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Abstract. Given a graph G = (V, E), a vertex v of G is a median vertez if it minimizes
the sum of the distances to all other vertices of G. The median problem consists in finding
the set of all median vertices of GG. In this note we present a self-stabilizing algorithm for
the median problem in partial rectangular grids. Our algorithm is based on the fact that
partial rectangular grids can be isometrically embedded into the Cartesian product of two
trees, to which we apply the algorithm proposed by Antonoiu, Srimani (1999) and Bruell,
Ghosh, Karaata, Pemmaraju (1999) for computing the medians in trees. Then we extend our
approach from partial rectangular grids to a more general class of plane quadrangulations.

1 Introduction

Given a (finite, connected) graph G one is sometimes interested in finding the vertices
minimizing the total distance ), d(u, x) to the vertices u of G, where the distance d(u, x)
between u and x is the length of a shortest path connecting u and x. A vertex x minimizing
this expression is called a median (vertex) of G. The median problem consists in finding
the set Med(G) of all medians vertices. The median problem arises with one of the basic
models in discrete facility location [34,38] and with majority consensus in classification
and data analysis [7,9, 10]. This is also a classical topic in graph theory [11, 31, 38]. Linear
time algorithms for computing medians are known for several classes of graphs: among
them are trees [38], planar quadrangulations and triangulations with degree-constraints,
partial rectangular grids [18], and a few other classes of graphs. A distributed algorithm
for computing medians in graphs is given in [35]. Finally notice that some papers [7,37]
investigate the structural properties of median sets in special classes of graphs.

In distributed systems, the median is a suitable location for information exchange and
communication. Indeed, to place a common resource at a median site minimizes the cost
of sharing the resource with other sites. Note also that [26] shows that, given a network
of a tree topology, choosing a median and then routing all the information through it
minimizes the number of messages sent during any execution of any distributed sorting al-
gorithm. Moreover, partial rectangular grids and trees are among the most used topologies
in the design of microprocessors and distributed architectures. It is therefore of important
practical interest to solve the median problem in a distributed setting on such a topology.

A distributed system can be defined as a set of processors exchanging information
between neighbors. The system state, called global state or configuration, is the union of
all the local states. A processor only has a partial knowledge of the system, this knowledge
varying according to the system connectivity for example. It is in general desirable to
maintain the system in a certain set of states, the legitimate states. An algorithm running
in a system is said to be self-stabilizing if any execution has a suffix in the set of the
legitimate states [22]. Self-stabilization is very desirable and useful in distributed systems
because it provides immunity to transient failures and can even make possible in some cases
a dynamical and transparent modification of the system topology. Moreover self-stabilizing
algorithms are often elegant and simple. The self-stabilizing paradigm was introduced
by Dijkstra in 1973 [21]. He gave three self-stabilizing mutual exclusion algorithms on
rings, opening a field of research still extremely dynamic today in distributed calculus.
Self-stabilizing algorithms have been conceived to answer problems of routing [19,20],
synchronization [6,32], leader election [4, 23], spanning tree construction [2, 5], maximum



flow and maximum matching [27, 30], graph coloring [28], and mutual exclusion in several
kinds of networks [36].

Antonoiu, Srimani [3] and Bruell, Ghosh Karaata, Pemmaraju [13] proposed a strik-
ingly simple and nice self-stabilizing algorithm for computing the median set of a tree T
The state of each node is an integer s. At each step, the algorithm updates the s-value of
the currently active vertex v: it sets s(v) = 1 if v is a leaf, otherwise the algorithm com-
putes the sum of the s-values of all neighbors of v minus the largest s-value of a neighbor
and then add 1 (denoted by 1 + > (N; (v))). If the current s-value of v is different from
1+ > (N, (v)), then this value becomes the new s-value of v. The algorithm terminates
when there is no s-value to modify. Interestingly, this happens to be a “valid” global state
as the medians of T are the vertices with maximum s-values. The authors of [3, 13] estab-
lish that the algorithm stabilizes in a polynomial number of steps. See also [3,13,12, 33|
for self-stabilizing algorithms solving other facility location problems on tree-networks.

