path P of G(X) and the subdiagrams D%and D% By Lemma, there exists a

combinatorial path P ! D whose endpoints lie onR; , and R? ,, with the property that

every dual curve in D crossesP at most once, and no dual curve that crosse$ emanates
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Figure 3. The disc diagram D in the proof of Proposition 8 is shown at
left. The hyperplane carriers containing the various namedsubpaths of the
boundary path of D are shown. At right is the same diagram, drawn for
simplicity in the case whereH and H° contact, showing the path P and the
resulting subdiagramsD®and D

from R, , or R? ,. Note that P separatesD into two disc diagrams, i.e. D = D°[ p D%
where DYis the subdiagram containingQ and D %is the subdiagram containing Py, as shown
at right in Figure 8l

Analysis of D® Let K be a dual curve in D° emanating from P and mapping to a
hyperplane W . Then there is a dual curvel in D such that L\ D%= K. Since no dual curve
crosses more than one 1l-cube d?, and no dual curve crossingP ends onR; , or RP 2
the dual curve L has exactly one end on the boundary path oD i.e. on Ri;Ri0 or Q, for
i r 1, and one end on the boundary path oD% on Py or Rj or R®, with i r 3.

Sincer 3, the end of L on the boundary path of D%cannot be onPg or on R; or R?
with i<r 3, for otherwise W would contact H; or Hio, with i <r 3, and also contact
Hj or Hjo, with j  r 1, contradicting the fact that canonical paths are geodesis in ( X).
Similarly, L cannot end onQ, and hencelL travels from R, 3 to RP p orto Ry 1, or, when
r =3, from Pgto R, 1 or RP 1, as shown in Figurel[4.

Let S be the path on the carrier N(L) of L that is isomorphic to L and is separated
from R? ; by L. Note that the 1-cube of R ; dual to L cannot be the terminal 1-cube
of Ry 1. Indeed, the hyperplaneW has grade at mostr 2 sinceL emanates fromR, 3,
and henceW cannot contact the grader hyperplane V2 On the other hand, the O-cube
of S on R? | is the terminal O-cube of a 1-cube contained inRY ;, and hence the sub-
path S° ;, R? ; subtended by S and QP satis es jS? ;j < jR? ;j. We thus have a path

r
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Figure 4. The path P and the carrier of a dual curvelL that crossesP.

Ho™ 17::: #H , 3™ ~H 0 ;4 O This path has weight at most
(SP 4d:iSis:) < (R 4d5iR? 205iRY &iiii)
= JR( (HYjj
sincejS? ;j < jRY 4j. This contradicts that (H9 is a canonical path.
Note that, were L to travel from R, 3to R, 1, then, as in Figure 5, we would havegSj =

jRr 2] and thus W could replaceH; ,in (H), leading to a lower-weight path, contradicting
the fact that (H) is canonical. Indeed, the subdiagram betweers; R, » and the subtended

Figure 5. When L travels from R; 3to R, 1, we obtain a lower-weight path.

parts of R, 3 and R, 1 is a grid, sinceD is of minimal area, and thusjSj = jR; »j. Hence
we may assume thatL travels from R, 3to R ;.

Conclusion: Since any dual curve inD%emanating from P leads to a contradiction either
of minimality of the area of D or of the fact that (H) or (H9 is canonical, we conclude
that jPj =0, and hence that H, »”?H ro . This contact is in fact visible in the diagram D
{ see Figure 4.

Lemma 4. Using the notation of Proposition 8, there exists a pathP ! D! X such that

(1) P joins a O-cube ofR; , to a 0-cube ofR? .
(2) Each dual curve inP is dual to at most a single 1-cube oP.
(3) No dual curve in D that crossesP has an end onR; , or R? .
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Proof. Choose a shortest pathP ! D@ that joins a 0-cube of R, ; to a O-cube ofR? .
We rst modify P, without a ecting its endpoints, so that (2) is satis ed. We t hen modify
P, without increasing its length, until (3) is satis ed.

Modifying P to satisfy (2): Let K be a dual curve inD that is dual to two distinct
1-cubesc; @ of P. Moreover, suppose thatK is an innermost such dual curve, in the sense
that no two 1-cubes betweenc and c® on P are dual to the same dual curve. Consider the
path T on N (K) traveling from the initial 0-cube of c to the terminal 0-cube of > Then T
and cP% bound a subdiagramE, where P%is the subtended part of P; see the left picture
in Figure 6. SinceK is innermost, every dual curve inE travels from PO%to T. Indeed, the
only other possibility is a dual curve L dual to at least two distinct 1-cubes of T, but that
would lead to a bigon betweenK and L, contradicting minimality of the area of D. Hence
iTj = jcP%Y, and we replaceP by a new path, with the same endpoints, in whichcP%?is
replaced by T. This lowers the number of dual curves that crossP in more than one way,
and thus in nitely many such steps we arrive at a choice ofP satisfying (2).

Modifying P to satisfy (3): Let C be a dual curve inD that emanates from R, » and
crossesP, as at right in Figure 6. Let P = P%P% wherec is the 1-cube ofP dual to C and
POis the subpath of P joining the initial O-cube of P to the initial 0-cube of c. Let T be
the subpath of R, » between the initial 0-cube of P and the 1-cubec® of R, » dual to C.
Let F be the subdiagram ofD bounded by Tc® P%, and S, where S is the shortest path on
the carrier of C that joins the endpoints of ¢ and c°.

No dual curve in F emanating from T can end onS, since that would lead to a trigon of
dual curves along the boundary path ofD and a consequent reduction in area. Hence, as
shown in Figure 6, dual curves inF travel from S to P%or from T to P% or from cto ¢® The
former type shows that jSj j PY, with equality if and only if jTj = 0. We thus have that
iSP% j PG+ jP% < jP%P% = jPj, contradicting the assumption that P was a shortest
path joining R, »to R? ,. Indeed, SP%has its endpoints onR, , and R? , since’is a
1-cube ofR; » and P%ijs the terminal subpath of P.

Figure 6. Left to right: the subdiagrams E and F of D.

Applying Proposition 8 to a pair H;H © of contacting hyperplanes of the same grade, we
obtain the following property of grandfathers, which is usel in coloring :

Corollary 2 (Weak combing). The grandfathers in canonical paths of two contacting hyper-
planes of the same grade either coincide or contact.
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Since the distance in (X) from a hyperplane to its grandfather is 2, from Proposition 8
we also immediately obtain:

Corollary 3 (Diameter of clusters). The diameter of each cluster in the contact graph( X)
is at most 5.

Remark 2. Using a more careful (and di erent) analysis of the disc diagam D, [Hagl1]
shows that in fact the diameter of each cluster can be boundedy 4. For hyperplane-
colouring, we only require that there is a uniform bound on the diameter of clusters.

5. Potential fathers, iterated footprints and imprints

For a hyperplane U, of grader 2, and a xed cluster C of grader, denote by R(U) =
R (U; ©) the set of all hyperplanesH in Csuch that U is the grandfather of H in the canonical
path (H);i.e., f2(H)= U: As before,U* and U denote the two copies ofU bounding the
carrier N (U): For a hyperplaneH 2 R (U); denote by PF(H) the set of all hyperplanesV
which contact at the same time H and its grandfather U and call any such hyperplaneV a
potential father of H: Let PF (H) denote the union of carriersN (V), where V varies over the
set of potential fathers of H. The iterated footprint of H on its grandfather U = f 2(H) is the
subcomplexIF (H;U) = PF(H)\ N (U). Analogously, the iterated imprint 1J (H;U) of H
on U is the projection of IF (H;U). Denote by F (U) and J (U) the set families consisting of
all iterated footprints IF (H;U) and imprints 1J (H; U) taken over all hyperplanesH having
U as the grandfather.

Lemma 5. Let H 2 R (U): Then the subcomplexXPF (H) is connected and hence the iterated
footprint IF (H) is a connected subcomplex di (f 2(H)). In particular, the iterated imprint
IJ (H) is a subtree ofU:

Finally, if H;H? 2 R (U) contact, then IF (H)\ IF (H9 6 ;, and hence the iterated
imprints of H and H%in U intersect in a subtree.

