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ISOMETRIC SUBGRAPHS OF HAMMING GRAPHS AND d-CONVEXITY 

V. D. Chepoi UDC 519.176 

In this study, we provide criteria of isometric embeddability of graphs in Hamming 
graphs. We consider ordinary connected graphs with a finite vertex set endowed with the 
natural metric d(x, y), equal to the number of edges in the shortest chain between the ver- 
tices x and y. 

Let al,...,a n be natural numbers. The Hamming graph Hal...a n is the graph with the ver- 

tex set X = {x = (x l ..... xn):l~xi~a~, ~ = l,...n} in which two vertices are joined by an edge if 
and only if the corresponding vectors differ precisely in one coordinate [i, 2]. In other 
words, the graph Hal...a n is the Cartesian product of the graphs Hal,...,Han, where Hal is 
the ai-vertex complete graph. It is easy to show that in the Hamming graph the distance 
d(x, y) between the vertices x, y is equal to the number of different pairs of coordinates in 
the tuples corresponding to these vertices, i.e., it is equal to the Hamming distance between 
these tuples. It is also easy to show that the graph of the n-dimensional cube Qn may be 
treated as the Hamming graph H2... 2. 

We say that the set A c y in the metric space (Y, d) is isometrically embeddable in the 
metric space (Y0, do) if there exists a mapping = from A to Y0 such that for any x, y 6 A 
we have d(x, y) = d0(=(x) ~ ~(y)). The graph G = (X, U) is called an isometric subgraph G o if 
the vertex set of X of G is isometrically embeddable in G o . If the graph G is an isometric 
subgraph of some Hamming graph, we say that G is isometrically embeddable in the Hamming 
graph. 

The set M c y of the metric space (Y, d) is called d-convex if for any x, y 6A4 the line 
segment (x, y) = {z: d (x, y) = d(x, z)-Sd (z, y~ is contained in M (see, e.g., [3]). A half-space is 
a d-convex set with a d-convex complement. Also recall [4] that the set M c y is called r- 
convex if for any x, y 6A4 such that <x, y> ~ {x, y} there exists a point z E ix, y) N A4 distinct 
from x, y. 

For the set M c y and the point x in the space (Y, d), we denote by Nx(A4) = {z6A4:d(x, 
z) = d (x, A4) = inf{d(x~ u): u 6A4}} the metric projection of x on M. If for any xE Y the set 
Nx(M) is a one-point set, then M is a Chebyshev set (see, e.g., [5]). For the point x 6 M , 
let SV~(M)={z6 Y:N, (M) ={x}}. Also let W(IH) ={z6 Y:N, (/14) = M}, 

Theinterest in isometric embedding of graphs in Hamming graphs was stimulated by the 
work of Graham and Pollak [6, 7~. Isometric subgraphs of hypercubes were described by Djoko- 
vic [8] (this problem is also considered in[9] in the context of various location problems). 
Concerning some applications of Djokovic's criterion and other topics linked with isometric 
embedding of special metric spaces in hypercubes, see [I0, ii]. The question of explicit 
description of isometric subgraphs of Hamming graphs was considered and partially solved by 
Winkler [i]. 

The description of isometric subgraphs of Han~ning graphs or hypercubes also can be ap- 
proached differently. Consider the integral lattice Z n = Z • ... • Z equipped with one of the 
metrics 
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where x = (x I, .... ,Xn), y = (Yl,...,Yn). The corresponding metric spaces will be denoted by 
(Z n, dl) , (Z n, d2). Then the problem of characterization of isometric subgraphs of Hamming 
graphs is equivalent to the problem of describing finite r-convex sets of the spaces (Z n, 
dl), n~>l, and all r-convex sets from (Z n, d 2) are isometric subgraphs of hypercubes. Both 
these questions are a specialization of the following problem: describe the r-convex sets 
(i.e., isometric subgraphs) of the spaces of the form (Z n, d), where d is an integral metric 
on the lattice Z n In this respect, note that Yushmanov's results [12] imply that any finite 
graph is isometrically embeddable in some space of the form (Z n, d~), where d3((xa ..... xn), ~1, 
.... y,)) = max (Ixl--Yl] ..... [x,--Y,l). The notions of coordinate and diagonal convexityare used 
in [13] to describe isometric subgraphs of the lattices (Z 2, d 2) and (Z 2, de). 