In this note, we propose self-stabilizing median computation algorithms for two classes
of plane graphs: partial rectangular grid and even squaregraphs. Our algorithms are based
on the fact that such graphs isometrically embed into the Cartesian product of two trees
and that the median in the initial graph G can be derived from the medians in two spanning
trees of GG closely related to the two tree-factors. Using the sense of direction in the grid,
the algorithm computes the tree-factors and apply the algorithm of [3,13] to compute the
medians of both spanning trees. This computation is performed anonymously. For an even
squaregraph G, the algorithm first computes a spanning tree of G using the self-stabilizing
spanning tree algorithm of Afek, Kutten, and Yung [1]. This algorithm needs unique
identities to be available for every node of the network. Then the algorithm “repairs” this
spanning tree in order to produce the two tree-factors and their spanning trees relatives, to
which the median computation algorithm of [3, 13] is applied. The algorithms have a round
complexity of O(e) and O(n?) respectively, where e is the maximum distance from a vertex
to a median vertex. By self-stabilization, our algorithms are resilient to transient failures.
Concerning non-transient failures like the permanent crash of a link or a processor, if the
resulting topology is still a partial grid or an even squaregraph, then the algorithm will
dynamically adjust to the changes. If not, and the crash creates a hole in the partial grid,
then it is of course likely that our algorithm will not find the correct medians or even will
not converge, because the computed factors could then contain cycles.

The article is organized as follows. In the first part, we investigate the properties of
partial grids, squaregraphs and their medians which are used in the algorithm. In the
second part, we describe the algorithms for computing their medians and give a proof of
the correctness as well as an upper bound of the time and round complexity. This is, to our
knowledge, the first self-stabilizing algorithm for location problems on non-tree networks.

2 Partial grids, squaregraphs and their medians

2.1 Preliminaries

In a graph G = (V, E), the length of a path from a vertex z to a vertex y is the number
of edges in the path. The distance dg(z,y) (or d(x,y) if G is obvious from the context)
between x to y is the length of a shortest path connecting x and y. The interval I(u,v)
between two vertices u,v of G is the set I(u,v) = {x € V : d(u,v) = d(u,z) + d(z,v)}.
A subset S C V is called gated [29] if for each v ¢ S there exists a unique vertex v’ € S
(the gate of v in S) such that v' € I(v,u) for every u € S. For every edge uv of G, define
W(u,v) = {z € V : d(u,x) < d(v,z)}. Given two connected graphs G = (V(G), E(G))
and H = (V(H),E(H)), we say that G admits an isometric embedding into H if there
exists a mapping o« : V(G) — V(H) such that dg(a(z),a(y)) = da(z,y) for all vertices
z,y € V(G).

The Cartesian product H = Hy X - -- X Hy, of connected graphs Hy, ..., H,, is defined
upon the Cartesian product of the vertex sets of the corresponding graphs (called factors),



ie, V(H)={u= (u1,...,um) :u; € V(H;),i =1,...,m}. Two vertices u = (uy, ..., uUn)
and v = (v1,...,v,) are adjacent in H if and only if the vectors u and v coincide except at
one position ¢, in which we have two vertices u; and v; adjacent in H;. The distance di(x,y)
between two vertices = (21,...,%m) and y = (y1,...,Ym) of H is > ", du, (xi, yi).

2.2 Medians

In the following, we consider graphs with weighted vertices. A weight function is any
mapping 7 from the vertex set to the positive real numbers. The total weighted distance
of a vertex x in G is given by My(z) = >, m(u)d(u,x). A vertex x minimizing this
expression is a median (vertex) of G with respect to 7, and the set of all medians is the
median set Med,(G). For a subset of vertices S C V, denote by 7(S) = > . g7(s) the
weight of S. We continue with the following property of median functions:

seSs

Lemma 1. For each edge uv in a graph G, My(u) — Mr(v) = 7(W(v,u)) — 7(W (u,v)).

Proof. Indeed, since u and v are adjacent, we have d(u,x) — d(v,z) = d(v,y) — d(u,y) =
1 for any vertices x € W(v,u) and y € W(u,v). Since d(z,2) = d(y,z) for any z ¢
W (u,v)UW (v, u), we conclude that Mr(u) — Mz (v) = 3 e () T(2)(d(u, 2) —d(v,2)) +

2 vew (wu) T(@)(d(u, 2) = d(v, x)) = 7(W (v, v)) = 7(W(u,0)). O

Goldman and Witzgall [29] established that if the weight of a gated set S of G is larger
than one half of the total weight, then Med,(G) C S. In trees, in partial rectangular grids,
in squaregraphs, and, more generally, in all median graphs, for each edge wv, the sets
W (u,v) and W (v, u) are gated. Recall that G is a median graph if for each triplet u, v, w
the intersection I(u,v) N I(v,w) N I(w,u) consists of a single vertex. We can then infer
that these graphs satisfy the following majority rule (which is a folklore for trees):

Lemma 2. [7,37] If G is a median graph, then v € Med,(G) iff 7 (W (u,v)) > (W (v, u))
for each neighbor v of w. If T is a tree, then 7(W(u,v)) = (W (v,u)) if and only if
Med,(T) = {u,v}.

It is well-known since C. Jordan (1869) that the median set of a tree consists of one
or two adjacent vertices. For median graphs, the following generalization holds:

Lemma 3. [7,37] If G is a median graph, then Med,(G) induces a hypercube. In par-
ticular, if G is a squaregraph or a partial grid, then Med,(G) is a vertex, an edge, or a
square.