Proof. We rst show that the set PF(H) is inseparable, i.e. that if V;V°2 PF(H) and V®
separatesV° from VO then V%92 PF(H). Indeed, let P ! N (U) be a geodesic joining a
closest pair of 0-cubes of (V:U) and F(V2U), let Q! N(H) be a shortest geodesic of
N (H) joining F(V;H) to F(V%H). Note that P and Q are necessarily disjoint sinceJ and
H do not contact. Hence the shortest pathsR;R°! N (V):N (V9 joining the initial and
terminal 0-cubes ofP; Q, respectively, have length at least 1. Likewise, sinc& “separatesV
and VO it must separate F (V;U) and F(V%U) and also F(V;H) and F(V%H), and hence
V%crossesP and Q and hence crossesl and U, and thusV 2 PF(H).

Let D be a minimal-area disc diagram with boundary pathRQ(RY9 P 1. By minimality
of area, dual curves inD travel from R to R%or from P to Q. If C is a dual curve traveling
from P to Q, then C maps to a hyperplaneV %%hat crossesU and H, and henceV %2 PF(H).
Thus the 1-cubec P dualto C liesinN(V% IF (H), and henceP  IF (H). If there is
no such dual curveC, then jPj =0 and N(V)\ N(V9 6 ;. Thus IF (H) is connected. The
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projection N(U) ! U preserves connectedness, and henté& (H) is a connected subtree of
u.

Finally, if H;H °contact, then by Lemma 3.8 of [Hag11], eitherH and H°have a common
potential father V, or there exist potential fathers V;V°%of H and H ° respectively such that
VW 2 Inthe rstcase, F(V;U) belongs to the iterated footprint of both H and H? and in
the second casef (V; U) \ F(VO, U) 6 ; sinceU is convex.

For a hyperplane U; pick any vertex b of U as a root of the treeU: Among the potential
fathers of a hyperplaneH 2 R (U); pick a hyperplaneV whose imprint J(V;U) is closest to
b,ie.,db;lJ(H;U))= db;I(V;H)) =minfd(b;J(VEU)): V°2 PF(H)g (the distance
d(b ;J(V;U)) is measured according to the standard distance between aertex and a subtree
of a tree U). Additionally, if there exist several potential fathers of H whose imprints have
the same minimal distance toU; then let V be that potential father for which the imprint
J(H;V) is closest toJ(V;U): Setf(H) = V and call it the father of H: The vertex by
of 1J (H; U) realizing the distance d(b ;I1J (H;U)) is called the root of the iterated imprint
IJ (H;U): (Note that the path (H) = He”H 17®::: ?U = H, »,?® (H)”H obtained
from (H) by replacing the hyperplane H, 1 by the father f (H) is a geodesic betweerH
and H in ( X) but is not necessarily a canonical path.) OnR(U) we de ne a partial order

by setting H  HOif and only if by belongs to the unique path ofU betweenb and byo:

Lemma 6. If H;H°2 R (U) and H”H © then one of the following holds:
Q) f(H)= f(HY:
@) f(H)" (HO:
(3 H H%andf (HY contacts a potential fatherW of H such thatW crossesU.
(4) H® H andf (H) contacts a potential father W° of H° such that W° crossesU.

Proof. The disc diagram D: Let V = f(H) and V%= f (H9 and suppose thatV 6 V°
and that V and V°do not contact. Following the proof of Proposition 8, construct a disc
diagram D ! X as follows. LetP ! N (U) be a combinatorial path joining a 2 F(V;U) to
c2 F(V®U), wherea and c are chosen to be the preimages il (U) of the roots by and byo,
respectively, of the iterated imprints 1J (H; U) and 1J (H%U). SinceV does not contactV®
we havea 6 c and hencejPj 1.

Let R;R! N(V):N(V9 join a (respectively, ) to a closest 0-cube oN (H) (respectively,
N(H9). Let Q;:Q% N(H):N(HY be shortest geodesics such thaP RQWQR 1! is a closed
path, and let D be a minimal-area disc diagram for that path; see the left sié of Figure 7.
There is at least one dual curveC emanating from P, and C cannot end onR or on R°
since that would lead to a trigon of dual curves along the boudary path of D, contradicting
minimality of area. Thus C ends onH or on H® and hence maps to a hyperplan&V (C) that
crossesU and crosses eitheH or H°.

Interpretation in U: Let Py be the image ofP in U under the projection N(U) ! U,
so that Pg is the shortest path joining by to byo in the tree U. Let g 2 U be the gate of
the root b in Py, i.e. g 2 Py is the unique point such that for all p 2 Py, any geodesic from
p to b passes throughg. Either g is contained in the interior of Pg, or g is equal to one of
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the endpoints, so without loss of generality, suppose thag 6 by . This situation is shown in
the center of Figure 7. We shall show that in fact every path inU from b to by must pass
through byo { that is to say, that g= byo { and thus that H® H.

A potential father of ~ HOcontacts f(H): Let a3 be the 0-cube ofP, adjacent to by,
and let a2 P be the 0-cube mapping toad. Then there is a dual curveC in D emanating
from the 1-cubeaa® and ending onQ or on Q% Let W be the hyperplane to whichC maps.
If C ends onQ, then W is a potential father of H. But d(ad;b ) < d(by;b) sincea§ is closer
than by to the gate g. This implies that W = f (H). But all dual curves emanating from
P map to distinct hyperplanes, a contradiction. Thus W is not a potential father of H, and
henceW 2 PF(H9. On the other hand, W ?f (H). It therefore remains to show that
HO H.

byo is the gate: Every other dual curve C° emanating from P must end on R and thus
map to a potential father of HC Indeed, no such dual curve can cros€ by minimality of the
area of D. Hence every path inU from b to an interior vertex of Py must pass throughbyo,
sinceV%is the father of HC and thus g = byo. Hence each path fromb to by passes through
byo, and thus H® H.

Figure 7. At left is the diagram D in the proof of Lemma 6. In the center
is an a priori picture of the projection of P to U; at right is the actual picture.

6. The graph ( U)

Now, we de ne the following subgraph ( U) of ( X): the vertices of ( U) are the hyper-
planes of R (U) and two hyperplanesH and H° are adjacent in ( U) if and only if H”?H ©
the fathersf (H) and f (H9 are di erent, and f (H) and f (H9 do not contact. By Lemma 6,
if H and Hare adjacent in ( U), then either H  HCand the father f (H9 of H°contacts a
potential father of H, or H® H and the father f (H) of H contacts a potential father of H®
Note that ( U) is a subgraph of the grade-2 clustelC centered atU. The graph ( U) can
also be viewed as a subgraph of the intersection graph of itated imprints of hyperplanes in
R(U), by Lemma 5.

26



Our goal is to colour ( U). Since to colour the whole graph (U) it is enough to colour
each of its connected components, we will assume without Igsof generality that ( U) is
connected. To colour ( U), we will group the edges of (U) into three spanning subgraphs

o(U); 1(U); »(U) of ( U) and colour each of these graphs separately.

De nition 8  (Root class, incoming neighbour, outgoing neighbour) The vertices of ( U)
can be partitioned into subsets according to their roots: fo each vertexb of U, let Rg be the
set of hyperplanesH 2 R (U) such that by = b. In other words, Rg is the set of hyperplanesH
such that the iterated imprint 1J (H; U) is rooted at b. The seth is the root class associated
to the root b.

Let H 2 R2and let V = f (H) be its father. The hyperplane H°2 R (U) is an incoming
neighbour of H if HH %is an edge of (U) (and in particular H ?H 9, and the iterated
imprint 1J (H® U) contains b (and in particular H® H).

By Lemma 6, for eachH®2 | y(H), we have that f (H9 contacts a potential father of H
that crossesU. If H%is adjacent to H in ( U) and H%is not an incoming neighbour, then
by Lemma 6,H H?Y and we callH°and outgoing neighbourof H .

