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Abstract

We develop a theory of isometric subgraphs of hypercubes for which a certain inheritance of
isometry plays a crucial role. It is well known that median graphs and closely related graphs
embedded in hypercubes bear geometric features that involve realizations by solid cubical complexes
or are expressed by Euler-type counting forneufar cubical faces. Such properties can also be
established for antimatroids, and in fact, a stréfigfitard generalization (“conditional antimatroid”)
captures this concept as well as median convexity. The key ingredient for the cube counting formulae
that work in conditional antimatroids is a simple cube projection property, which, when letting
sets be encoded by sign vectors, is seen to be invariant under sign switches and guarantees linear
independence of the corresponding sign vectors. It then turns out that a surprisingly elementary
calculus of projection rad lifting gives rise to a plethora of equivalent characterizations of set
systems bearing these properties, which are not necessarily closed under intersections (and thus are
more general than conditional antimatroids). One of these descriptions identifies these particular set
systems alias sets of sign vectors as the lopsided sets originally introduced by Lawrence in order to
investigate the subgraphs of thecube that encode the intersection pattern of a given conveX set
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with the closed orthants of thedimensional Euclidean space. This demonstrates that the concept of
lopsidedness in its various disguises is most natural and versatile in combinatorics.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

In this paper, we investigate lopsided sets, which were introduced by Lawr&fce [
in 1983. Recently, they were rediscovered in tumtext of extremal @mbinatorics and
namedample setssee B]. They constitute a certain class of subsgtsf the dementary
abelian 2-group

Sign(X) == {—1, +1}*

of all sign mapsdefined on some finite se{, that is, the sebf all maps fromX into
the two-elenent group{—1, +1}. Givenany subseY of X, one can always associate two
subsetsSy andSY of Sign(X — Y) with an arbitrary se§ < Sign(X) of sign maps:

Sy = {t € Sign(X —Y) | some extension € Sign(X) of t belongs taS},
SY = {t € Sign(X —Y) | every exensions € Sign(X) of t belongs taS}.

These operations suggest two ways to derive a simplicial complexdtom

?(3) ={Y C X | S|y =Sx-y = Sign(Y)},
X(S) ={Y T X|SY #u).

Using this notation, the aginal definition of lopsidedrssamounts to the condition that
for eachA C X,

eitherA € X(S) or X — A € X(Sign(X) — S).

The starting point of our investigations was the simple, yet slightly surprising observation
(cf. Section 4 Corollay 1, seealso []) that

HX(S) < #S < #X(S)

holds for whatever subset of Sign(X) one considers. So, it appeared to be natural to
define a sef of sign maps to bampleif equality #5 = #X'(S) holds. Ampleness turned

out to be preserved when passing to the sefsand Sy, and toimply connectedness
(and, even more, isometricity) of the subgraph induced iy the hypercube SignX).

It followed thatSy andSY had to be connected (isometric) subgraphs of Sign- Y)

for every ample subset of Sign(X). Converse}, connectivity (or isaneticity) of S¥ for

allY C X turned out to imply ampleness, suggesting to call such subgpésconnected

or superisometricFurther investigation finally resulted in recognizing that our ample sets
coincided exactly with Lawrence’s lopsided sets and that an amazingly rich and multi-
faceted theory regarding such subsets of §¥)ncould be developed. Here is a list of
same of the most remarkable properties of lopsided sets, each of which could be used to
define them (altogether we establish 30 equivalent conditions):
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superisometrySY is isometric for ally C X,
superconnectivityS" is connected for aly C X,
commutativity(SY)z = (Sz)Y holds for any disjoint, Z < X,
amplenesstS = #X(S),

sparseness#S = #X(S).

Lopsided sets can be regarded as a comnemegnlization of atimatroids (convex
geometries) and median graphs (among which are trees, hypercubes, and covering graphs
of distributivelattices), which are two important discrete structures arising in combinatorial
and distance geometry. As to the geometric interpretation of lopsided sets, already the
primary motivation of Lawrence in his papetd was toinvestigate andjeneralize those
subsets

S(K) :={se Sign(X) | {t e K | t(xX)s(x) > 0forallx € X} £ @}

of Sign(X) that arise from convex seté of R* defined to comprisexadly those sign
maps from SigriX) that represent the closed orthantsRsf intersectingk . He showed
that not every dpsided set encodes the orthant intersection pattern for a convex set in
Euclidean space. It comes close, though. In ordédiate afull geometric representation,
one has to resort to a weaker concept (“ortho-convexity”) of convexity. For a sSbset
of 2%, let |S| be the polyhedral cubical compl@btained by replacing all faces 6f by
solid cubes. IfS is connected, thelf| is connected as well, and therefore can be endowed
with an intrinsicl;-metricd;s|. Theresulting metric spac€|S|, ds)) is geodesic but not
necessarily a metric subspaceBf*, || - ||1). For exanple, if S comprises the six vertices

of an isometric 6-cycle in the 3-cube, the$) is a solid 6-cycle ofR3. Thel;-distance
between the midpoints of two opposite sides of this cycle is 2, while the inttindistance
between the same points is 3. In the follow-@p ¢f this paper, we Wi establish that;-
isometry of the associated cubical complexudidean space is yet another characteristic
feature of lopsidedness, thus demonstiatimat lopsided sets constitute a fundamental
domain forl1-geometry:

I1-isometry: |S| endowed with the intrinsid;-metric dis; is a metric sbspace of
R, - 1l);

ortho-convexity:S encodes the orthant intersection pattern for some geodesic metric
subspaceK of (R", | - |l1), that is,x € S exadly when the orthant determined by the
corresponding sign vectox2- 1 also includes a point frorik .