LEMMA I. For any edge e = (x, y) of the Hamming graph H, the sets Wx(e), Wy(e), W(e) 
are half-spaces, 

Proof. Let H = Hax...a n and let the tuples x = (x I ..... Xn), Y = (Yx, .... Yn) differ in 

the i-th coordinate. Let H0 =N{] ..... a~}. Then it is easy to see that 

W x ( e ) = H  o •  {xi}, W v ( e ) = H o •  

W(e) = Ho x {{1 . . . . .  a~}\{x~, W}}, 

Wx (e) U Wv (e) = no • {xi, y,}, W.  (e) U W (e) = 

= H o  • {{1 . . . . .  ai}~x{y,}}, W,(e) O W ( e ) =  H0 {{1 . . . . .  ai}~{xi}}. 

We know [ 1 4 ]  t h a t  t h e  s e t  A = A1 x . . .  • A m i s  d - c o n v e x  i n  t h e  s p a c e  X = X 1 x . . .  x X m e q u i p p e d  

w i t h  t h e  m e t r i c  d((x, . . . . .  Xm),(Y, . . . . .  Ym)) =~_ad*(xvY*) o n l y  i f  t h e  s e t s  A i a r e  d - c o n v e x  i n  t h e  
/=1  

spaces (Xi, di). Hence follows d-convexity of the sets Wx(e), Wy(e), W(e) and their comple- 
ments. 

LEMMA 2. If the metric spaces (X~ b, ~l)) are isometrically embeddable in the metric spaces 
n 

(X~ ~), d~S)), i=l ..... n. then the space (N X~b, ~I)) is isometrically embeddable in (~ X~ 2), ~2)), where 
l=1  t = l  

~j~ (x ~ , / )  = ~ a~l, (x~l~, v~1,), x I = (x~1, . . . . .  x~l,), 

yt = ~ ..... y~'), t = 1, 2. 

A block graph [15] is a connected graph in which every block induces a complete sub- 
graph. 

THEOREM I. For the connected graph G = (X, U), the following conditions are equivalent: 

I) G is isometrically embeddable in a Hamming graph; 

2) G is isometrically embeddable in the direct product of block graphs; 

3) any set A~X, [A]~5, is isometrically embeddable in a Hamming graph; 

4) for every edge e = (x, y), the sets Wx(e), Wy(e), W(e) are half-spaces; 

5) any complete subgraph C of G satisfies the following conditions: 

a) if for the vertex z6 X the projection Nz(C) is not a one-point set, then Nz(C) = C, 

b) the sets Wx(C) , W(C) are half-spaces for any x6 C. 

Proof. The implications i) =>3), 2)=>I) are obvious, the implication 8)=>4) follows from 
Lemma I. 

4 =>5). Consider a complete subgraph C of the graph G and assume that for some vertex 
z6 X we have x, y6 N 2 (C), For the edge e = (x, y), the set W(e) is d-convex, therefore if 
v6C, then d(v, z) = d(z, C), i.e., Nz(C) = C. 

Given condition a), d-convexity of the sets Wx(C), X~Wx(C), W(C) follows from the rela- 
tions W(C)=~ {W(e)~e=(x,y),x.y~C}, Wx(C)=Wx(e), X~Wx(C)=X~Wx(e), where e = (x, y) is an 
arbitrary edge from C with one end point in x. We will now show that the set X\W(C) = 
U {Wv(C): v6C} is d'convex, Let z, 6Wx(C), z~6W,(6~ for some x, y6C. For the edge e = (x, y), 
the set IVx(e)UW~(e)=X\~(e ) is d-convex. Therefore, (z,,z,)~Wx(e)UW~(e) ~X~xW(~). ' 



5 =~ l). Let E be the collection of all complete subgraphs from G containing at least 
one edge. On Z we define the relation 8: for C1, C~ 6 y' , CI 0 C~ if for every x'6 CI there 
exists a vertex x"6C ~ such that Wx,(CI)=W~(C~). In this case, we say that the subgraphs C I 
and C 2 are comparable. 