The incoming neighbours of a xed hyperplane are totally ordered by ; while we do not
make explicit use of this fact in colouring ( X), it is a basic property of

Proposition 9  (Incoming neighbours). For any vertexbof U and anyH 2 Rg, the setl ,(H)
of incoming neighbours ofH is totally ordered by and there is a hyperplaneW such that
W contactsf (H), W is not a potential father of H, and W is a potential father of H; for all
Hi 21 p(H).

sothat Hj+; 6 H; forall i, wherem 2 N[flg . Foreachi,letV, =f(H;)andletV =1f(H);
by de nition, H; H.

Denote by Py the path in U from b to b, and let P be the path in IF (H;U) projecting
to Pgy. Let a be the vertex of P mapping to b. Let R! N (V) be a shortest geodesic joining
ato N(V)\ N(H).

For eachi, let P; ! N (U) be a shortest path joiningato N (V;) and let P; be the image of
Pi in U. Let Rj ! N(V,) be a shortest path joining the terminus a; of P; to N (H;), and let
Qi; Qio! N (H);N(H;) be a pair of geodesics whose concatenation joins the termis of R to
the terminus of R;. Let D; ! X be a minimal area disc diagram forP;R;, *(Q9 'Q, 'R 1,
as in Figure 8.

Note that for all i, we haveP; Pg, sincea; lies on the path frombto b sinceH; H.
Hence we have thata;;1 lies on the path fromg to b, and thusP; P, ::: Py, Py,
ie.Hy Hy =::: Hy H.

In particular, the initial 1-cube aal of P, is contained in P; for eachi (P; contains at least
one 1-cube sincé&/ and V; do not contact, by ( U)-adjacency ofH and H;). Hence, for alli,
the dual curve C; in D; emanating from aa® maps to the same hyperplanéV. Now C; cannot
end on P;; R or R; by minimality of the area, and thus C; ends onQ; or Qio. Moreover, C;
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Figure 8. The diagram Dj.

cannot end onQ;. Indeed, if this were the case, thenW would be a potential father of H.
But since aa projects to a 1-cube ofPy, this would contradict the fact that V is the potential
father whose imprint is closest tob . Thus C; ends onQY, and moreoverC; ends on a 1-cube
of Qi0 that does not contain a 0-cube ofQ;. HenceW is a potential father of H; for eachi,
and W crossedJ and Hj.

6.1. Diagrams lying over edges in ( U). Let H:H %2 R (U) be hyperplanes such that
H™ is an edge of (U)and H® H,i.e. let H%be an incoming neighbour ofH. Then, as in
the proof of Lemma 6, there is a disc diagranD ! X associated to the edgdd H as follows.

Let a®a be 0-cubes ofN (U) projecting to the roots ¥ b of V0= f(HY and V = f (H),
respectively. LetP ! N(U) be a geodesic segment joining® to a, and let a® and a be
chosen among the preimage points di® bin such a way that jPj is minimal. Let R®! N (V9
and R ! N (V) be geodesic segments respectively joining® and a to closest 0-cubes of
NHY\ N(VYand N(H)\ N(V). Let Q°1 N(HY and Q! N(H) be geodesic segments
that have a single common 0-cube inlN (H)\ N(H9, so that the concatenation QXQ joins
the terminal O-cube of R%to the terminal O-cube of R. Then there is a minimal-area disc
diagram D ! X with boundary path RQQR P ®: we say that D lies over the edgeH H ,
as shown in Figure 9.

Analysis of a diagramD lying over H™ reveals two hyperplanes, denote® = ZH H and
W = WH®H associated to the pairH®H;D . SinceH%and H have distinct, non-contacting
fathers, we see thatjPj > 0, and hence there is a dual curvd. emanating from the terminal
1-cube of P (i.e. the 1-cube containinga) and mapping to a hyperplane W that crossesU
and H%and contacts V, as in Lemma 6.

Now L cannot end on the terminal 1-cube ofQO (i.e. the 1-cube containing the 0-cube
Q% Q), since W cannot contact H. Hence there is a dual curveK emanating from the
terminal 1-cube of Q% and ending on the terminal 1-cube ofR. Indeed, K cannot end onQ°
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Figure 9. A diagram D that lies over the edgeH ™ of ( U), with H® H.

on R% or on Q for the usual reasons of minimal area, and cannot end onP, for otherwise
the hyperplane Z to which K maps would be a better choice of father forH than V. Thus
K ends onR, and henceK , Q and the subtended part of R bound a triangular subdiagram,
which must have area 0. In particular, K must end on the terminal 1-cube ofR. Thus
Z™:Z " ,and Z”H © This situation is depicted in Figure 9. Note that Z does not, in
general, contactW sinceK and L may be separated by many dual curves traveling fromQ®°
to R.

Lemma 7. The hyperplaneZ is a vertex of ( U) and eitherf (Z) = V or W is a potential
father of Z that either coincides with or crossesf (Z).

Proof. Grading with respect to U, we see thatZ contacts a grade-1 hyperplane, namely
V = f(H), and thus g(Z) 2. Hence suppose, by way of a contradiction, thaZ ?U . Since
V crossesZ and contacts U, the Helly property implies that V;Z; and U share a 0-cubec.

The 0-cubecy belongs, necessarily, to the 2-cube = N(H)\ N(Z). Since the distance
between the imprintsJ(H;Z) and J(Z; U) is 0 and the distance between the imprintsJ (H; V)
and J(V; U) is 1, the hyperplaneZ is a better candidate to be a father forH than V, leading
to a contradiction. Thus Z has grade exactly 2 and is therefore a vertex of :

It is shown above that Z crossesH? and hence it only remains to show thatf (Z) 6 V°
and f (Z) does not contact VY. On the other hand, Z contacts H and hence, by Lemma 6,
either f (Z)= V or f(Z)”V or Z is an incoming neighbour ofH. If f (Z) 6 V, then since
V is a potential father of Z, the actual father of Z has a root that precedes that ofV, and
thus f (Z) appears as a dual curveM emanating from P and thus ending onQ® or as a dual
curve traveling from the initial 1-cube of R°to the initial 1-cube of R.

In the rst case, since L emanates from the terminal 1-cube ofP, either M = L or M
crossesL in order to reach Z. But M cannot crossL, for then U;W;f(Z) would be a
pairwise-crossing triple of hyperplanes, contradicting 2dimensionality. Thus f (Z) = W.
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In the second casejRj = 2, since K must contact M. In this situation, no dual curve
traveling from R to Q° can separateK and L, and thus Z ? W . Hence W must cross
f(2).

6.2. Separating osculators and the graph 1(U). Denote by A and B the halfspaces
associated toU. Since (U) is connected, all hyperplanesH of ( U) belong to one and
the same halfspace de ned byU; say to the halfspaceA. Let A(H) and B(H) be the
complementary halfspaces associated to any hyperpland belonging to A, in particular to
any hyperplane of ( U): SinceU and H are not crossing,U belongs to one of these halfspaces,
say in the halfspaceB(H): Then A(H) A andH A for any hyperplaneH 2 R (U).

LetH 2R (U). Thend(H) 1, and thus there exists a hyperplandV suchthatU B (W)
andH A (W), which is to say that W separatesH from U. Since any two convex subspaces
of X are separated by nitely many hyperplanes, there exists a hperplane S(H) such that
S(H) osculates with H and separatesH from U. Indeed, there must existS(H ) separating
H from U such that S(H) is not separated fromH by any hyperplane, and thusS(H)”H .
This contact cannot be a crossing, for otherwiseS(H) would not separated H from U, as
each of the intersectionsA (H)\ B(S(H)), etc., would be nonempty. Accordingly, we de ne
each hyperplaneS(H) that osculates with H and separatesH from U to be a separating
osculator of H.

Lemma 8. Let H 2 R (U). Then one of the following holds:

(D) Ifd(H) 2, thenH has a unigue separating osculato6(H) and f (H) crossesS(H).
Moreover, S(H) 2 R (U).