One of the main results ofLP] is the fdlowing strikingly elementary description of
lopsidedness (via “total asymmetry”). First, viewing S{gf) as the vertex set of the
“solid” hypercubeH (X) = [-1, +11% ¢ RX of dimension #&, one can speak of its
faces

[s1, 2] i={s € H(X) | s(X) € [s1(X), 2(x)] forall x € X}

for 51, 5 € Sign(X). Two veticess andt from a faceF are said to be antipodes i
if 7 = [s,t]. Now, according to 12, Theorems 34], a subsetS of Sign(X) is lopsided
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Fig. 1. Obstructions to lopsidedness.

Fig. 2. Two complementary isometr8-cycles hat are not lopsided.

if and only if, wheneverF is a face ofH (X) andS N F is closed with respect to the
antipodal mapping fof (i.e., if the antipode iF of any vertex fromS N F also belongs
to S), thenS N F is either empty or all of SighX) N.F. In paticular,S is lopsided exactly
when its complement in SigiX) is, so that one could speak of lopsided bipartitions of
Sign(X). Examples of bipartitions that are not lopsided are indicate&igs. 1and2: in
each case, SigiX) is displaya as a grph, viz., the #&-dimensional cube, and either part
of the bipartition is tbsed under the amtodal mapping of SigX).

In the present paper, we provide the combinatorial characterizations of lopsided sets,
each emphasizing one or anatlieature of lopsidedness, as well as relationships with
other properties of set systems.

2. Setsof setsand sets of maps

Throughout this pape denotes a finite set with := #X elements, and’ is any (set-
theoreticsimplicial complexonsisting of subsets of, thatis, weassume thak’ C P(X)
satisfies the condition

BCAeX=BelAX.
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Itis not required thaX or X be nonempty. A standard example of a simplicial complex
is given by he collection of independent sets of a matroid defineon

There are two natural notions of complementation for collect®n$§subsets oX: one
could consider either the complemé@nix)—2l of 2(in P(X), orthe se{X—A | A € 2} of
all complements of the sets®h Renarkably, while neitheP (X)—X nor{X—A| Ae X}
is a simplicial complex whetk’ is a simplicial complex different frord and’P(X), the
concatenation of the two complementation operators associates a simplicial complex

X =PX)—(X—A|AcX)={X—-A|AcPX) — X} (1)

to any given simplicial compleX’ € P(X). Obviously, forallA, B € X with AUB = X
andAN B = ¢, one has eitheA € X or B € X*, butnot both. Further,
PX)={ASX|AZXJU{AC X | X - Agx™,
X** — X
H#HY +#X* =2,
Restriction to subsets of lifts to an operation on complexe&s above, it$ conveient

to refer rather to the complemeiyt of the subset oK to which one wants to restrict, i.e.
to define

XAy ={ANX-=-Y)|AeX}={AcX | ANY =0} (2)
for every subseY of X. Regading Ay as a complex of subsets ®f— Y, we have
(X)) ={X=Y)—AJAeP(X-Y) - A}
={X=-Y)—A|AC X—-YandA¢ X}
={BCX-Y|(X=-Y)—B=X—-(BUY) ¢ X}

={BCX—Y|BUY e x*}. (3)
Therefore((X™*)y)* coincides with

XY =(BCX-Y|BUYeX}={A-Y|YCAcx] (4)
implying that also

()* = (Y and(X)* = (X*)y (5)
must hold. We record the following elementary properties:

XY cay, (6)

X =x=2xy,

XX 4P = X =P(X),
Xx £ & X £ < JeX.

Furthemore, for ally, Z € X with Y N Z = @, we have
(X% = X102, )
(Xy)z = Xyuz,
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Xz ={A=Y|YCAecX, ANZ =)
={A=Y|YCAc Xy}
= (X2)".
To motivate the next concept, recall that thepes” of an oriented matroid defined on

X are described by certain sign maps from Sign. In paticular, if X € R" and if one
assigns to every linear map: R" — R with X N ker(A) = @ the sign vectos, from
Sign(X) defined bys, (x) := sgn(A(x)) for x € X, then asubset of Sigr{X) is obtained,
that is well known to enode a number of geometric propertiesxaf

In what follows,S is any sibset of Sigr{X). By corvertion Sign(¥) consists of the
empty map. The set-theoretic complemensadé denoted byS™*:

S* == Sign(X) — S. (8)

As before, restriction of maps to a subset considered as an operation on subsets of
Sign(X) is referred to by the complemeivt of that subset:

Sy = {s|x_v | se S}
= {t € Sign(X — Y) | some extension € Sign(X) of t belongs taS}. 9

The set((S*)y)* then coincides with

SY = {t € Sign(X —Y) | every exensions € Sign(X) of t belongs taS}.  (10)

Therefore
(SV)* = (MY and(SM)* = (). (11)
As above, we record some simple properties:
S c Sy, (12)
§=8=35y,

SX 4P — S =Sign(X),
Sx £ <= S#0.
Furthe, forY, Z € X withY N Z = @, we have

(SN =872, (13)
(Sy)z = Svuz,
SNz ={tlx-v)-z [t €S")

= {tlx—(vuz) | t € Sign(X —Y) and every extension d¢fbelongs taS}

C Sy ={te Sign(X — (Y U Z)) | every exension oftto X — Z

can be extended to a map$).

