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Abstract

In this note, we present linear-time algorithms for computing the median set of plane triangulations wit
vertices of degree� 6 and median vertices of plane quadrangulations with inner vertices of degree� 4.
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1. Introduction

Given a finite, connected graphG = (V ,E) endowed with a non-negative weight functi
π(v) (v ∈ V ) themedian setMed(π) consists of all verticesx minimizing the total weighted distance

Fπ(x)=
∑

v∈V
π(v)d(v, x).

Finding the median set of a graph, or, more generally, of a network or a finite metric space is
sical optimization and algorithmic problem with many practical applications. The weighted vers
the median problem is one of the basic models in facility location (where it is sometimes call
Fermat–Weber problem); see, for example, [25]. It arises with majority consensus in classificati
data analysis [4,8,23], where the median points are usually called Kemeny medians. Algorith
locating medians in graphs are especially useful in the areas of transportation and communic
distributed networks: placing a common resource at a median minimizes the cost of sharing the r
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with other locations or the total time of broadcasting messages. Recently, motivated by a heuristic for
reconstructing discrete sets from projections presented in [7], the median sets of polyominoes and some
other special subsets of the square grid have been investigated in [19,22] (in [17], similar questions have
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been considered in the more general setting of linear metrics). Finally, [11] provides efficient algo
for the approximate computation of the values of the functionFπ(x) for points inR

n endowed with the
Euclidean distance.

Quite a few algorithms are known for finding medians of graphs (see [25] for an overview), bu
for trees the classicalmajority ruleyields a linear-time algorithm [20,21,28]: given a treeT and an edge
e = xy, the median set is contained in the heaviest of two subtreesTx, Ty defined by this edge (if th
subtrees have the same weight, then bothx andy are medians). This is so becauseFπ(x)−Fπ(y) equals
the difference between the weights ofTy andTx and every local minimum of the functionFπ is a global
minimum; for more details, see [25]. Later, using techniques from computational geometry this ap
has been extended in [15] and an efficient algorithm for the median problem on simple rectilinea
gons with an intrinsicl1-metric has been designed. More recently, similar ideas were used in [2,
develop simple (but nice) self-stabilizing algorithms for finding medians of trees; see also [1,3] fo
cient algorithms for maintaining medians in dynamic trees. Last but not least, [6] characterizes the
in which all local medians are (global) medians for each weight functionπ (by alocal medianone means
a vertexx such thatFπ(x) does not exceedFπ(y) for any neighbory of x). In particular, it is shown in [6]
that these graphs can be recognized in polynomial time and that they are exactly the graphs in w
median sets induce connected or isometric subgraphs.

In this note, we describe linear-time algorithms for computing the median sets in two classes
regular plane graphs. Namely, we consider plane triangulations with inner vertices of degree at l
(called trigraphs) and plane quadrangulations with inner vertices of degree at least four (calledsquare-
graphs); see Fig. 1 for examples. Particular cases of these graphs are the subgraphs of the regu
gular and square grids which are induced by the vertices lying on a simple circuit and inside the
bounded by this circuit (the latter comprises the graphs from [19,22]). Notice that these classes
graphs are particular instances of bridged and median graphs, two classes of graphs playing an i
role in metric graph theory. The trigraphs have been introduced and investigated in [5] where t

Fig. 1. Examples of trigraphs and squaregraphs.
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the basic building stones in the construction of weakly median graphs. The present paper continues the
line of research of [16] where linear-time algorithms for computing the diameter and the center of these
graphs have been proposed (the terms “trigraph” and “squaregraph” are from that paper). It should be
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noted that, due to the different nature of the objective functions (minsum and minmax), the metho
here is completely different from that of [16]. Nevertheless, both papers have the same flavor of d
ing a kind of computational geometry in plane graphs based on natural convexity and metric pro
of graphs in question.

By replacing every inner face of a plane triangulation by an equilateral triangle of side 1
obtains a two-dimensional (pseudo-)manifold which can be embedded in some high dimensiona
Analogously, one can define such a manifold if one replaces every inner face of a plane quadran
by a unit square. (For squaregraphs and trigraphs such manifolds can be effectively constructe
isometric embedding of these graphs into hypercubes and half-cubes as is done in [5].) The r
manifolds can be endowed in a natural way with an intrinsic Euclidean metric as is explained i
Now, the trigraphs and the squaregraphs are precisely the plane triangulations and quadrangula
which these surfaces have intrinsic metric of non-positive curvature [9,12], therefore they may
among others, in the following type of applications. Recently, [10,26] proposed a new technique
Isomap) of data analysis (as an alternative to principal component analysis or multidimensional s
which, on the base of easily measured local metric information, aims to build the underlying
geometry of data sets in the form of a low-dimensional structure in a high-dimensional data
Isomap deals with data sets ofR

n which are assumed to lie on a smooth manifoldM of low dimension.
The crucial stage of the method consists in approximating the unknown geodesic distance inM between
data points in terms of the graph distance with respect to some graphG constructed on the data poin
Hence, whenM is 2-dimensional and has non-positive curvature it is likely that the resulting graG

will be a trigraph or a squaregraph. On the other hand, the medians computed with respect to the
function ofG can be viewed as a natural extension of the usual notion of median used in data a
and statistics. Finally, notice that terrains can be viewed as particular instances of such pseudo-m