Among all the subgraphs from Z comparable with the edge e = (x, y), select the subgraph 
C o with the maximum number of vertices. We ~ will show that C o is a Chebyshev set. Let C o -- 
(xl,...,Xm), and W~(e)=Wx,(Co), Wu(e)=Wx,(C0). If C O is not a Chebyshev set, then W(C 0) ~ ~. 
Let v be the vertex of the set W(C 0) closest to C O . Then for any two vertices xi, xj from C O 
we have (/i,v>N(xj, v>-----{v}. Let v i be the vertex in the segment <xi, v> adjacent to v. All the 
lertices vl,...,v m �9 distinct, and ~)~6Wx~(C,), i = T,[..~. Since the set XxkW(C0) = 

U Wx~(Co) is d-convex, the set C = {v, vl, .... Vm} induces a (m + l)-vertex complete subgraph. 
l=l 

In order to obtain a contradiction with the choice of the subgraph Co, we will show that 
C0@C, i.e., Wxt(Co)=Wv~(C), i = 1 ..... m. First note that xi6Wv~(C ). Indeed, if I~6X~Wv~(C), 
then xt6Wvi(C ) for some vertex vj6C [the case It 6 W (C) [J Wv (C ) is impossible, since vi6(/i,v> ]. 

The relations x 1 6 <xi~ vj}, vj 6 <xi, vi) imply that xj 6 <xi, v~>, contradicting the inclusion v i ~ Wx~ (Co). 

Now let Z6Wxi(Co). If Nz(C) is a one-point set, then by d-convexity of the set Wx:(C0)we ob- 

tain that Nz(C)={v~}, i.e., z~Wvl(C). Now consider the case when Nz(C) ffi C. Then z, xi~X~ 
Wvi(C), x~6Wv~(C)N(xj, z>, contradicting d-convexity of the set X~Wv~(C) We thus have the rela- 

tion Wx~(Co)~__Wv~(C). The converse inclusions are proved similarly. Thus, C00C , i.e., the 

complete subgraph C is comparable with the edge e. This contradicts the choice of Co, and 
therefore C O is a Chebyshev set. 

Let l 0 be the collection of all Chebyshev sets from I. From the preceding proof it 
follows that E0 ~ ~. It is easy to see that on E0 the relation 8 is an equivalence. There- 
fore, the family Z o is partitioned into equivalence classes c I .... ,c n. Let ai be the number 
of vertices of an arbitrary subgraph from the class c i. For ci also let ci~:-{W~ .... 

where W~=Wxl(C), ~= l ..... a~, for any subgraph C={x, ..... Xa~} from c i. The family {W~ ..... W~t} 

partitions the vertex set of the graph G into d-convex sets. 

It follows from the above proof that any edge e = (x, y) is comparable with all the sub- 
graphs of some equivalence class a i. Let Cis t. Also assume that eSC~ for some subgraph 

C~ E ~. Let C 1 ~-- {x I ..... Xn~}, C=={91 ..... Yai}, where Wx,(CI) -~- Wx(e) = Wg,(C~), Wx2(Cl) ~--- Wy(e) ~--- ~/y2(C2). 
Since the subgraphs C I and C 2 belong to different equivalence classes, we have z I E Wxk(C~)~ %~/~ 
(C=), z~6Wx~(C1) ~ W~m(C2 ) for some vertices x~6C,, y~, 9m6C~, Assume that Nx~(C~) ---- {y~}, 9t=/=9~ 
Then d(x,,yl)----d(xe,92 ) -----d(x~,y,). Since d(ym, x~)=d(yt, x~)q- l, then !]m6W(C,) This contradicts d- 

convexity of the set Wxa(C1) , since y,,z26Wx~(C~) and ym6<x=, y,) Thus, for every edge e = (x, 

y) there exists a unique equivalence class ci = c(e) from Z 0 whose subgraphs are comparable 
with e. 

Let ~ ~{W~ ..... ~i}, i: | ..... n and consider the following embedding of the graph G in the 

Hamming graph Ha~...a n. To the vertex x associate the tuple a(x) = (x~ ..... Xn), where x i = k 

if x6~V~. Since every family {W~ ..... W~ai}, i = I ..... n, is a partition of the set X, the i-coordi- 
nate of the vertex x is uniquely defined. 

We will now show that the mapping a defined above is an isometric embedding of the graph 
G in Ha~...a n. Consider arbitrary vertices z,~6X, d(xly)-----ra and let ~(x)=(x I ..... x~), ~(y)----- 
[~, ..... y~); (x :-v~, V~ ..... vm, Vm+~ = 9) is some shortest �9 between x and y. Since every edge in 
this chain is comparable with subgraphs of a unique equivalence class from E0, the tuples a(x) 
and =(y) differ at most in m places. For the edge ej = (vj + Vj+~!, j = 1 .... ,m, let cij = 

C(ej). Let Wvi(e,)=W~/,~v]+,(el):W~. Since the sets X~/~/,X~W'~ ~ are d-convex, then 
... i~ v,, ,v]_ l, vi6W, , vi4_ ] ...... vm. vm-H ~W'j, Therefore, the equivalence classes e i , .... ffim are pair- 

wise distinct. S{nce x : v~ 6.W~], y = v,,~.t6W~i, the tuples a(x) and ~(y) differ in m coordinates. 