If Y = {e}isa dngleton set, we omit set brackets in the corresponding sub- and superscripts
for X andS; thennote that

#Xe + #HXC = #X, (14)
#Se + #S® = #S. (15)
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There is, of course, a purpose for developing these concepts and notations in parallel:
every sinplicial complexX can be encoded by the set
S(X) ={sa| Ae X},
where
SA(X) = {J—ri gt)r;eerv'voi\’se
denotes the characteristic sigh mapfofreldive to X). Clearly, X' coincides with
{AC X[ (S(X)x—a = Sign(A)}
as well as with
[AC X (S@NA #0).

In the same fashionY is obtained from(S(X)) x—w for any subseW of X that includes
UX. Thus,Xy is obtained fromS(X))y and sois¥” from (S(X))". The alove equéions

for X suggest two ways to derive, quite generally, a simplicial complex from an arbitrary
subsetS of Sign(X):

X(S) ={AC X|Sx-a=Sla=Sign(A)} ={AC X | (Sx-n" #0},  (16)
X(S) ={ACX|SA#£ M ={ACX|(SMx_a+#0}
To see thatltese complexes may be different, consider= {1, 2} andS = {——, ++}
(where maps tq—1, +1} are encoded as sign vectors). ThEQRS) = {d}, but X(S) =

{9, {1}, {2}}. o
Ingeneral X (S) € X(S) holds; and the two operators are related via complementation:

X(8%) = (X(S)* and X (S¥) = (X(S)*. 17)
Hence

(ACX|AcXO)IU[AC X | X —Ae X(SH}=P(X). (18)
Moreover, for every subsat of X, we have thenclusons

(X(S)y € X(Sy) € X(Sy) = (X(S))y. (19)

(XS =X ) XS € (XS (20)

3. Conditional antimatroids

As we have just seen, every simplicial complexs trivially retrieved as
X =X(©S)=X(©S)

from its setS of characteristic sign maps. To give a ra@ereral instance, first consider a
subset’ of P(X) satisfying

(i) el
(i) K,L € Limpliesk NL € L.
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Whereverp € K € £ suchthatK — {p} € £, thenp is called anextremepoint; the
set of all exteme points oK is denoted by exK). We saythatK € L is generatedby
A C K if K is the smallest member d@f containingA,; this is xpressed by the short-hand
[A] = K. Note hat A necessarilyncludes exK) wheneverA generateK . Set sptems.
satisfying (i) and (ii) with the additional property that every memieof L is generated
by its set of extreme points are callednditional antimatroidssince sich sets meeting
the additional equirementX € £ are known asntimatoids or convex geometriesee
Edelman and Jamisoi()].

Proposition 1. Let S be the set of characteristic sign maps encoding a set system
P(X) satisfying(i) and(ii). Then

X(S)={AC X | AC K forsome Ke £,and[A — a] # [A] forall a € A}
= {A C X | Aiis a minmal generating set of some K L},

X(S) = {AC X | there exists some € X with AN C = ¢ suchthat
BuCe Lforall B C A}
= {ex(K) | K € L}.

In particular, X (S) = X'(S) holds exactly whex is a conditional antimatroid.

A natural example of a conditional antimatroid is given by thegeff all (strict) partial
orders on a sel (seeFig. 3for the case #1 = 3). We then regard each partial order as
an asymmetric, transitive subset of the Cartesian sqMgreninus the diagonal, i.e., of
X ={(u,v) | u,v € M, u # v}. The extrere points of any membe¢ of £ are exactly its
“covering pairs”(u, v), that is,u < v and there is nw € M with u < w < v. For the set
S of characteristic sign maps associated’ tave then have

X(S) = X(S) = {H C X | H is the Hasse diagram of a partial orderidn.

A patticular class of conditinal antimatroids is given by set systefis- P (X) which
satisfy conditions (i) and (ii) and

(iii) forany x # yin | £, there eists someK € £ with #{x, y}N K =1,
(iv) K,L,M e LwithK,L € M impliesK UL € L.

For eachx € | £ there exists a smallest membj], of £ containingx, by (ii), such
that[x] # [y] for x,y € |J L in view of (iii). Then everyp € K with p ¢ [x] for all
x € K — {p} is an extrere point of K (and vice versa) because

K—{p}=|JixIIxeKbutpgxl}eL

by (iv). This shows thaK is generated by its extreme pts. Thus, conditions (i)—(iv)
guarantee thaf is a conditional antimatroid. Note that if in addition one impoXes L,
then£ becomes an antimatroid as well as a distributive sublattide(of).

An important subclass of the former class is described by the requirements (i), (ii), (iii),
and

V) Ki,Mj € £ ( = 1,2,3) with Kj U Kj € M for {i, j,k} = {1,2,3} implies
Ki1UKoUK3 e L,
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2<3<1

Fig. 3. The conditional antimatroid of all partial orders{dn2, 3} repregnted by their characteristic sign maps;
cf. [6, Fig. 3].

which indeed implies (iv). We then call amedan set systersince, by virtue of (i) and
(v), itis closed under the median operatiorof P(X) defined by

m(Ly, L2, L3) :=(LiNL2)U(LiNLz)U(L2aNLya).

Every abstract (finite) median algebra (for which the former set-theoretic ternary
operation is axiomatized) can be represented by a median set system via the Sholander
embedding into some power s X); minimality of the chosen seX thenguarantees
(iii); see [4,13). An inherent feature of median algebras is that they may be oriented so that
any element can serve as the empty set in #sdeated set representation: a median set
system. is mgped onto another one,

LAZ={KAZI|KeL),

by the automorphism gP(X) taking the symmetric difference with a fixed séte L
since

KazZ)yniLazy=mK,L,Z)Ar Z forall K, L € L.