(2) If d(H) =1, then H has at most two separating osculatorsS;(H) and Sy(H), and
S1(H) and Sy(H) either cross or coincide. Moreover,S1(H) and Sy(H) are potential
fathers of H, and f (H) either crossesS;(H) or coincides with S;(H).

Proof. If S; and S, separateH from U and osculate with H, then either S; = S, or S
and S, cross. Indeed, suppose thaH A(S;)\ A(Sy) and U B(S1)\ B(Sp). Either
A(S1) = A(Sp), or (say) A(S1) A(Sy)or A(S1)\ B(S2) 6 ;. Inthe rstcase, S; = Ss.
In the second caseS; separatesS, from H, a contradiction. In the third case, S; and S,
must cross, since each of the quarter-spaces determined 184 and S, is nonempty.

Thus the set of separating osculators oH is a set of pairwise-crossing hyperplanes, and
hence, since dinX = 2, there are at most two separating osculators,S;(H) and Sy(H).

If d(H) 2, then neither S;(H) nor Sy(H) contacts U, and hencef (H) is not a separating
osculator of H. SinceN(f (H))\ N(H) and N(f(H)) \ N(U) are both nonempty, f (H)
contains points of A(S;) and B(S;) for i 2 1;2g, i.e. f (H) crossesS;(H) and Sy(H). Since
X contains no pairwise-crossing triple of hyperplanes, we ewlude that S;(H) = S,(H), and
denote by S(H) the unique separating osculator ofH. Moreover, sinceH is separated from
U by at least two hyperplanes, S(H) is separated fromU by at least one hyperplane, and
henced(S(H)) 1. On the other hand, sincef (H) crossesS(H ), we have S(H) 2 R (U).

If d(H) =1, then S;(H) and Sy(H) osculate with U and are thus potential fathers ofH .
If F is a potential father of H that is distinct from S;(H), then F crosses bothS;(H) and
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Sy(H). Hence eitherS;(H) = Sy(H) or Si(H) and Sy(H) are the unique potential fathers
of H.

In summary, if d(H) > 1, then the unique separating osculatorS(H) crossesf (H). If
d(H) =1, then since S;(H) = S,(H) or they cross, we de neS(H) to be whichever of S;(H)
or Sy(H) has closer root inU to b . In this case, eitherS(H) = f (H) or S(H) crossesf (H).
If f(H)= S(H), then H is father-separated as shown in Figure 10.

Figure 10. At left, d(H) > 1 and H has a unique separating osculator
S(H) that crossesf (H). In the center, d(H) =1 and H has two separating
osculators, one of which is the father ofH ; this is the father-separated case.
At right, d(H) =1, the father of H crossesdH, and H has a unigue separating
osculator.

De ne the graph  1(U) as follows: 1(U) has R(U) as the set of vertices and two hyper-
planesH; H are adjacent in 1(U) if and only if H and H are adjacent in ( U) and one of
the following conditions holds: either S(H) = S(H9 or S(H) = H%or S(HY = H.

Proposition 10. ( 1(V))

Proof. We colour the hyperplanes of ;(U) in the increasing hyperplane-distanced(H ) start-
ing with the separating osculators contacting U (these hyperplanes do not belong to our
graph 1(U); but in order to make the colouring process uniform, we can supose that they
all received the same colour). Namely, suppose tha¥V is the current hyperplane, W has
been coloured and we want to colour all hyperplanesi such that S(H) = W: Notice that
the footprints in N (W) of all such hyperplanes belong to one and the same boundingtor
WOof N (W) isomorphic to W and bounding the carrier N (W) of W: Two hyperplanesH;H °
with S(H) = W = S(H9 de ne an edge of 1(U) if and only if H and H° contact. Since
H and H%both osculate W, by Helly property we conclude that the footprints of H and H°
in WCintersect. Therefore, in order to colour the hyperplanes haing W as their separating
osculator, it is enough to colour the intersection graph of he footprints of such hyperplanes
in the tree W9so that all such hyperplanes receive a colour di erent from tre colour of W.
Any vertex v°of WPcan belong to at most 1 footprints of such hyperplanes (because®
has a neighbourv®in the second hyperplaneW ®°bounding N (W)). Thus the intersection
graph of the footprints on W has clique number 1. Since this graph is chordal and
therefore perfect, we can colour it with 1 colours. Taking into account the colour of
W and extending this colouring process, we obtain a colouringf ( 1(U)) with at most
colours.
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6.3. Father osculators and the graph »(U). Let HH be an edge of (U) such that
HO H;, and HH is not an edge of 1(U), and S(HY does not contactH . In other words,
HO%H | the fathers of H and H are distinct and do not contact, and the separating osculatos
of H and Hare distinct and distinct from H and H®

Suppose also thatH (respectively, H9 does not separateU from H° (respectively, H), i.e.
suppose thatU;H® B(H)and U;H B (H9 (this corresponds to the concurrency relation
in event structures). Then we say that H ®is a father osculator if the triplet of hyperplanes
HCH; and f (H) pairwise contact, and H ®osculates withf (H), and S(H) 6 f (H): Let (U)
be the spanning subgraph of (U) consisting of all edgesH™ of ( U) such that H® H
and H%is a father osculator ofH:

Proposition 11. ( 2(V)

Proof. Let H be a hyperplane of R(U) having a father osculator H® Let S(H) be the
separating osculator ofH: SinceS(H) 6 f (H); the hyperplanesS(H) and f (H) cross, by
Lemma 8. Moreover, sinceH osculates with S(H) and contacts f (H); we conclude that the
intersection of the carriers of the hyperplanesH;S(H); and f (H) is a single 0-cube, which
we denote byvy. Indeed, sinceX is 2-dimensional,N (f (H)) \ N (S(H)) is a single 2-cube
¢, each of whose 1-cubes is dual tb(H) or S(H), and thus c\ N(H) = vy.

We claim that vq4 2 N(H9: Since H® contacts H and f (H); by the Helly property it
su ces to show that H%and S(H) contact. SinceH A (S(H)) and H%H; it suces to
show that HO\ B(S(H)) 6 ;: Suppose not: thenH® A (S(H)) and thus S(H) separates
HO from U: SinceH™ is not an edge of 1(U); we conclude that S(H% 6 S(H); whence
d(S(H)) <d(S(H9): Therefore S(H9 cannot separateH from U:

SinceH? A (S(H9Y) and H contacts H, necessarilyS(H) crossesH, contrary to the
de nition of edges of ,(U). This shows that the hyperplanesH ¢ H; f (H): and S(H ) pairwise
contact, and therefore the unique common vertex of their cariers is the vertex vy .

Now, sincevy belongs to the carrier of any father osculatorH ©of H; H can have at most

1 father osculators. Thus, in  2(U) the incoming degree of any hyperplaneH is at most
1 and therefore »(U) can be coloured in colours by the greedy algorithm following
the orientation of edges de ned by

6.4. The graph  o(U). Let (U) be the graph obtained by removing from ( U) all edges
of the graphs 1(U) and ,(U); i.e., HH is an edge of o(U) if and only if HH is an edge
of (U)(i.e., H® H;H™ %andf(H)andf (HY are distinct and do not contact), S(H) is
di erent from H%and S(H9, and His not a father osculator of H: We will show that o(U)

is bipartite and therefore can be coloured in two colours. Tgether with Propositions 10
and 11, this will show that the graph ( U) can be coloured in 2 2 colours. We start with

the following classi cation of edges of (U):

Lemma 9. Let HH be an edge of( U): Then one of the following holds:

(1) S(H) coincides with S(H9 or HO(and HH is an edge of 1(U)).
(2) HCis a father osculator ofH (and H™ is an edge of »(U)).
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(3) S(HY crossesH .

Proof. Suppose thatH®™ is not an edge of 1(U). Then, by de nition, we have that the
hyperplanesS(H); S(H9; H; and H?are all distinct. We shall argue, using a disc diagram
lying over the edgeH ™, that if S(H9 fails to cross H, then f (H);H and H? pairwise-
osculate. Moreover, in the case thatS(H) = f (H), the same diagram shows thatS(H 9
crossesH.