2 =~ l>. By Lemma 2, it suffices to show that any block graph T is isometrically em- 
beddable in a Har~aing graph. In the graph T, a set is d-convex only if it induces a con- 
nected subgraph [15]. Let the edge e = (x, y) be contained in the block B. The set B is 
Chebyshev, and Wz(B) induces a connected subgraph for any vertex z6 B. Then for the edge e, 



the sets Wx ~) = IVx(B), l~, (e) ~ Wv (B), W (e) = U {Wz (B) : z vex, y} and their complements are d-con- 
vex. QED. 

THEOREM 2. For a connected graph G = (X, U) the following conditions are equivalent: 

I) G is isometrically embeddable in a hypercube; 

2) G is isometrically embeddable in the direct product of trees; 

3) any set A ~ X, IAI~5, is isometrically embeddable in a hypercube; 

4) G is bipartite and for every edge e = (x, y) the sets Wx(e), Wy(e) are d-convex [8]. 

Proof. The implications ])=~3)=~4)=~I) follow from the previous result. The implica- 
tion I)=>2) follows from Lemma 2 and d-convexity of the sets Wx(e), Wy(e) for every edge e = 
(x, y) of the tree T. 

Remark I. The equivalence I)<=>4) is the main result of Djokovic [8]. 

Remark 2. The isometric index i(~i, ~=) of the class of graphs ~ relative to the family 
of graphs ~I is the least number k such that the graph G = (X, U) from ~ is isometrically 
embeddable in some graph from ~i if and only if every set A ~X, I A I~k is isometrically 
embeddable in some graph from ~i. If ~z is the collection of all connected graphs and ~t 
the family of all hypercubes or Hamming graphs, then [(~i, ~=)= 5 Indeed, from Theorems 1 
and 2 it follows that i(~-i,~-e)~5, and the example of the graph K2, 3 proves that this in- 
equality is exact. 

Let us provide a more constructive description of isometric subgraphs of Hamming graphs. 
To this end, we introduce the notion of isometric expansion and contraction of graphs (note 
that related concepts are introduced in [2]). 

Consider the graph GQ = (X0, U0), where X 0 = {x l, .... xm}, and choose the sets W~ .... ,W~ 
in this graph forming a cover of the set X 0 and satisfying the conditions I)-3) for any i, 
j = 1 .... n: 

D 0 
2 )  x E u o  : x E x E = 

3) t h e  s u b g r a p h s  i n d u c e d  by t h e  s e t s  W ~ o o o i.W i,Wi ~ Wi are isometric in the graph G o . 

To each vertex x6X, associate the tuple (i x , ..,i k) of all indexes ij such that x 6 ii 
The graph G = (X, U) is called an isometric expansion of the graph G o relative to the sets 
W~,..,W~ if it is obtained from G o in the following way: 

a) if the tuple (il,...,i k) corresponds to the vertex x 3, j = i, .,m, then replace this 

vertex in G with pairwise adjacent vertices x@ .. x~ �9 
ii'" ' ik' 

b) if the index ij belongs to both tuples (il ..... i~,),(i[ ..... i~,) corresponding to the vertices 

x l',xl'6Xo, then in the graph S let {x#,x#)6U. 

If n = Z, then we assume that G is obtained from g 0 by binary isometric expansion. 

The operation of isometric expansion of the graph G o to G may be considered as some 
many-valued mapping ~ :X,-~X , where the image ~(x 3) of the vertex x 3 with the tuple (i I .... , 
i k) is the set {x{ ...... ;~}. 

Let W i be the set of all vertices of G having the form x~, 2 = l,...,m. The mapping 
= ~-i which is the inverse of @, is called isometric contraction of the graph G to the 

graph G~ relative to the sets W I .... ,W n. 

THEOREM 3. The graph G = (X, U) is isometrically embeddable in a Hamming graph if and 
only if it is obtained from a one-vertex graph by a sequence of isometric expansions. 