Proposition 2. A set sgtem£ < P(X) is medan if and only ifL A Z is aconditional
antimatoid for each Ze L.

This observation suggests that a Setc Sign(X) be cdled amedan setif for some
t € S the translateS = {ts | s € S} of S in the goup Sign(X) encodes a median set
system, or equivalently, S encodes a conditional antimatroid for every S.
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4. Linear independence

Every sign mags € Sign(X) can be lifted to a sign mag € Sign(P (X)) by
5(A) = l_[ s(a) forAC X

acA
(with zs(¥) = +1, by convention). Clearly, these maps form a basis of the vector space
RPX) of all maps fromP(X) into R. Then, restrtting all zs to some subset’ of P(X)
will necessarily produce some linear dependence. However, simultaneously restricting the
set Sign X) to some subs&t C Sign(X), might restore linear independence. And indeed,
one can show that every s@tC Sign(X) lifts to a linearly independent set of maps defined
on X (S). This sinple observation, which entails that(S) cannot be smaller in size than
S, is crucal for all that follows:

Theorem 1. AssumeS C Sign(X) and X(S) € X € P(X). Then thelifting {ts|x | s €
S} of S constitutes a linearly independent subsefdf for any fieldF of characteristic
different from2.

Proof. We proceed by induction on = #X. Forn = 0, the assertion is trivial because the
empty set is a linearly independent subset of every vector space (even if it has dimension 0,
as withF?), and{+1} is a linearly ind@endent subset & = F¥}, So, asume that some
linear combination of the restricted mapsy (s € S) gives the zero map, that s,

Z(Xsfsb( = Z astsly =0

seS seSign(X)
holds for some coefficientss (s € Sign(X)) from I with «s = O for all s € §*. For each
e € X, (19 implies

X(Se) = (X(S)e € Xe C X.
By virtue of the induction hypothesiss|x, | S € Se} is a linearly ind@endent subset of

F¥e. For each ma € Sign(X), there exits a (inique) companios’ € Sign(X) with
s'|x—e = S|x—e buts'(e) # s(e); so, the induction hypothesis implies that

as+ag =0

must hold for alls, s with #{e € X | s(e) # S'(e)} = 1, whether inS or not. A trivial
induction on #e € X | s(e) # t(e)} then yields for any two mapst € Sign(X) that

_Jas if 7s(X) = 7t (X),
Y= otherwise

must hold. Consequently, we have
0= Z asTs(X) = 2nOt]_,
seSign(X)

where the subscript 1 refers to the constant sign map with valueSince chai) # 2,
we mnclude thatwy = 0 musthold and, thereforegs = 0 for all s € Sign(X) as
required. O
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Corollary 1. For every setS < Sign(X), one has
#X(S) < #S < #X(S). (21)

Proof. The inequality # < #X'(S) is a trivial mnsequence dfheorem 1 Applying this
inequality toS* yields

2" —#HX(S) = H(X(S))* = #X(S*) > #S* =2" — #S,
which implies
#S > #X(S). O

In thus setting the stage for the theory of lopsided sets, we closely follow a scheme that
has been applied (if not invented) by Emittéa in his treatment of Galois theont] and
class field theory3]. Using Dedekind’s lemmégquite compaable with ourTheorem }
which states that a certain s@tof maps, considered as vectors in a certain vector space
V, is linearly independent, he derives the basic inequaldy # dimV and then goes
on to study in detail the situation(s) where equality holds. It is amazing to realize how
often this simple idea (by far not exhaustedfresentday extremal combinatorics) has
led to discovery or, at least, transparent organization of new insights in pure and applied
mathenatics.

5. Ampleness and commutativity

As just pointed out, the preceding ciemy suggests to study those systeisof
sign maps for which equalityt'(S) = X(S) holds Clearly, the cardinality of this
simplicial complex must coincide with that & in this case. The next result lists a
considerable number of equivalent properties. In particular, statement (v) served as the
original definition of ample sets in B], whereas (xvii) was the original definition of
lopsidedsets in [L2].

Theorem 2. For any subsef < Sign(X), the fdlowing assetions are all equivalent:

() X(S) = X(S);
(i) #X(S) = #X(S);
(iii) X(S*) = X(8%);
(iv) #X(S*) = #X(S*);
(V) #S = #X(S);
(Vi) #S5* = #X(S");
(vii) #S = #X(S);
(viii) #S* = #X(S*);
(iX) #S® = #(X(S))® and#Se = #(X(S))c forall e € X;
(X) #S€ = #(X(S5))® and#Se = #(X(S))e forall e € X;
(Xi) #(SV)z = #X(SV)z2) = #H(X(S) )z = #(X(S5)2)" = #X((S2)Y) =
#(Sz)Y forallY,Z € X withY N Z = ¢;
(Xii) #(SV)z = #X(SV)z) = #H(X(S)z = #(X(S)2)Y = #X((S2)Y) =
#(Sz)Y forallY,Z € X withY N Z = ¢;
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(xi) & (xii)

(ix) (xiii) (x)

Yi=Z:=0

17 1) vi 17 ivi (21
(viii) (7 ) (i) trivial @) a7 (i) trivial (i) ) i) — (i)
(17)

an
(xvii) (xvi) (xviii)
trivial
(xv)
trivial

13 13
(xi) ) (xiv) 4y (xii)

Fig. 4. Schedule for the proof @heorem 2

(xiil) (X(S)H)z = X((SN)z) = X(SN)z) = (X(S)V)z forall Y,Z < X with
YNZ =4y,

(xiv) (SY)z = (Sz)Y forallY,Z € X withY N Z = g;
(xv) (SV)x-y = (Sx-v)¥ forallY € X;

(xvi) (SV)x_y ¥ < (Sx_y)Y #0forallY C X;

(xvii) forall A, B € X with ANB =@ and AUB = X, dther A€ X(S) or B € X(S%);
(xviii) forall A, B € X with ANB = #and AUB = X, dther A¢ X (S) or B ¢ X' (S*).
Proof. We proceed as indicated ifig. 4 all implications and equivalences that are
labelled in thefigure are straightforward.