Let VO= f (H9:V = f(H); S= S(H); and S°= S(H9. As in Section 6.1, letP | N (V)
join the preimages of the roots ofV%and V, let RER ! N (V9;N (V) be shortest geodesic
segments joining the initial and terminal 0-cube of P, respectively, to N(V9Y\ N(H9 and
N(V)\ N(H),andlet QQQ! N(HY[ N(H) be a shortest piecewise-geodesic segment joining
the terminal 0-cubes of R and R, so that the path RQQR P ! bounds a minimal-area
disc diagramD ! X lying over the edgeH ™H, as in Figure 11.

Figure 11. The diagram D lying over H™H in the proof of Lemma 9.

Now consider the dual curveK 9 emanating from the terminal 1-cube of R Note that K ©
either ends on the initial 1-cube ofQ or on some 1-cube oR, by minimality of the area of
D. Moreover, K “maps to S° Indeed, sinceS® separatesH °from U, the geodesic segmenR®
must contain a 1-cube dual toS® Let R°= R%, where R%is the subpath joining the initial
0-cube ofR°to the initial 0-cube of the 1-cubec dual to S° and T is the subpath, beginning
with ¢ and ending at the terminal 1-cube ofR® Let s2 N(S9Y\ N(HY be a 0-cube, which
must exist sinceS®%and H%osculate. LetA! N (H9 join s to the terminal O-cube of T and
let B ! N(S9 join the initial O-cube of T to s. Then BAT ! is a closed path bounding
a minimal-area disc diagramE. Any dual curve in E emanating from T ¢ crossesA or
B and thus leads to a trigon of pairwise-crossing dual curvesye conclude that T = ¢ and
that S°crossesRCin its terminal 1-cube. Hence, since each 1-cube of is dual to a unique
hyperplane, K °maps to S°

If K%ends onQ, then S°crossesH, and we are done. Henc& ®ends onR. If K°ends
on the terminal 1-cube ofR, then the above argument shows thatk ® maps to S and hence
S = SC and the proof is again complete.
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The unique remaining possibility is that K ® ends onR at some interior 1-cube, and the
dual curve K emanating from the terminal 1-cube ofR and mapping to S separatesK °from
Q, as shown in Figure 11. Note thatS®and S both crossV, sinceK ®and K end on 1-cubes
of R. Hence S° cannot crossS, since otherwiseS®S and V would be a pairwise-crossing
triple of hyperplanes, contradicting 2-dimensionality of X . HenceS®separatesS from U, and
therefore S is not a potential father of H, and in particular S6 V.

Now suppose thatjQj > 0, so that there exists a dual curveL emanating from Q. L cannot
end on Q% or on R, since that would lead to a trigon removal along the boundarypath of
D and a consequent area reduction. On the other hand, it ends onP, then there would
be a better choice of father forH, namely the hyperplane to which L maps, and hencelL
ends onQC% But since K %travels from R%to R and emanates from the terminal 1-cube oR,
the dual curvesL and K ®must cross, and map to distinct hyperplanes sinceR®is a geodesic
segment. HenceS® W; V ? pairwise-cross, whereW is the hyperplane to which L maps, and
this contradicts 2-dimensionality of X.

HencejQj = 0 and, in particular, V contacts H% On the other hand, V cannot crossH°
Indeed, sinceK ends onQ® we see thatS crossesH ®and that V crossesS, and the absence
of pairwise-crossing triples ensures that/ and H°cannot cross. ThusV and H ° osculate.

In summary, S(H) 6 f(H) and f (H);H; and H° pairwise contact, and f (H) osculates
with H® HenceH is a father osculator, as shown in Figure 12.

Figure 12. When the separating osculators ofH? and H are distinct and
distinct from H and H? either H is a father osculator ofH or S(H9 crosses
H.

The rst step in proving that  o(U) is bipartite is to show that it contains no triangles.
Lemma 10. The graph ¢(U) is triangle-free.

Proof. Let C = (Hg;H1;H>2) be a 3-cycle in ( U). Then without loss of generality, we have
H1 Hgo Ha. Indeed, one of the three vertices, sayH,, does not precede either of the
other two, and hence, by Lemma 6, we haviHy H, andH; H,. But by Lemma 6, since
Ho and H; are adjacent in ( U), they are comparable in the partial ordering . Suppose,
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moreover, that the distance-sumD (C) is minimal among all 3-cycles in ( U). Denote by V;
the father of Hi;i =0;1;2: By Lemma 9, S(H1) crossesH and H:

If d(H1) =1; then S(H1) contacts U: Since S(H1) crossesHo and Hy and bgy,) by,
by,; the de nition of the fathers of Hg and H, implies that S(H1) is the father of Ho and Ho.
SinceS(H 1)V 1; this contradicts the fact that HiHo and H{H» are edges of (U):

Now suppose thatd(H1) 2. Then S(H,) is a hyperplane of R(U) by Lemma 8. The
father of S(H1) is either V; or a hyperplane beforeV,. Therefore, S(H1) Hg H2 holds,
and S(H1)Ho and S(H1)H» are both edges of (U): SinceS(H;) crossesHq and H; neither
of these edges is an edge of,(U): Now, suppose thatS(H;)Hq is an edge of 1(U): Since
S(H1) and Hq cross, this is possible only ifS(S(H1)) = S(Hp): But in this case, the disc
diagram over the edgeH 1Hq will contain a trigon.

Indeed, suppose thatS(S(H1)) = S(Hg) and let D ! X be a diagram lying over the edge
HiHo. Then the dual curve K emanating from the terminal 1-cube of Ry and mapping to
S(H1) ends onQJ at the initial 1-cube. The subdiagram D® D bounded by N (K), P, Ro
and the subtended part on8 lies over the edgeS(H1)Hg. The dual curve L emanating from
the penultimate 1-cube of Ry maps to S(S(H1)), and by the assumption that S(S(H,)) =
S(Hy), we have that L ends on the terminal 1-cube oRg. As usual, sinceV; does not contact
Vo, there is a dual curveM in D traveling from P to Q;, and M cannot end on the terminal
1-cube ofQq, for otherwise M would map to a hyperplane providing a better father for Hy.
Hence there must exist a dual curveN emanating from the terminal 1-cube ofQ; and ending
on Rp. But N cannot end on the terminal 1-cube ofRg, since that 1-cube is already the
origin of L, and henceN must crossL. But the hyperplanes to which N and L map both
crossVp, and thus cannot cross. Hences(S(H1)) 6 S(Ho), as in Figure 13.

Figure 13. The diagram D lying over H1H contains a contradictory trigon
when S(S(H1)) = S(Hy).

HenceS(H1)Ho and S(H1)H» are not edges of 1(U); showing that C°= (Hg; S(H1);H>)
is a 3-cycle of o(U): SinceD(C9 < D (C); we obtain a contradiction with the minimality
choice ofC:
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We now analyze cycles in ¢(U), with the goal of showing that there are no cycles of odd
length. Let C =(Hg;H1:::;Hy 1;Ho) be a simplen-cycle in  o(U). C is induced if for all
i2Zy,andj 6 i 1,the hyperplanesH; and H;j are not adjacent in o(U), i.e. either H; and
H; do not contact, or their fathers contact or coincide, or they have a common separating
osculator. Notice that if (U) contains an odd cycle, then any its odd cycle of minimum
length n = 2k + 1 is an induced cycle: indeed, ifH;H; is an edge of o(U) that does not
belong to C, then at least one of the paths ofC connectingH;; H; has even length, and hence

o(U) contains an odd-length cycle that is shorter thanC.

For a cycleC = (Ho;H1;:::;Hn 1;Ho) of o(U), let Vi = f(H;) and let b 2 U be the
root of the imprint of H; on U, for eachi 2 Z,. Let A; and B; be the two halfspaces oX
dened by H; sothat U Bj: Cycles of (U) have the following simple properties.