2.3 Partial grids and squaregraphs

A rectangular system or a partial rectangular grid is the subgraph of the regular rectangular
grid which is induced by the vertices of the grid lying either on a simple circuit of the grid
(with possibly some vertices visited more than once) or inside the region bounded by this
circuit. Every partial rectangular grid is a connected plane graph with inner faces of length
four and inner vertices of degree four (the converse in general is not true). More generally,
a squaregraph [17] is a plane graph with inner faces of length four and inner vertices of
degree at least four. An even squaregraph is a squaregraph in which all inner vertices have
even degrees (see Fig. 1). Squaregraphs constitute a particular subclass of median graphs.
Median graphs arise in several areas of discrete mathematics, geometry, and theoretical
computer science. One of the basic properties of median graphs is that for any edge uv
the sets W (u,v) and W (v, u) constitute a partition of G into two gated subgraphs.



(a) (b)
Fig. 1. A rectangular grid (a) and an even squaregraph (b)

2.4 Isometric embedding into products of two trees

Now, we will describe the isometric embedding of partial rectangular grids and even square-
graphs G = (V, E) into the Cartesian product of two trees. For this we will use the nota-
tions in [8,17]. For a squaregraph or a partial grid G denote by G the bounding cycle of
G

First, let G = (V, E) be a partial rectangular grid bounded by the cycle OG. Denote
by Ej the set of vertical edges of G and consider the graph Gy = (V, Ey). It is clear
that the connected components of G are paths of G with end-vertices on 0G. Define the
graph T = (V(T1), E(T1)) whose vertices are the connected components of G; and two
components P’ and P” are adjacent if and only if there exists an edge of G with one end
in P’ and another one in P”. In the same way we can define the set Es of horizontal edges,
the graph Ga, and the tree Ty = (V(T4), E(T3)).

We obtain the following canonical embedding « of G into the Cartesian product 17 xT5.
For any vertex v of G, we set a1(v) (resp. az(v)) to be the connected component of v in
G1 (resp. G2). The embedding is defined by a(v) = (a1(v), az(v)). It can be verified that
« provides an isometric embedding of G into 17 x T5. For all vertices x,y of G, we have
da(z,y) = dp (a1 (x),1(y)) + dp,(aa(z), a2(y)). From now on, we will identify a vertex
of G to the couple of vertical and horizontal paths to which it belongs. We call such path
P a fiber, as P is equal to the subgraph induced by al_l(P).

This canonical embedding of partial grids can be generalized to all graphs isometrically
embeddable into Cartesian products of two trees. It was established in [8] that a graph
G can be embedded into the Cartesian product of two trees if and only if GG is a cube-
free median graph without odd bipartite wheels. In particular, from this characterization
follows that even squaregraphs admit such embeddings. To derive the embedding, the
edges of an even squaregraph G = (V| F) are divided into two sets E; and Es subject to
the constraint that two incident edges e; and ez of a common inner face of G belong to
different edge-sets. Equivalently, if we define the side-graph of G as the graph having the
edges of G as the vertex-set and two edges e, ey of G are adjacent in the side-graph if
and only if e; and ey are incident sides of some inner face of G, then the side-graph is
bipartite. Note that the bipartition {E1, F2} of E satisfies the following two conditions:
(i) all “parallel” edges of G, i.e., edges which belong to the same equivalence class of the
transitive closure of the binary relation “to be opposite edges of a common inner face of
G” all belong to the same color-class, and (ii) if we consider all edges incident to an inner
vertex v of GG, and number them counterclockwise, starting with an arbitrary edge, then
the edges having numbers of the same parity all belong to the same color-class Fq or Es.
Note also that the set of all edges parallel to a given edge e (i.e. all edges that belong to
the equivalence class of e) constitutes a cut-set of the graph G.

Analogously to the case of partial grids, the connected components of the graphs
G1 = (V, E1) (resp. Go = (V, E3)) are called the fibers of G (resp. G2). They are (gated)
trees. Define the graphs T; = (V(T;), E(T;)),i = 1,2, whose vertices are the fibers of G;
and two fibers F’ and F" are adjacent if and only if there exists an edge of G with one end
in F/ and another one in F”. Then 77 and T5 are trees. We obtain an isometric embedding
a of GG into the Cartesian product of the two trees 177 X T5, so that for any vertex v of G,
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i G=(V.E) STy
T G =(V,E») STy

Fig. 2. An even squaregraph and its trees T; and ST;

a(v) = (P,Q), where P and @ are the fibers of the graphs G; and G, sharing the vertex
v [8].

This isometric embedding into the Cartesian product of two trees is used to establish
one of the two properties on which our algorithms are based. Each vertex F; of T; is given
the weight 7;(F;) equal to the total weight of vertices of G located in Fj.