The implication (xi) & (xii) = (xiii) follows from (19) and @0) because these assertions
imply that
X((8M)z2) = (X( SNz S (XSN)z
and
X((SM)2) 2 (X(SEMz = (X(S)H)z

hold for every subsef of Sign(X) and every pair of disjoint subseYs Z of X.

Using (4), (15), (19 and @O0), the equivalence (v) < (ix) follows from the
inequality

#HS = #Se + #S® < #X (Se) + #X (S®) < #X(S)e + #X(S)® = #X(S). (22)

This inequality also shows that (¥ (xi) for #(Y U Z) < 1. We now use induction on
#(Y U Z) to establish (v}= (xi) forall Y, Z € X with Y N Z = . FirstassumeZ # .
Picke € Z and letZ’ .= Z — {e}. Then the induction hypothesis yields

#S )z =#X((SV)2) =#(X(S) )z =#(X(S)2) =#X((Sz))Y) =#(Sz))¥
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and therefore
SNz =(Sz)",
X(SNH2) = (XS )z = (X(S)z)Y
holds. Hence, using@) with S replaced by
S =Nz = (S2)"
we get
#Sg = #X(S¢) = #X(S)e,
that is,
#SY)z =#X((SV)z2) =#H(X(S) )z = #H(X(S)2)".

We may also apply our induction hypothesis o because & = #X(Se) is already
established:

#H((X(Se))z)Y = #X(((Se)z)") = #((Se)z)".
Similarly, in view of X' (Se) = X'(S)e, We obtain
#HX2)" =#X((S2)Y) =#(S2)",

completing the induction for the cage+ 0.

If Z =0, asinilar (yet simplej argument works, picking somee Y.

The remaining implications (xX¢—= (vi) = (xii) follow from their counterparts (ix)
<= (v) = (xi) by complementation symmetry, that is, by exchanging the roleS of
andS*, and gplying the formulaeX (SY)z)* = X((($*)y)%) and ((X(S)YV)z2)* =
(X (S)*)Y)? = (X(S*)y)% forY, Z € X with Y N Z = ¢, whichare derived from§g),
(11 and (7). This completes the proof dheorem2 [

6. Superconnectivity and superisometricity

The set SigriX), comprising the vertices of the solid hypercude¢X) = [—1, +11%,
can be regarded as the graphic hypercube in which two sign snapdt form an edge if
and only if they differ at exactly one elemest X. The $ortest-path distance between
s andt equals theHamming dstance O(s, t), which is defined as the cardinality of the
difference set

A(s, 1) :={ee X |s(e) #t(e)}.

In particular, the pairs with Hamming distance 1 are the edges of(SignThe setS is
calledconnectedf it induces a connected subgraph of Sign, and itis calledisometricif
every mir of verticess, s’ of S can be connected il by a path of lengttD (s, s'). Findly,
S is said to beveakly isometridf every pair of vertices, s’ of S with D(s,s') = 2 has a
common neighbour i&s. Using the Borthands

[S1, s = [s1, 2] NS,
1s1, 2ls = [81, S2]s — {S1, S}
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for s1, & € S, we may réormulate (weak) isometry as follows: is weakly isometric if

and only if]s, sp[s # @ forall s1, s € S with D(s1, &) = 2; further, by a straightforward
induction onD(s1, Sp), we infer thatS is isometric f andonly if [s1, Sp]s is connected for
all s, s € S, ifandonly if ]s1, 2[5 # @ holds for alls;, s, € S with D(sg, ) > 2.

Lemmal. A setS C Sign(X) of sign maps is weakly isometric if and only(#e) f =
(STe holds for all e f € X with e # f. Moreover, S is isometric f and only ifSy is
weakly isometc for all Y € X or, equivalerily, exactly whenSz)" = (ST)z holds for
all Z ¢ Xand f e X — Z. Inparticular, lopsided sets are isometric.

Proof. By (13) we have(S)e € (Se)'. Every sign map € (Se) ' has four extensions in
Sign(X), which together form the four vertices of a two-dimensional f&ef H (X), and
at least two of those with distinct valuesfaimust be contained i§. Moreovers ¢ (S7)e

if andonly if S intersectsF in exactly two opposite vertices (antipodes)®f Herce,S is
weakly isometr if andonly if (ST)e = (Se) f holds for alle, f € X withe # f.

If [s,tls is connected fos, t € S, then so igs|x—vy, t|x—vls, for all subsetsy of
X. On theother hand, if]s, t[s is empty br somes,t € S with D(s,t) > 2, then
IsIx—v, tIx—v[s, is empty for any se¥ < A(s,t) with #¥ = D(s,t) — 2. Therefore,
isomety of S is equivalent toveak isometry ofSy forall Y € X.

To prove the final equivalence, we employetiweceding characterizations. & is
isometric, proceed by induction orZ#Pick anye € Z. Then

S2)" = (Sz-(ee) ' = (Sz—(e) e = (S z-(ee = SNz
Conversely, from this equality we infer, fof ¢ X and distinci, f € X — Y, that

(Sv)e) " = Svue) " = (SHvue = (SHve= ((Sy)Ne. O

We can now establish several further chaesiztations of lopsidedness, all of which
are based oifheorem 2 Conditions (iii) and (vi) below are referred to asiperisometry
andsuperconnectivityrespectively. That every lopsided set is isometric was observed by
Lawrence 12] (by referring to the Djokovi€ condition; seeT]).