Lemma 11. If C=(Ho;Hy1;:::;Hp) is an induced path in o(U) and the hyperplaneH; is
contained in the halfspaceA; de ned by the hyperplaneH;; then either V; = V; or H; H;.

Proof. SinceH; separatesH; from U, the father Vj of H; crossedH;; and thusV, is a potential
father of H;: From the de nition of a father we conclude that either V; = V; or H;  H;.

The hyperplaneH; of C is normal if exactly one ofH; 1 andHj.1 is anincoming neighbour,
and the other neighbour ofH; in C is outgoing. By Lemma 6, ifH; is not normal, then H; 1
and Hj+; are both incoming or both outgoing neighbours ofH;.

Lemma 12. Any induced cycleC of (U) of odd lengthn = 2k + 1 contains at least one
normal hyperplane H;.

Proof. By Lemma 10, n > 3: Suppose that no hyperplane inC is normal. Then the hyper-
planes ofC can be partitioned into two sets| and O, wherel is the set ofH; for which both
neighbours in C are incoming, and O is the set of H; for which both neighbours in C are
outgoing. By de nition, every edge of C joins an element ofl to an element ofO. HenceC
is bipartite, and in particular has even length.

Lemma 13. Any cycle of o(U) does not contain normal hyperplanes.

Proof. We proceed by way of contradiction. Suppose thatn is the smallest value for which
there exists a cycle of lengthn containing a normal hyperplane. Now, among all minimal

has minimal distance sumD (C): Let H1 be a hyperplane ofC having the closest rootb; to
b.

Then the neighboursHy and H, of H1 in C are both outgoing neighbours ofH; in ( U);
and thus H; is not a normal hyperplane of C. We proceed as in the proof of Lemma 10.
Let S(H1) be the separating osculator ofH1: By Lemma 9, S(H;) crossesHy and Hy: If
d(H1) = 1; then S(H1) contacts U: Since S(Hy) crossesHo and Hz and bgy,) by, by,
the de nition of the fathers of Hg and H, implies that S(H1) is the father of Hy and H.
SinceS(H 1) 1; this contradicts the fact that H1Ho and H{H» are edges of (U):
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Now suppose thatd(H1) 2: Then S(H1) is a hyperplane ofR (U) by Lemma 8. The father
of S(H1) is either V; or a hyperplane beforeVy, by Lemma 11. Therefore,S(H1) Ho H»
holds, and S(H1)Ho and S(H1)H, are both edges of (U): Since S(H;) crossesHy and
H; neither of these edges is an edge of,(U): Now, suppose that S(H1)Hg is an edge
of 1(U): Since S(H;) and Hg cross, this is possible only ifS(S(H1)) = S(Hg): But in
this case, the disc diagram over the edgddi:Hg will contain a trigon, as in the proof of
Lemma 10. HenceS(H;)Ho and S(H1)H, are not edges of 1(U); and therefore they are

o(U): SinceS(H1) Hj1; the choice ofH; in C implies that if H; is a normal hyperplane
of C; then i 6 1 and H; is a normal hyperplane of C® Since D(CY9 < D (C); we obtain
a contradiction with the minimality choice of C: This contradiction shows that no cycle of

o(U) contains normal hyperplanes.

Proposition 12. The graph o(U) is bipartite; therefore ( o(U)) =2.

Proof. From Lemma 12 we know that any induced odd cycle of ¢(U) must contain a normal

hyperplane. On the other hand, Lemma 13 asserts that no cyclef (U) can contain a

normal hyperplane. Since any graph containing odd cycles ab contain induced odd cycles,
we conclude that o(U) cannot contain any odd cycle, i.e. o(U) is bipartite.

Now, we are ready to prove the main result of this section:
Proposition 13.  (( U)) 2 2

Proof. To show that (( U)) 2 2: associate to each hyperplaned of ( U) the three
colours ofH in the colourings of the graphs o(U); 1(U); and »(U) provided by Proposi-
tions 10,11 and 12. Since ( o(U))=2and ( 1(U)) ;o ( 2(U) ; the hyperplanes
of ( U) will be coloured with at most 2 2 colours. Since each edgel H of ( U) is contained
in at least one of the graphs o(U); 1(U); and »(U); the triplets of H®and H dier in at
least one coordinate, thus the resulting triplet-colouring is a correct colouring in at most 2 2
colours of each connected component of (J); and therefore of the whole graph (U).

7. Proof of Theorem 1

7.1. Colouring the contact graph ( X). We now colour the contact graph ( X), proving
the rst assertion of Theorem 1.

Proof that (( X)) is bounded by a function of . To show that (( X)) is bounded by a
function of the maximum degree of G(X); we take an arbitrary but xed base hyperplane
Ho and partition the contact graph ( X) into the spheresSy;k = 0;1;:::; centered atHg:
Now, if we will show that the subgraph of ( X) induced by each sphereS, can be colored in
() colors, then combining a coloring of the spheres with even radius using the same set of
() colors and a coloring of the spheres with odd radius using another set of () colors,
we will obtain a correct coloring of ( X)into2 ()= () colors.
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In order to color Sk in () colors, it suces to color each connected component (or
each cluster) C of Sk in the contact graph ( X) with this number of colors. It follows
from Corollary 3 that each such cluster C has diameter at most 5. Moreover, it was shown
in [Hagl1] that C has diameter at most 4. Therefore, if we pick an arbitrary hyperplane
Vo := VL in C then all hyperplanesV of C have distance at most 4 toVp; i.e., C  B4(Vo);
whereB, (Vo) = fV : (Vo;V) rgis the ball of ( X) of radius r centered atVy: Therefore,
if we show that Bs(Vg) or B4(Vp) can be colored with () colors, then taking the restriction
of this coloring to C, we will obtain a coloring of Cinto at most () colors. Repeating this
coloring procedure for each clustetC of Sy with the same set of () colors, we will obtain
the required coloring of Sy.

Let g(r) be the number of colors necessary to color the balB, (V) of radius r centered at
Vo: The main part of our proof is to establish the following recurenceq(r) q(r 1) q(r
2) 2) (2 ?»+ q(r 1);yielding a bound q(4) () : Suppose that the ballB, 1(Vo)
has been colored ing(r 1) colors and letc be a coloring of B, 1(Vp) with this number of
colors obtained in the recursive way. We will show how to extad c to a coloring of B, (Vo)
using the required number of colors showing how to colors thayperplanes fromsS; (V) using
atmostq(r 1) qr 2) (2) 2 2 extra-colors.

For each grader hyperplane H (with respect to V), let f ?(H) be the grandfather of H
in the canonical path (H) and let f (H) be the father of H as de ned in previous section.
For each hyperplaneV; consider a coloringc®in at most 2 colors (we use the same set of at
most 2 colors for each hyperplane) of the families of footprints or imprints of the set of all
hyperplanesH having V as their father (this coloring is provided by Proposition 7 showing
that (F(V)) (J (V)) 2). Additionally, for each hyperplane U de ne a coloring ¢
of the graph ( U) in at most 2 2 colors (we use the same set of 22 colours to color the
graph ( U) for each hyperplaneU). This coloring is provided by the Proposition 13, which
shows that (( U)) 2 2. Recall that ( U) has the setR(U) of all hyperplanes H with
f2(H) = U as the set of vertices. ForH 2 R (U) let c°?H) be the color of H in the coloring
of ( U) with at most 2 2 colours. Notice that it su ces to de ne the colorings c®and c%
only on hyperplanes of grades 1 andr 2; respectively.

Now, for a hyperplaneH of grader; we assign as a color the ordered quadruplet

o(H) = (c(f (H));o(f 2(H)); SXF (H; f (H)));¢*tH))

Clearly, the hyperplanes ofS; (Vo) will be colored with at most gq(r 1) q(r 2) 2) (2 ?)

colors. Notice also that two contacting grader and grader 1 hyperplanes will be colored
di erently because we use new colors for coloring, (Vo): It remains to show that cis a correct
coloring of the hyperplanes ofS; (Vp): This is the content of Lemma 14.