Proposition 1. Let G be an even squaregraph or a partial grid. A verter u = (aq(u),
az(uw)) is a median vertexr of G if and only if F1 = aq(u) and F» = as(u) are median
vertices of the trees T and Ty endowed with the weight functions w1 and wo Tespectively.

Proof. Denote by F; a fiber of the graph G; which is a median vertex of the tree T;,
; = 1,2. We assert that Fy N Fy # (). Suppose by way of contradiction that F; and
F5 are disjoint. From the definition of F} and F> we immediately conclude that Fh is
completely contained in the same connected component of the graph G\ Fj obtained
from G by removing all vertices of Fj. Thus all vertices x of Fy have their image a1 (z)
in the same connected component of 71\ Fj. Denote by F| the neighbor of F; in the
subtree of T7\F; which contains F5. From Lemma 2 and the fact that F; is median in
T, we deduce that 7 (Wr, (Fl,Fl)) > im(V(T1)) = im(V). In the same way, defining
F} to be the neighbor of F, in the connected component of T, \ F» which contains Fj, we
obtain 7o (Wr, (Fy, F3)) > $m(V). The sets of vertices of G whose images are respectively
in W, (F1, F}) and Wy, (Fa, F}) are disjoint and do not entirely cover the graph G. Since
7(x) > 0 for any vertex z of G, we obtain a contradiction with Lemma 2. Thus F1NFy # 0,
whence there exists a vertex m of G such that ay(m) = Fy and as(m) = Fy are medians
in T1 and 75 respectively. Thanks to the isometric embedding, we obtain

Mr(m) =Y w(x)da(m,z) = > w(x)dp (Fi,01(x) + Y w(2)dn, (F, az(x))

zeV zeV zeV
= Y mR)dn(FLR)+ ) m(Q)dn(F, Q).
REV(Tl) QEV(TQ)

Writing up a similar expression for any other vertex v of G and using the fact that F}
and Fy are medians of T} and T3, respectively, we conclude that M;(m) < My (v), thus
m is a median vertex of G. Conversely, the previous equality also shows that any median
vertex of Med,(G) can be expressed as the intersection of two median paths, one of T}
and another of Ty. [J



Before proving the second property of medians of partial grids and even squaregraphs,
we define two particular spanning trees S7; and ST, of an even squaregraph G. ST
contains all edges of F; plus exactly one edge running between each pair of incident fibers
of the graph G = (V, E7). The choice of this edge is arbitrary (we can also select an edge
belonging to the bounding cycle of G). We call such extra-edges the switch edges of ST and
denote them by FEf. Clearly, since all fibers of G are trees, the graph STy = (V, EyUEY) is
indeed a spanning tree of G. Analogously, we define the spanning tree ST = (V, E2 U EY).

Proposition 2. A vertex F; of T; (i = 1,2) is a median vertex with respect to the weight
function m; if and only if F; contains a median vertex m of the tree ST; with respect to the
weight function .

Proof. First suppose that m is a median vertex of ST; (i.e., m € Med,(ST;)) and let F; be
the vertex of T; such that a;(m) = F;. In other words, Fj is the fiber of G; containing m.
Suppose by way of contradiction that F; is not a median of T; (i.e. F; ¢ Medy, (7;)). Lemma
2 yields that My, (F') < My, (F;) for some vertex F’ of T; adjacent to F;. By Lemma 1 and
the construction of T; we conclude that My, (F;) — My, (F') = n(W (2, x)) —n(W (x,2")) >
0, where 'z is any edge running between F’ and F;. If m has a neighbor m’ in F’ and
mm’ is a switch edge, then it can be easily seen from the definition of the tree ST; that
all vertices of W (2/,x) (this set is defined in G) are closer in ST; to «’ than to x. This
implies Mr(m) — My(m') > m(W(2',z)) — (W (z,2’)) > 0, contrary to the assumption
that m is a median of ST;. On the other hand, if the switch between F; and F” is the edge
p'p with p’ € F’ and p € F;, and we denote by m’ the neighbor of m on the unique path
connecting m with p in the tree-fiber F;, then again, in the tree ST; all vertices of W (p', p)
are closer to m’ than to m. Since 7(W(p/,p)) > 2m(V), Lemma 2 yields that m is not a
median vertex of ST;, a contradiction.