Theorem 3. For everyS C Sign(X), the fdlowing assetions are equivalent:

(i) Sislopsided,;

(i) (SY)z is isometric for all disjoint subsets, ¥ of X;
(iiiy SY isisometre forallY C X;
(iv) (SY)z is weakly isometric for all disjoint subsets X of X
(v) (Sz)Y is weakly isometric for all disjoint subsets X of X;
(vi) SY is connected for all YC X.

Proof. The implications(i) = (ii) and(i) = (v) follow from Theorem 2andLemma 1
The equivalencgiii) < (iv) is covered byLemma 1 The inplications(ii) = (iii) and
(iii) = (vi) are trivial.

(v) = (i): We show by induction on ¥ +#Z that(SY)z = (Sz)" holds for all disjoint
subsetsY, Z of X. ForY = ¢ or Z = ¢ there isnothing to prove. IfY = {e} for some
e X, thenf € Z implies

S2)" =Sz )= (Sz—(1Df = (SHz_(1)f = SNz,
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where the second equality follows froemma 1and the assumption thatz_;s; is
weakly isometric, and the third one follows from our induction hypothesis. In particular, if
Y properly includege} and is disjoint fromZ C X — {e}, then

(SH2)Y ¥ = (S ® = (Sp)"

is weakly isometric by (v). Consequently, by applying the induction hypothesi$°to
Y — {e}, andZ, we get

(S2)" =SB = ()" = (8O ¥z = (S)z,

as asserted. We conclude tisais lopsided byrheorem 2

(iv) = (i): Then((S®)Y— 1)z = (SY)z is weakly isometric for ale € Y € X and
Z € X — Y. Herce we infer(S¥)z = (Sz)" as above by induction, thus establishing
lopsidedness.

(vi) = (iii): By astraightforward induction, it suffices to show th&ts isometric under
the assumption tha is connected and afi® (e € X) are isometric. Consider any shortest
pathsy, s1, ..., (K > 2) in S. Suppose by way of contradiction that

A(s-1,5) = A(sj-1,5j) = {€} with s (e) = sj_1(e)

forsome 1< i < j < k. Then inS® there exis$ a pathfrom s_1|x—(e} = S |x—{e} tO
Sj—1lx—(e) = SjIx—(e} Of length

H#A(S |x—(e}> Sj-1lx—1g)) < D(s,8)-1) < j—1—i

by isometry ofS®. This entails a path of the same length fran 1 to sj in S, contrary to
the dhoice ofs, . .., s as a shortest path ifl. [

Next, we hae the fdlowing recursive characterizations:
Theorem 4. For every setS C Sign(X), the fdlowing conditions are equivalent:

(i) Sislopsided,;

(i) Sisisometre, and bothSe andS*€ are lopsided for some e X;
(iii) S is weakly isomatric, and bothSe andS€ are lopsided for some e X;
(iv) Sis connected, an@® is lopsided for every & X.

Proof. From (v), it follows immediately thatS" is connected for every < X. In
view of Theorem 3 this esablishes(iv) = (i). The inplication (i) = (ii) follows from
Theorems 2&nd3, and(ii) = (iii) is trivial.

To prove the remining implication(iii) = (iv), we will first show thatS is connected.
Fors,t € S, sekct any pathug, Uy, ..., Uk in Se joining S|x—e = Ug andt|x_e = Uk.
Eachu; extends to somey; € S, andone necessarily has £ D(vj, vi+1) < 2 for all
i =0,...,k—1. WheneveD (vj, vit+1) = 2, we can adjoin a common neighbaure S
of vi andvj1 by weak isometricity, andventwlly obtain a path ir§ fromstot.

Next, we will prove thatS' is weakly isometric for evernff € X — {e}. Suppose by
way of mntradiction thatS T violates weak isometricity: then there are two sign maps
in ST (at distance 2) having their two common neighbaurs in Sign(X — { f}) outside
ST. We denote the two extensions to SigK) of each mays, t, u, v with indices+ and
— according to their value-1 or —1 at f. Then, by assumption$ includes{s;, s_} and
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{ty,t_}, butndther {uy, u_} nor{vy, v_}. On theother handS must inersect{u,, vy}
and {u_, v_} becauseS is weakly isometric. Therefore, say,—,vy+ ¢ S, so thatS
contains the 6-cycle formed sy, s, v_,t_, ty, u,. Necessarily, all these maps have the
same value a¢, say—1, because&® is lopsided and, hence, (weakly) isometric. For each
w € Sign(X) with w(e) = —1, letw’ denote its neighbour with'(e) = +1. SinceSe,
being lopsided, cannot intersect a 3-dimensional fade Of — {e}) in a 6-cycle, we infer
that at least one af_, v/, belongs taS, sayv/, € S. Now, asv isa ommon neighbour of
Sy, ty, v, v, € SoutsideS, the second common neighboundf with each ofs, , t, v_
mustlie in S becauses is weakly isometric. Hencgs,, s/}, {t;, t} }, {v_,v"} € S, and
consequently, by weak isometricity 8f, we alsoobtain{s_, s" }, {u;, u/ }, {t_,t_} € S.
This, however, implies thai® intersects a face of SigiX — {e}) in a 6-cycle, ontradicting
lopsidedness a$®.