We conclude thatq(r) 4 3 g(r 1) q(r 2)+ g(r 1): Notice that g(0) = 1 since
So = Bo(Vo) = fVg. On the other hand, g(1) 2 because colouring the hyperlanes of
the sphereS; is equivalent to colouring the intersection graph of their imprints in Vo and
this can be done with at most 2 colours by Proposition 7. Easy calculations show that
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q2) 8 “*+2,that q3) 64 8+16 5+8 “4+2 ;and, nally, for 2, that

q(4) 211 15+210 12+28 11+28 8+24 5
211(1+2 4+2 7+2 10+2 17) 15
140417 5
= %

= 0:
Hence each spher&, admits a colouring using at most () colours, and thus

((x) 20= 0

for 2: This concludes the proof of the rst assertion of Theorem 1, vith M 4389.
Lemma 14. If H;H°2 S, (V) and HH © then c(H) 6 c(H9:

Proof. By the weak combing property established in Corollary 2, thegrandfathers ofH and

H O either contact or coincide. If f 2(H)”f 2(H9; then by induction c(f 2(H)) 6 c(f 2(H9);

whencec(H) 6 c(H9 because the quadruplets(H ) and c(H 9 di er in the second coordinate.

So, further we will assumeH and H° have the same grandfather, sayy = f2(H) = f?(H9

(i,e., H;H 2 R (U).) Analogously, if H and H?have di erent but contacting fathers f (H)

and f (H9; then c(f (H)) 6 c(f (HY): and thus ¢(H) 6 c(H9 because the quadrupletsc(H)

and c(H9 di er in the rst coordinate. On the other hand, if H and H°have the same father
V; then Lemma 2 implies F(H;V)\ F(H%V) 6 :, so that cXF(H;V)) 6 c\F(H®%V));

whencec(H) 6 ¢(H9Y becausec(H) and c(H9 di er in the third coordinate.

Finally, suppose that H ?H ¢ U = f2(H) = f%(H9 and the fathers of H and H? are
di erent and do not contact. By Lemma 6, either H  HCand the father f (H9 of HO
contacts a potential father of H crossingU or H® H and the father f (H) of H contacts
a potential father of H°crossingU. By de nition of the adjacency in the graph ( U); the
hyperplanesH and H°are adjacentin ( U); and therefore the colors oiH and H %are di erent
in the coloring c®of ( U): Hencec(H) 6 c(H9 becausec(H) and c(H9 di er in the fourth
coordinate.

7.2. Embeddings in products of trees: colouring the crossing graph #(X). We
now deduce from the existence of a nite colouring of (X) that X isometrically embeds in
the product of at most M 1° trees, using Proposition 6. Adopting the median graph point
of view, this is also the content of Proposition 2 of [BCE10b]

Proof that X isometrically embeds in a nite product of trees. Since x (X) is a subgraph of
( X), we have a colouringc of the vertices of 4 (X) by a set K of at most M > colours.
The result now follows from Corollary 1.

7.3. The nice labeling problem: colouring the pointed contact graph (X). Let

X be a 2-dimensional CAT(0) cube complex, pointed at , and suppose that 0-cubes in
X have maximal degree and maximal out-degree . Let (X) be the pointed contact

graph.
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Colouring  (X). Inview of rst assertion of the theorem, it su ces to show tha t ot2
for any 2-dimensional CAT(0) cube complexX. (In fact, o + n holds for any n-
dimensional CAT(0) cube complex and the proof is a conseque® of the fact that intervals in
median graphs are distributive lattices [BH83].) Let be the basepoint and suppose by way
of contradiction that a vertex v of G (X) contains three incoming neighboursvy; vo; v3. From
the de nition of the basepoint order on G(X) it follows that vi;v,;v3 are closer to than the
vertex v;i.e., vi;Vvo;v3 2 | (v ): Denote by u;; the median of the triplet ;v ;v;. Sincev; and
v are at distance 2,u;; is adjacent tov; and v;: The vertices uz;»; Uy;3; and uy:3 are pairwise
distinct, otherwise G(X) would contain a K 2.3, which is impossible in a median graph. Now,
let u be the median of the triplet uj.2;u1:3;u2.3: The vertex u is dierent from v and is
adjacent to each vertex of this triplet. As a result, the vertices v;vy;Vy;Vs; U1:2; U1:3; U2:3; U
de ne a 3-dimensional cube ofG(X) contrary to the 2-dimensionality of X.

8. Proof of Theorem 2

In this section, we construct an example establishing Theam 2 by applying to the con-
struction in [Chel1l] the \recubulation" construction in [H ag11]. Given a CAT(0) cube com-
plex X, the contact graph ( X) can be realized as the crossing graph of a larger cube comgle
R(X) that contains X as an isometrically embedded subcomplexk (X) is the recubulation
of X, whose existence is established by the following proposadn of [Hag11].

Proposition 14. Let X be a CAT(0) cube complex and let be the maximum degree of a
0-cube in X (i.e. the cardinality of a largest clique in the contact gragh ( X)). Then there
exists a CAT(0) cube complexR(X) and a combinatorial isometric embeddingX ! R(X)
such that:

(1) R(X) deformation retracts to the image ofX by collapsing free faces.
(2) The hyperplanes ofR(X) are in a bijection with those of X.
) (X)= #(R(X)).
In particular, dimR(X) =, and each 0-cube oR(X) has degree at most .
More generally, if 4 (X) ( X), then there exists a CAT(0) cube complexR (X) of
dimension at most and maximal degree at most such thatR(X) deformation retracts to
X and the crossing graph oR(X) is equal to

The idea of recubulation is to force each pair of osculating Yperplanes (corresponding to
an osculation-edge in ) in X to cross by the addition of a (set of disjoint) 2-cubes extenihg
those hyperplanes; further cubes of higher dimension are a&d where necessary to satisfy
the link condition of [Gro87] and make R(X) a CAT(0) cube complex.

Note that R(X) is nite if and only if X is nite. The fact that the valences of 0-cubes
of R(X) are bounded by follows from the construction of R(X). Indeed, if x 2 R(X)
is a 0-cube, then eitherx lies in a unigue maximal cube, and hence has valence at most
dmR(X)= , or x lies in the image ofX. In this case, the 1-cubes oR(X) incident to x
are in bijective correspondence with the 1-cubes oKX incident to the unique 0-cube mapping
to x.
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From Proposition 14 and Proposition 6, we obtain:

Corollary 4. For any CAT(0) cube complex X, if there is an isometric embeddingR (X) !
Y, where Y is the product of n trees, thenn (( X)). In particular, if there exists a
CAT(0) cube complexX such that the chromatic number of ( X) is in nite, then there exists
a CAT(0) cube complex, namelyR(X), such that the maximum degree of a 0-cube iR (X)
is the same as that forX, and R(X) does not embed isometrically in the product of nitely
many trees.

The main ingredient in the proof of Theorem 2 is the followingresult from [Chell].

Proposition 15. There exists < 1 such that, for eachn 0, there exists a nite, 4-
dimensional pointed CAT(0) cube complexX ¢ such that each 0-cube oK ¢ has degree at most
and the contact graph ofX 2 contains a subgraph . such that 4 (X2) n.and

has clique number at most 5 and chromatic number greater than.

Remark 3. The construction in [Chell] shows that we can take = 8. The graph . is
the pointed contact graph of X% pointed at a particular 0-cube .

The construction of X ¢ relies on an example due to Burling [Bur65]. A rigorous proof
of Proposition 15, using Burling's construction, is given n [Chell]; here we summarize the
basic notions and provide a sketch of the proof.

A (3-dimensional) box is a closed parallelepiped inR® whose edges are parallel to the
coordinate axes. Given a ( nite) collection B of boxes, let ( B) denote the intersection graph
of B, and de ne ! (B) to be the cliqgue number of B and (B) to be the chromatic humber
of ( B). As described in the survey of Gyaras [GLBO03], Burling constructed for eachn a
collection B, of boxes such that! (B,)=2and (B,)>n foralln 0.