Conversely, suppose that F; is a median vertex of the tree T;. We assert that F; N
Med,(ST;) # 0. Remove from T; all edges incident to F; and denote by Si,..., Sk the
resulting subtrees of T; not containing Fj. Then Lemmas 1 and 2 imply that ;(S;) <
%W(V) for any subtree S;. Now, if we pick the switch edge z;m; running between S}
and F; with z; € S; and m; € Fj, then from the definition of the spanning tree ST; we
infer that S; coincides with the set of all vertices which are closer in ST; to x; than to
mj. The majority rule for trees implies that M;(m;) < Mz(x;) holds in ST;. Now, the
median function M, on trees is convex [38]. Since My (m;) < My (z;), this implies that
My (xj) < Mr(y;) for any vertex y; € S;\ {z;}. Since any vertex z outside Fj is located in
some subtree S;j, we conclude that My(m;) < My(z;) < Mr(z) holds in ST;. This shows
that indeed F; must contain at least one median vertex of the tree ST;. O

We obtain the following corollary as a direct consequence of the two previous properties:

Corollary 1. m € Med,(G) if and only if a;(m) € Med,(ST;), fori=1,2.

3 Algorithms for the median problem

In the introduction, we outlined the self-stabilizing algorithm for the median problem in
a tree proposed in [3,13]. We continue, with a more detailed account of the model used
by this and our algorithms. Then we present the algorithm of [3,13] and our algorithms
for partial grids and even squaregraphs.

3.1 Computational model

The nodes of the graph G = (V, E) are seen as processors executing the same algorithm.
Each processor v € V has a memory whose value (its state) can be read by its neighbors,
but can be changed only by v itself. A distributed algorithm is a set of rules (a pair of



precondition and command) that describe how a processor has to change its current state
(the command) according to the state of all its neighbors (the precondition or guard).
We say that a rule R is activable at a processor v if the neighborhood of v satisfies the
precondition of R. In this case, the node v is also said to be activable. If a rule R is
activable in v, an atomic move for v consists in reading the states of all its neighbors,
computing a new value of its state according to the command of R, and writing this
value to the local memory. An execution is a sequence of atomic moves. This is indeed an
interleaved (central daemon) asynchronous model of computation. (Implicit) termination
or stabilization is reached when there is no more activable rules. The described model is a
standard model for distributed computing. It is exactly the same model as in [13], where
the algorithms are expressed in the language of “guarded commands”. It is extensively
studied in [14]. In his thorough study of computational models, it is coined by Chalopin
as the “interleaved cellular model”[15, chapter 5]. In [1], it appears as the “local detection
paradigm”.

A distributed algorithm is said to be self-stabilizing if an execution starting from any
arbitrary global state has a suffix belonging to the set of legitimate states. For our purposes,
we additionally suppose that the state variable of each node has a specific bit named the
median flag. Then a global state is legitimate, if the median flag of a node v is set up if
and only if v is a median vertex of G. The time complexity of a self-stabilizing algorithm
is the maximum number of moves that are performed until stabilization. A round [22] is a
sequence of moves such that each activable node at the beginning of the round is activated
at least once. The round complezity of a self-stabilizing algorithm is the maximum number
of rounds required by an execution to reach a legitimate state. Whenever we compose two
self-stabilizing algorithms, then we assume that this is done as a “fair composition”; this
guarantees the self-stabilization of the resulting composite algorithm; see Subsection 2.7
of [22]. In all three algorithms described below, only O(logn) bits are used to store the
state of each node.

We specify now the structural information that is used by each of three median com-
putation algorithms. In the algorithm for trees, neither nodes nor edges have identifiers.
In this case, the system is said to be anonymous. On the other hand, in the algorithm
for partial rectangular grids, nodes are anonymous but edges are not: for each node, there
exists a labeling of the outgoing edges that has the property of (weak) “sense of direction”,
allowing to compute the second neighborhood of each node in a self-stabilizing manner.
Informally, a system represented by a directed graph is said to have sense of direction if
it is possible to know, from the labels associated to the edges, whether different walks
from any given node v end up in the same node or not. The use of sense of direction in
a distributed system often leads to significant improvements on computability and com-
plexity [24]. Finally, in the algorithm for even squaregraphs, each processor has a unique
identifier (in fact, it is unclear for us whether this is a necessary structural information).

3.2 Trees

Let T'= (V, E) be a tree with n vertices and let ™ be a weight function on V. We need the
following notations:

— wv.s-value is the local value of the vertex v. It is also called the s-value of v;
— m(v) ={u €V :uv € E} is the set of neighbors of the vertex v in T

— Ns(v) = {u.s-value : u € v1(v)} is a multiset:

— Ny (v) = Ns(v)\{max(Ns(v))}-

S

The main result of [3,13] is the proof of self-stabilization in polynomial time for the
following algorithm (which we slightly modify to capture weighted medians as well). Al-
gorithms are described by a list of rules, and to simplify the formulation of preconditions,
we assume in all the following that a rule is not activable if its execution would not change
the state of the node.



MEDIAN TREE

(v is a leaf) —  wv.s-value= 7(v)
(v is not a leaf) —  v.s-value= 7(v) + 3 (Ng (v)).