To conclude the proof, we proceed by induction oX.#Ve have jus shown that
ST is weakly isometric for everyf # e. Moreover, asSe and S are lopsided, so are
(SHe = (Se)f and(s")e = (88" by Theorem 3Lemma 1 and (L3). Therefore, by the
induction hypothesis§ " must satisfy condition (iv) and hence (i), that 8! is lopsided
for every f € X. SinceS has already been shown to be connected, this establishes
(iv). O

7. Push downsand f-vectors

For a setS C Sign(X), the f-vector f(S) is the sguence fp(S), f1(S), ..., fa(S)),
where

fi (S) :=#U{SY Y C X, #Y =i}

is the nunber ofi -dimensional cubes if. For covenience, putf_1(S) := 0. Let us define
the two facets oH (X) corresponding te € X by

Ho = {t e H(X) | t(e) = +1},
He ={te H(X)|t(e) = —1}.

There are straightforward relationships between theector of a lopsided sef and the
f-vectors ofSe, S€, andof SN HS, SN Hg, S&:

fi (S) = fi(Se) + i (S®) + fi_1(S®), (23)
foralli=1,2,...,nand

fi(S) = fi(SNHg) + fi(SNHS) + fi_1(S®), (24)
foralli = 0,1,...,n. Recall from [L2, Theorem 2] (or by arguing with superisometry)

that lopsidedness is preserved under intersection with faces Xf. Thenfrom (24) and

lopsidedness of the sefsn Hg"™, S N Hg ', S€ one infers by induction that thé-vector of

a lopsided set gisfies the Euler rel<';1tio{ji>0(—1)i fi(S) = 1. Actudly, one can easily
turn this propest into anew characterization of lopsidedness:
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Corollary 2. Anonempty sef < Sign(X) is lopsidedf and only if
Z(—l)i fiSNF) =1
i>0

holds for dl facesF of H(X).

The proof for the converse is by induction, showing that under the Euler rel&tion
is isometric andS¢ is lopsided for everye € X, which proves thatS is lopsided by
Theorem 4iv).

We can now characterize lopsidednessan terms of he numberfy(S) of edges of the

graph ofS, in away analogous to ampleness and sparseness (which involves the number
fo(S) = #S of vertices of this graph instead).

Theorem 5. For every setS C Sign(X),
D HY Y e X(S) < fiS) < ) #Y Y e X(S)).

WhensS is connected, 1fS) attains the lower bound, or the upper bound, respectively, if
and only ifS is lopsided.

Proof. To establish the inequalities, we proceed by induction BnFirst we onsiderthe
upper bound forf1(S). PutXk(S) = {Y € X(S) | #Y = k}. Thefollowing inequalities
are obvous for anye € X:

f1(S) = fi(Se) + f1(S®) + #S°,

HX((S) > #Xk(Se) + #Xk_1(S® forl <k <n.

Since #5°¢ < #X(S®), by the induction hypothesis we obtain

f1(S) < fi(Se) + f1(S®) +#X(S®)
n n-1 n-1
< D K HXK(Se) + YK #HXK(S®) + ) #XK(S®)
k=1 k=0 k=0
n
= ) K(#Xk(Se) + #Xk-1(S%)
k=1
n
< ) _k-#Xk(S)

k=1
=) HY Y eX(©S).

If equality holds, thenfy(S®) = YRk - #Xk(S®), and therefore by the induction
hypothesisSe is lopsided for alle € X, whenceS is lopsided byrheorem 4iv).
To provethe first inequality, notice that

DHYIY XS} <) #Y Y eX(SNH)}
+ ) HY Y € X(SNHD) +#X(S®).

Since f1(S) = fi(S N H) + fi(S N HY) + #S€ and #5¢ > #X(S®), by the induc-
tion hypothesis we obtain theequired inequality. If equality holds, then necessarily
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#S€ = #X(S°®) for everye € X, whence eacl$® is lopsided. Again, byTheorem 4iv) S
is lopsided concluding the proof. [

Recall that every simplicial compleX’ over X is retrieved from the lopsided set of its
characteristic sign maps. There are typically many moreSeatsSign(X) giving rise to
the sane conplex X'. For insance, every tre§ with edges 12, ..., m (comprising the
setX) can be regarded as a lopsided set of sign maps yielli(¥y) = {4, {1}, ..., {m}}.
Namely, select an arbitrary vertéxof 7 as its root, which represents the constant sign
map with value—1; to any vertexs of 7 one then associates the map that assighdo
the elges on the path fromto t, and—1 otherwise.

All lopsided sets with the same simplicial complex have the sé&mector. To see this,
proceed by induction on the cardinality &f. Picke € X and letX be the smplicial
complex of the lopsided sesand7 . ThenXk is the associated complex of the lopsided
setsSe and7e, while X is the conplex of S and7©. By the induction hypothesis and
(23) we immediately conclude that(S) and f (7) coincide.

For a set systemd C P(X), thepush down operatiowith respect tee € X replaces
in £ evey setY suchthatY — {e} ¢ £ by Y — {e}; see L1]. The resulting set system
is denoted byL[e]]. Analogously, we define the push down operation of aSsef sign
maps encoding and denote the resulting set 8ye|]: for eachs € S the vabie ofs ate
is changed from-1 to —1 provided tha theresulting sign map with the flipped value was
not yet inS. When a squence of push downs is executed with respect to (not necessarily
digtinct) elementse;, ..., e € X, write L[e1,...,e&l] = Llel]llexl]...[e]] for
the result of his serial push down. For an enumeratien. .., e, of X, the swtem
Llel,...,enl], acomplete (serial) push dowof £, is asimplicial complex, because
Llel,...,en,el]l = L[el,...,enl] holds for everye € X.