Proof. Let G be an isometric subgraph of the graph H = Ha I • ... x Hen, where H has the 
least number of vertices among all Hamming graphs in which G is isometrically embeddable. We 
will show that G can be isometrically contracted to some graph G with fewer vertices which 
is isometrically embeddable in a Hamaning graph. Consider the complete subgraph O of the 
graph G with maximum number of vertices. By the choice of H, C has the maximum number of 
vertices among the complete subgraphs of H. Without loss of generality, we may take ICI = 
a n . Let C = {xi,...,Xan}. The graph H is representable in the form Ho x Hen, where H 0 = 
Ha, • ... X Ha,_l. It is easy to see that the sets W i = Wxi(C) are contained in ~=H 0 • {i}, 
i = I, .... a n . The set C is Chebyshev, and therefore the family {Wxi(C):x, 6C} partitions the 



set X into d-convex subsets. The vertices from H ~, i = I ..... an, will be denoted by x~ ~ ..... xl I, 

where rn = a,.....a~_1 so that the vertices x~t)6H ~l~ ..... x~an~6 H (n~, /- I ..... rn, induce a complete sub- 
graph in H. The Hamming graph H 0 = (V0, U0), where V 0 = {Yl ..... Ym}, may be obtained from H 
by identifying the vertices x~ I~ ..... xCl an), I -----'I ..... m, with the vertex ys This contradiction 
transforms the graph G into a subgraph G o of H 0. It is easy to see that G o is obtained from 
G by isometric contraction relative to the sets WI,... ,W n. Indeed, since the sets Wi, W i U 

Wh i,i,k=1 ..... an~ are d,convex in G, the sets W~= U {r W~ U W~ i,j,k=l ..... an, in- 
a n an 

duce isometric subgraphs of G o . Since C is a Chebyshev set, then ~W~ UWO=X0. The 
/=1 i=1 

yn) EUo:yt6Wi~Wi,ynEWi~l~}=O f o r  any indexes  definition of identification implies that {(Yz, 0 0 0 

~, ]=I ..... a n . We will now show that G O is an isometric subgraph of the Hamming graph H 0. Let 

Yi, Yj be arbitrary vertices from G o . If for some index s the vertices ~z}, ~0 belong to the 

set Wi, then dao(Yl, yl)=d~(~ z}, x4~)=dH (~0, x?~)= dtl,(yi, yj). Consider the case when ;d/~6 W~, 

~0~W z, ~k)61Wh, ~/k)6Wh.. Since the set W~ U Wk induces an isometric subgraph of G, then 

there exists a shortest chain from ~l) to ~) which is entirely contained in W~ U W~. On this i i 
chain, there are adjacent vertices x(pO, #)such that x~)6 W~, x(nk)E W k. We thus have da0(9i, Y])= 
~(~l), ~k))_ 1 = dso~i,yj), i.e., G O is an isometric subgraph of H 0. 

Now assume that the graph G is obtained from G o by isometric expansion ~ relative to the 
sets W ~ ..... W ~ If G o is an isometric subgraph of H 0=Ha, • ... x Han_p we can show that G is 

isometrically embeddable in the Hamming graph H = H 0 • H m. Consider an arbitrary vertex x i = 
~p(x) ~] ~z , where the vertex x corresponds to the tuple (x ~ ..... x"-*). To the vertex x i associate 
the n-vector (x i ..... x "-~, [). We will now show that we have obtained an isometric embedding of G 
in H. If the vertices x i, Yi belong to the set Wi, then the distance d(xi, Yi) is equal to 
d(x, y), i.e., it coincides with the number of different pairs of coordinates in the tuples 
(X l ..... X "'I, i), (Y* ...... _9 n-l, i). Now let x~ ~ Wi, 9~ 6W~. Since the set W ~ U W~ induces an isometric 
subgraph of Go, we have the equalities d(x~,y~)----d~o(x,y)+l-----d.o(2, g)+l=dt~(x~, yj). The last 
equality follows from the fact that the Hamming distance between the tuples (x ~ ..... x n-*, ~), 
(9* ..... y--~,i) is dH0(x , y) + I. QED. 

A direct corollary of this result is the following constructive description of isometric 
subgraphs of hypercubes. 

THEOREM 4. The graph G is isometrically embeddable in a hypercube if and only if it is 
obtained from a one-vertex graph by a sequence of binary isometric expansions. 

Remark 3. Theorems 1 and 2 are true also for graphs with any (not necessarily finite) 
number of vertices [16]. 
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