In a stabilized state, the median vertices are those vertices whose s-value is greater
than the s-values of all their neighbors. It is shown in [13] that MEDIANTREE stabilizes
in O(e) rounds, where e is the maximum distance of a median to a leaf. Moreover, the
algorithm makes O(n?-c;) moves in the worst case, where ¢, is the maximum initial s-value
of any processor [13].

3.3 Partial rectangular grids

Let G = (V, E) be a partial grid with n vertices bounded by the cycle 0C. A vertex of
G having Cartesian coordinates (z,y) is denoted by v,,. The first neighborhood ~;(v) of
a vertex v = vy of G is the set V N {vzy41, Va,y—1,Vat1,y, Vo—1,y}, Where vg yi1, Vay—1,
Vpt1,y and vz _14 are the vertices of the square grid located at the North, the South, the
East, and the West of v, respectively. The second neighborhood 72 (v) of v in G is the set
Vn{vx—}-l,y—i-lv VUz—1,y+15 Vz+1,y—1, Ux—l,y—l}v where VUz+1,y+15 Vz—1,y+1, Vz+1,y—1 and VUz—1,y—1
are the vertices of the square grid which are located at the North East, the North West,
the South East and the South West of v respectively (see Figure 3).

Vz,y+1
Vz—1,y+1 Vz+1,y+1
N
w %
Vz—1,y Vz+1,y
E
s
Vz—1,y—1 Vz+1,y—1
Vz,y—1

Fig. 3. The first and second neighborhood of a vertex.

The model used by the algorithm MEDIANPARTIALGRID is similar to the one of ME-
DIANTREE except that each processor v has four variables whose values can be read by its
four possible neighbors, but can be changed only by v. A processor v should also know the
existence of the edges between its first neighborhood 7;(v) and its second neighborhood
~2(v). This structural information will be provided by communicating with the first neigh-
borhood under the assumption that the system has “sense of direction”. Each processor v
has also two booleon variables v.b; and v.by. The variable v.b; will be set if the path a;(v)
is a median vertex of T;. The algorithm MEDIANPARTIALGRID consists of three phases.

Phase 1. In this phase, with the knowledge of ~2(v) (it is obvious that the sense of
direction enables, for each node v, to compute 71 (v) U~2(v) in a self-stabilizing manner),
each processor v = v,, computes the sets ys7, (v) and ysr,(v) of its neighbors in the
spanning trees ST and ST5, respectively. For example, for the tree ST7, this can be done
by communicating with its first neighborhood ~;(v) in G according to the following rules:

Vay—1 € Vst () iff vay—1 € 71(v),
Vay+1 € Ys1y () M vz yr1 € 71(V),
Va—1,y € V51, (V) ff voo1,y € 11(v)

(v) (v)

A -1,y € 71 (Va—1,y—1) V Va—1,y—1 &€ Y1 (Va,y—1) V Vay—1 € 11(V)],
Vat1,y € Y51y (V) Ml vot1,y € 71(V) A

[Vot1,y & 11 (Vat1,y—-1) V Vat1y—1 € 11(Vey—1) V Vay—1 & 11(v)].

Phase 2. In this phase, each processor v runs the algorithm MEDIANTREE in parallel on
each of the spanning trees ST7 and S7T5. The variable v.s;-value is the s-value of v for the
tree ST;. Then a median of ST; can be identified by the fact that the s;-value of respective
processor is maximum in its neighborhood on S7T;, i = 1, 2.



Phase 3. In this phase, a classical broadcasting self-stabilizing algorithm [22, chap.4,
p97] is replicated in both directions on every vertical (respectively, horizontal) path to set
the boolean variables v.b; and v.by. Once the “vertical” and “horizontal” broadcasting
algorithms stabilize, the median set of G is formed by all vertices v of the partial grid G
for which v.b; A v.bs is true.

Theorem 1. The algorithm MEDIANPARTIALGRID computes the median set of a partial
grid G with n vertices in O(n) rounds and O(csn®) moves.

Proof. First we show that the algorithm stabilizes. Indeed, by simulating the execution
of MEDIANTREE on the two spanning trees ST7 and ST», we obviously maintain the self-
stabilization because the read and written variables are distinct (we use s; for the tree
STy and sy for STy). By composing these algorithms with the broadcasting algorithm,
the self-stabilization is still maintained according to Theorem 2.2 of [22]. Indeed, each
algorithm MEDIANTREE runs independently of the broadcasting algorithm and thus can
reach a legitimate global state. The broadcasting algorithm can then start to stabilize.
This shows that our algorithm stabilizes.