ForS C Sign(X), we have

Slel1N Hy = SeandS[el] N Hy = S°. (25)

Thus the push down with respectaallows to represerfe andS€ internally within facets.
More generally, foty € X with Y = {eq, ..., &} # ¢, let

Hy :={te H(X) |t(e) = +1forallee Y},
Hy ={te H(X) |t(e) = —1forallee Y}.
Then
Sley, ..., &l NHy =Sy,
Sler,...,adlNHy =8
Hence, forz = {f1,..., fi} # 0,
(S2)" = S[f1,.... fiuen....adlN (HH)T, (26)
SHz=Slen, ... e fi, ..., illN(HYZ, (27)

Where(HZ*)j(r = (Hj)g constitutes the same face &f(X). Therdore, if the serial
push downs commute, thehis lopsided byTheorem 2xiv). From Theorem 2xv) and
the equalities Z6) and @7) apdied to Z = X — Y, one concludes thaf is lopsided
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if all complete seriabush downs yield the same simplicial compl&{e, ..., e l] =
Sler), - - -, m] for all permutationsr.

Proposition 3. For a setS C Sign(X) and e€ X,
X(S) C X(Slel]) € X(Slel]) € X(S).

In particular, if S is lopsided, therS[e] ] is also bpsided such that'(S[el]) = X(S)
and

S'lel]=S[el]Y forY € X — {e} (28)
hold, whenceS andS[el ] have the same f-vector.

Proof. The inclusionX (S) € X (S[el]) follows from the definition of the push down
operation, whileY' (S[el]) € X(S) holds because

X(S[el]) = X(Se)U{YU{e}|Y e X(S®) C X(S). O

Proposition 3mplies that all lopsided sets having the same simplicial complex can be
obtained from each other by push dowaerations and inverse operations.

LetS < Sign(X) be lopsided. Thes[e|] is lopsided for eack € X by Proposition 3
suchthat X (S[el]) = X (S). From this equdity we conclude that all serial push downs
yield the same simplicial compleX(S). Since intersections of lopsided sets with faces of
H (X) are always lopsided, it suffices to sh&ie, f|] = S[f, el] in order to establish
commutativity. But as we may assume tiat= {e, f}, thisis now evideh Hence we have
established the following characterization of lopsidedness.

Corollary 3. For a aubsetS C Sign(X), the fdlowing assetions are equivalent:

(i) Sislopsided,;
(ii) all serial push downs commute;
(iii) all complete serial push downs yield the same simplicial complex.

A simplicial complex X’ is said to beconformalif any set of elements is included in
a member ofY’ whenever each pair of its elements is contained in a membat. @f
course, a simplicial complex is conformal exactly when it is a median set system. On the
other hand, median set systems can be chariaetl among lopsided sets by employing
conformality:

Lemma 2. If £ € P(X) is a conditional antimatroid or a median set system, respectively,
then so isC[e| ] for each ec X.

Proof. Let M = m(Ly, Lo, L3) € £ for someLq, Lo, L3 € L. If M — {e} € L, then
the push down with respect wleaves the median i[e]]. So asumeM — {e} & L. If
{i, j} €{1,2 3} withi # jandL; —{e},Lj — {e} € £, then

M —{e}=m(Li —{e},Lj — (e}, Lv) =M —{e} € Lfor {i, j, k} = {1, 2,3},

a ontradiction. Therefore the push down applied-tq L2, L3 removese in at least two
instances, so that the mediandfel]is M — {e} € L[e}]. O
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Fig. 5. Obstruction to madnness in lopsided sets.

Proposition 4. The following shtements are equivalent for a lopsided s§t C
Sign(X):

(i) Sis amedian set;

(i) #(S* N F) # 1for every 3-dimensional facg of H (X);
(i) the conplete push down af is median;
(iv) X(S) is conformal.

Proof. The implications(iii) = (iv) and (iv) = (ii) are trivial, while (i) = (iii)
follows from Lemma 2 To estalish that(ii) = (i) we proceed by way of contradiction.
First observe that condition (ii) is preserved under push downs. Indeed, suppose by way
of contradiction thatS[e|] intersects a 3-dnensional faceF of H(X) along three 2-
dimensional faces as indicated Hig. 5. Consider the 3-dimensional facE’ = {s' :
A(S, s) = {e} for somes € F}. Nether F nor ' is fully contained inS. SinceS fulfills
the condition (ii), necessarily@& N F) < 6 and #S N F’') < 6. Each 2-dimensional face
of S[el] N F is the push downfoa 2-dimensional face of eithe$ N F or S N F'. Herce
we may assume without loss of generality tSashaes with 7 two 2-dimensional faces
and with 7" one 2-dimensional face. This face shagdges with two other 2-dimensional
faces ofS each intersecting botit and F’. As aresult, these three 2-dimensional faces
will generate thedrbidden configuration. This establishes our assertion.

Now, choose a lopsided sétsatisfying (ii) such thas;, s, s3 € S have their median
in S* with the distance surk = D(t, 1) + D(t, 82) + D(t, s3) being nminimal. If k > 3,
by minimadity of k there must be a neighbotire S* of t on the way to one o}, s, s3,
thatis,t’ € [t, 5] for somei. Let A(t, t") = {e}. Thent’ is the median of the three images
of s1, S, s3 under the push down relative &yielding a smaller distance sum, contrary to
the minimality ofk. [

Conformality of ¥ (S) along with properties of lopsided sets (such &# #X'(S))
constitute the gist of the results frof,9] on median setsS.
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