Following [Chell], Construction 1 takes as its input a suitdly-de ned collection B of axis-
parallel boxes and returns a 4-dimensional pointed CAT(0) abe complexX ®®whose pointed
contact graph has clique number at most 5 and chromatic numbegreater than n.

Construction 1. We rst de ne a certain cube complex K arising from a box and an asso-
ciated family of planes in R®, then produce fromK a CAT(0) cube complex € of dimension

4 whose pointed contact graph has the desired colouring pragrties. We then apply this

construction in the context of Burling's example to build th e cube complexes< Q.

The box complex: Let By be a box with one corner at the origin in R®. Any family of
hyperplanes inR® (i.e. 2-dimensional, axis-parallel a ne subspaces) that goss the interior
of Bg partitions Bg into a family of boxes and thus de nes a \box complex"” realized by By.
A cell of Bg is an \elementary box". By rescaling each of the constituentelementary boxes
of Bg so that the sides have length 1, we obtain a CAT(0) cube compbe K, de ned by Bg
and the initial family of hyperplanes. Note that K decomposes as a product, but is not the
cube complex dual to the wallspace whose underlying set By and whose walls are the initial
2-dimensional hyperplanes. Indeed, each maximal family om parallel 2-planes determines
m + 1 walls. Instead, these 2-planes are part of the 2-skeletownf K, and each is parallel to a
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hyperplane. Note that K decomposes as a product of at most three 1-dimensional CAT}0
cube complexes and hence has dimension at most 3. The dimeosiof K is equal to the
number of coordinate planes through the origin inR? that are parallel to at least one of the
given 2-planes.

Lifting to produce the pointed cube complex KK: Let B be a nite family of boxes.
Then there exists a boxB whose interior contains eachB 2 B, and the family B induces
a CAT(0) cubical structure on Bg. Indeed, each of the twelve 2-planes determinindd 2 B
becomes part of the cubical structure onBg constructed above. For eachB; 2 B, let K' be
the cubical subcomplex ofK consisting of the cubes arising as cells @g lying in B;. Then
K is a product of (at most) three subdivided intervals and is a ®nvex subcomplex ofK .

€ is dened as a subset ofR™*3, where m = jBj. First, let Bg lie in the subspace
R® R™*3 consisting of points of the form (Q0;:::;a;b;9 with a;b;c 0. Then for each
Bi2B,dene0 a<a®0 KP<b®0 < cPe numbers such thatB; consists
of points of the form p = (0;0;:::;a;b;9 with @ a % b BP9 ¢
For 1 i m, let s; be the unit segment of thei™ coordinate axis of R™** and let
B, = s; Bj, so that B; consists of points of the formp = (p1;p2;:::;pPm;a;b;9, where
(ab;9 2 [a%a% [P} [ cPfand pj = . This gives rise to a box hypergraphB in
R™*3 consisting of the boxes®; with 1 i m.

Note that each elementary boxC of K gives rise to a 4-cube€; in R™*3, isomorphic to
C s, for each 3-dimensional boxB; in K that contains C. €; is alifted elementary box Let
€0 be the 4-dimensional box complex consisting of all lifted e@mentary boxes€;, together
with all of the elementary boxes corresponding to 3-cubes df . Let € be the cube complex
obtained by rescaling the edges of each elementary box so théney have length 1. Note that
K K.

In Lemma 1 of [Chell], it is shown that the 1-skeleton of€ is a median graph, and
therefore that € is a CAT(0) cube complex, by taking gated amalgams of the 1-sileta of
the complexesK |, which are themselves median graphs.

We now let be the corner of By corresponding to the origin in R®  R™*3 and point
K from ,i.e. orient each 1-cube of€ away from the halfspace of its dual hyperplane that
contains . Let be the corresponding pointed contact graph.

The pointed contact graph . Lemma 4 of [Chell] states that, if! = ! (B) is
the cligue number of the intersection graph of the family B, then the cligue number of the
contact graph ( ) (i.e. the maximum cardinality of a O-cube of K) is at most ! +6, and the
maximum number of 1-cubes oriented outward from a 0-cube of, i.e. the clique number of

, is exactly ! +3. On the other hand, since  contains the intersection graph of B, we
have that ( ) (B).

Application to Burling's boxes: For eachn > 0, let B, be a nite family of boxes such
that ! (B,) =2 and (Bn) >n. Then sinceB, is nite, there exists a box Bo;, that contains
each boxB 2 B,. For each boxB 2 B, there are 12 2-planes crossin®o., that together
pass through the eight corners ofB and determine B as a box in R3. The set of all such
2-planes determines a CAT(0) cube complex fronBo,, as above, denote . Let X9 be the
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4-dimensional CAT(0) cube complex constructed fromK , as above. ThenX ¢ has maximal
degree! (B,) +6 =8.

Moreover, let , and , be a pair of opposite corners oBg,,. Then , and |, are O-cubes
of K, and lift to distinct O-cubes of X9; denote these lifts also by , and ,. Letting X9
be pointed from ,, we see that the pointed contact graph , of X9 has clique number at
most ! (B,) + 3 =5 and chromatic number at least (B,) >n.

Proof of Theorem 2. Let X8 be a 4-dimensional CAT(0) cube complex given by Proposi-
tion 15, so that the maximum degree of O-cubes ifX 2 is at most 8 and the clique number
of the pointed contact graph . is at most 5. Note that 4 (X2) n: ( X9). Hence,
by Proposition 14, there exists a CAT(0) cube complexX ,,, obtained from X ¢ by applying
recubulation to the subgraph . of the contact graph, such that the hyperplanes ofX
correspond bijectively to those of X2, and any d-cube in X, corresponds to ad-clique in

n. . Henced 5 for eachd-cube, i.e. dimX, 5, and this bound is realized for somen.
By Proposition 14, 4 (Xn)= . , and hence

(#Xa)= (n)>m

The cube complexX ,, is thus nite, and any isometric embedding of X, into the Cartesian
product of trees requires at leastn + 1 trees. Moreover, the clique number of the contact
graph of X, is at most 8 for eachn.

By the second assertion of Proposition 14, there is an isomgt embeddingX 2! X, and
henceX,, contains distiP_.ct 0-cubesa, and b, that are the images of ,, and | respectively.
Let X be formed from | X, by identifying b, with a,+1 for eachn. Since each 0-cube
of X is contained in at most 2 of the \blocks" X, the cligue number of (X) is at most .
Indeed, b, and a,+; have degree at most 3, and we are taking = 8. On the other hand, by
construction,

G
#(X)= #(Xn)

and hence
(X)) (#(Xnp)>n

for all n, i.e. the chromatic number of the crossing graph ofX is in nite. Thus X is a 5-
dimensional, uniformly locally nite CAT(0) cube complex t hat does not admit an isometric
embedding in the Cartesian product of nitely many trees.

The cube complexX constructed in the proof of Theorem 2 has dimension 5, and thsithere
exists a uniformly locally nite CAT(0) cube complex of dime nsion 5 that does not embed
in the Cartesian product of nitely many trees. On the other h and, Theorem 1 states that
a uniformly locally nite CAT(0) cube complex of dimension at most 2 embeds isometrically
in the product of nitely many trees. Naturally, one asks about the situation in dimensions
3 and 4:

Question 4. Are 3- or 4-dimensional CAT(0) cube complexes, whose 1-skekethave uni-
formly bounded degree, embeddable in the Cartesian product aitely many trees?
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If Question 4 has a positive answer in the 3-dimensional caséhen to nd this answer it seems
quite likely that one have to be able to colour the imprints of a collection of hyperplanes on
a given hyperplaneH . This hyperplane H is a 2-dimensional CAT(0) cube complex and the
imprints in H are convex (gated) subcomplexes dfl: Therefore, as an warm-up to Question
4, one can ask for the following common generalization of Adpnd-Granbaum's result for
axis-parallel rectangles and of the fact that any family T of subtrees of a tree can be coloured
with ! (T) colours:

Question 5. Let C be a collection of convex subcomplexes of a 2-dimensional CAJ)(cube
complex. IsC -bounded?
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