As to the time complexity, notice that the algorithm makes O(n? - ¢s) moves in the
worst case, where c; is the maximum initial s-value of any processor. Since the time
complexity of MEDIANTREE is superior to the time complexity of classical self-stabilizing
broadcasting algorithm, the time complexity of MEDIANPARTIALGRID is of the same order
than the time complexity of MEDIANTREE which is given in [13], concluding the proof. In
the same way, the round complexity of MEDIANTREE is O(e) where e < n is the maximum
distance from a median to a leaf in the spanning tree yielding a O(n) round complexity
for MEDIANPARTIALGRID.

Finally, we show the partial correctness of our algorithm, i.e. that in a global stabilized
state the processors v that have their two boolean variables v.b; and v.by set to true are
medians of the partial grid G. Indeed, by Corollary 1 a vertex (processor) v is median in
G if and only if it is on the vertical path of a median of ST} (thus variable v.b; set to
true) and on the horizontal path of a median of ST, (variable v.by set to true). Since the
algorithm MEDIANTREE correctly computes the median set of each tree ST7, STs, we are
done. [J

3.4 Even squaregraphs

Let G = (V, E) be an even squaregraph. The “irregular” structure of G does not allow
an easy use of the sense of direction as in the case of partial squaregrids. To obtain a
bipartition of edges used in the construction of the trees 11,75 and STi, STs, we will use
the self-stabilizing algorithm for constructing a spanning BFS-tree of a graph designed by
Afek, Kutten, and Yung [1] (for a survey on other related algorithms for this problem, see
[25]). This algorithm requires that each vertex v has a unique identifier v.ld. This extra-
information allows to break the symmetry in order to select as the root of the spanning
tree the vertex having the highest identifier.

Our median self-stabilizing algorithm MEDIANEVENSQUAREGRAPH consists of four
phases. In each phase, we present the specific conditions which allow to test if the state of
a vertex is legal or not for the current phase. If the respective condition is not satisfied,
then we describe the modifications which must be undertaken in order to return the system
in a legal state. We establish that after a finite number of activations, the corresponding
conditions of the current phase are satisfied by all vertices, thus the next phase can start.

Phase 1. In this phase, we construct a spanning tree using the algorithm of Afek and
al [1]. When this phase terminates, each vertex v has computed the identifier v.Root of
the root node of the resulting spanning BFS-tree, the identifier v.Parent of its father in
this tree and an integer v.Distance which is the tree-distance between v and the root. This
phase ends if the following condition holds in each node v:



Condition st(v):
{[(v.Root = v.ld) A (v.Parent = v.ld) A (v.Distance = 0)] V [(v.Root > v.ld) A (v.Parent € v.Edge-list)A

(v.Root = v.Parent.Root) A (v.Distance = v.Parent.Distance + 1)]} A (v.Root > max, ., Edge-list z.Root)

The algorithm, which is executed by each processor so that the system stabilizes in a
state in which all these conditions are satisfied for each node, is described in details and
analyzed in [1].

Phase 2. In this second phase of the algorithm, we aim to partition the edges of G into
two subsets E7 and E5 so that two incident edges belonging to a common square-face are
included in different sets F; and Es. For a vertex v, we assume that the edges containing
v as an end-vertex are numbered 0,...,deg(v) — 1 in the order in which they appear in
the counterclockwise traversal so that two incident to v edges which belong to a common
square have numbers of different parity. For each v € V| the variable v.Color equals i if all
edges incident to v which appear at even positions in the adjacency list of v belong to E;
and the remaining edges belong to Fs_;. Each vertex v runs the following algorithm:

st(v) A (v.ld = v.Root) — wv.Color:=1

st(v) A (v.ld # v.Root) A (the edge connecting the vertex v
with v.Parent occurs with the same parity in the adjacency
list of v as in the adjacency list of v.Parent) — wv.Color := v.Parent.Color

st(v) A(v.ld # v.Root) A (the edge connecting the vertex v to
v.Parent occurs with different parities in the adjacency lists
of v and v.Parent) — wv.Color := 3 — v.Parent.Color

We say that the condition col(v) is satisfied by a vertex v € V, if none of the precon-
ditions of the three previous actions is satisfied. Then Phase 2 terminates if the condition
col(v) is satisfied by all vertices v € V of G. Then each vertex v knows the list v.Edge — list;
of its neighbors in Gj.

Phase 3. In this phase, the algorithm constructs the spanning trees ST;, i = 1,2. For
sake of simplicity, these trees will be rooted at the same vertex as the root of the spanning
BFS-tree computed in Phase 1. To encode the tree S7;, we introduce for each v € V a
new variable v.Parent; which will denote the father of the vertex v in the tree ST;. The
algorithm consists in “correcting” the spanning tree of Phase 1 by replacing v.Parent by a
vertex belonging to v.Edge-list;, if this list contains a vertex located at the same distance
to the root as the vertex v.Parent. Since all fibers of the graphs G; are gated sets (in G),
the tree obtained in this way has all edges of E; and exactly one switch edge of E3_;
running between each pair of neighboring fibers of G;. Actually, if v'v is a switch edge
with dg(r,v") < dg(r,v) and v belongs to the fiber F, then necessarily v is the gate of r in
the fiber F' and v’ is the father of v in the BFS-tree. Indeed, the root r can be connected
with any vertex u of F' of GG; by a shortest path passing via the gate v of r in F, thus
the edge vv” will be included in the BFS-tree before the edge running from u to its father.
Each processor v € V runs at this phase the following algorithm:

col(v) A (v.Id = v.Root) — wv.Parent; := v.ld

col(v) A (v.ld # v.Root) A (the edge connecting v to v.Parent
belongs to E;) — wv.Parent; := v.Parent

col(v) A (v.ld # v.Root) A (the edge connecting the ver-
tex v to v.Parent belongs to E3_;) A (v.Parent.Distance <
Mingcy.Edge-list; <-Distance) — wv.Parent; := v.Parent

col(v) A (v.ld # v.Root) A (the edge connecting the ver-
tex v with v.Parent belongs to F3_;) A (v.Parent.Distance > —— wv.Parent; :=
MiNg ey Edge-list; L-Distance) argming ., gygeiist, T-Distance
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We say that the condition st;(v) is satisfied by the vertez v if none of the preconditions
of the previous actions is satisfied. Since the spanning trees ST} and ST, are constructed
at the same time, Phase 3 terminates if the condition st;(v) is satisfied at each vertex
v € V and for each index i € {1,2}. At the end of this phase, each node v € V' knows its
father v.Parent; in the tree ST;.

Phase 4. With trees 577 and ST» at hand, the algorithm is similar to that for partial
grids. First, the algorithm MEDIANTREE is used to compute the medians of the trees
STy and ST,. Then, using a self-stabilizing broadcasting algorithm, we set to “true” the
variable v.b; of each vertex v belonging to the same connected component of the graph
G; as a median vertex of the tree ST;. Once this broadcasting algorithm stabilizes, the
median set Med,(G) of G is formed by all vertices v of G for which v.by A v.by is true.

Theorem 2. The algorithm MEDIANEVENSQUAREGRAPH computes the median set of an
even squaregraph G with n vertices in O(n?) rounds.

Proof. The algorithm given by Afek et al. [1] for constructing a spanning tree stabilizes
in O(n?) rounds. This shows that Phase 1 stabilizes in O(n?) rounds. The Phase 2 needs
O(n) rounds in the worst case. By induction we can show that when a vertex v located
at distance ¢ from the root is activated during the round i + 1, the variable w.Color of its
father w, which is at distance i — 1 from the root, has been already correctly computed (by
induction hypothesis). Thus the rules of Phase 2 correctly compute the value of v.Color
using that of w.Color. Since two edges incident to the same vertex v and belonging to the
same square have numbers of different parity in the degree list of v, they will be included
in different sets £ and Fy by the algorithm. It remains to show that any edge uv is
inserted in the same edge-list by both vertices v and v. For this we proceed by induction
on k :=dg(v,r) < dg(u,r). Our previous argument shows that the assertion holds when
v is the father of u in the BFS-tree. So, suppose that v’ is the father of v and v’ is the
father of u in the BFS-tree and that u’ # v. It was shown in [16] for graphs more general
than squaregraphs, that, if u and v are adjacent in G, then their fathers u’ and v’ are
also adjacent. Since dg(v',r) = k — 1, by induction hypothesis we conclude that ' and v’
inserted the edge u/v" in the same set, say E1. Now, since each vertex inserts two incident
edges of a square in different edge-lists and the edge connecting a vertex with its father
is set in the same list by the two ends, we conclude that the edges v/u and v'v are in the
lists Ey of their extremities. This implies that the edge uv will be put in the list Fq by
both vertices u and v, thus establishing our assertion.

The rules of Phase 3 depend only of the information computed at Phases 1 and 2, thus
in order to correctly compute in Phase 3 the trees ST and ST5, it suffices that each vertex
is activated at this phase once. As to the Phase 4, the algorithm MEDIANTREE stabilizes
in O(e) rounds, where e is the largest eccentricity of a median vertex of G [13], thus its
complexity is the same as that of broadcasting. Summarizing, we conclude that the con-
struction in O(n?) rounds of a spanning tree of G dominates the overall complexity of our
algorithm. Most importantly, Proposition 2 establishes that MEDIANEVENSQUAREGRAPH
correctly computes Med(G). O

Remark 1. Note that, given a spanning tree of an even squaregraph and the unique iden-
tifiers, it would be possible to reconstruct locally a map representing the topology of the

graph and then compute internally the median set. But it would require much more than
O(logn) bits per node and therefore is not a satisfactory solution.
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