Our method of computing Med(π) for trigraphs is based on the following. From the results of [6
follows that in trigraphs the functionFπ is unimodal for all the choices of weights. Unlike for trees, t
fact alone does not yield a linear-time algorithm because computingFπ(x) for a single vertexx already
needs linear time. Instead, for trigraphs we show how to compute in total linear time the diffe
�(x, y) := Fπ(x)−Fπ(y) for all edgesxy of G. Using this information, we define the directed graph

−→
Gπ

in which the edgexy of G is replaced by the arc−→yx if �(x, y) < 0 and by the arc−→xy if �(x, y) > 0; no
arc betweenx andy is defined if�(x, y)= 0. Due to the unimodality of the functionFπ, the median se
Med(π) consists of all sinks (vertices having no outgoing arcs) of the resulting acyclic graph

−→
Gπ. Clearly,

these vertices can be found in linear time by traversing
−→
Gπ. Notice also that with these differences in ha

we can easily compute in total linear time all values of the functionFπ in the following way: compute
Fπ(c) for some vertexc and construct a tree rooted atc using any graph traversal. For each vertexv let v′
be its father in this tree. Now, ifFπ(v

′) has been already computed, then setFπ(v) := Fπ(v
′)+�(v, v′),

and continue the traversal of the tree. For squaregraphs, the majority rule together with a simp
yield a divide-and-conquer linear-time algorithm for computing a part of the median set Med(π).

The paper is organized as follows. In the next section, we recall some necessary notions and fo
some auxiliary results. In Section 3 we present the algorithm for computing medians of squaregra
Section 4 we describe the main contribution of this note–a linear-time algorithm for the median p
in trigraphs.
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2. Preliminaries

All graphsG= (V ,E) occurring in this note are connected, finite and undirected. Since computing the
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median set of a graph can be reduced in linear time to computing the median sets inside its 2-co
components [21], we may assume without loss of generality thatG itself is 2-connected. In a graphG,

the lengthof a path from a vertexv to a vertexu is the number of edges in the path. Thedistanced(u, v)
from u to v is the length of a minimum length(u, v)-path and theinterval I (u, v) between these vertice
is the setI (u, v) = {w ∈ V : d(u, v) = d(u,w)+ d(w, v)}. A subset (or the subgraph induced by t
subset)S ⊆ V is calledconvexif I (u, v)⊆ S wheneveru, v ∈ S, andgated[21] if for eachv /∈ S there
exists a (necessarily unique) vertexv′ ∈ S (the gate of v in S) such thatv′ ∈ I (v, u) for everyu ∈ S

(notice that gated sets are convex). By ahalf-planeof G we will mean a convex setH with a convex
complementV −H. For a weight functionπ and a subsetS of vertices, letπ(S)=∑

s∈S π(s) denote
the weight ofS. In particular,π(V ) denotes the total weight of vertices ofG. Obviously, we can suppos
thatπ(V ) is known in advance (otherwise, it can be easily computed in linear time).

For an edgeuv of a graphG, let

W(u, v)= {
x ∈ V : d(u, x) < d(v, x)

}
.

The following well-known lemma is trivial but crucial.

Lemma 1. For every weight functionπ and every edgeuv of G we have

Fπ(u)− Fπ(v)= π
(
W(v,u)

)− π
(
W(u, v)

)
.

Indeed, a vertexx of W(v,u) contributes with+π(x) to Fπ(u) − Fπ(v), a vertexx of W(u, v)

contributes with−π(x) to this difference, while every vertex equidistant tou andv does not contribute
at all. Summing over all vertices ofG, we obtain the right-hand side.

In view of Lemma 1, in order to construct the oriented graph
−→
Gπ efficiently, we must be abl

to computeπ(W(u, v)) and π(W(v,u)) for all edgesuv of G. If G is a bipartite graph, the
W(u, v) ∪W(v,u) = V, therefore it is enough to find the weight of only one of these complemen
sets. Moreover, ifG is a squaregraph, thenW(u, v) andW(v,u) are gated sets, because the squaregr
are median graphs; cf. [27]. From the results of [21] follows that in this case Med(π)⊆W(u, v) if and
only if π(W(u, v)) > π(W(v,u)). In case of trigraphs, the setsW(u, v) andW(v,u) are convex, but the
no longer cover the whole vertex-set ofG. Nevertheless, these sets extend to two pairs of compleme
half-planes. In Section 4 we will show that the half-planes of trigraphs have a geometric nature
allows to process them efficiently.

To conclude this section, notice that in subsequent algorithms every trigraph or squaregrapG is
represented by adoubly-connected edge list; for precise definition and details see [18]. We recall h
only a few things about this data structure. Since every edge ofG bounds two faces, it is convenient
view the different sides of an edge as two distincthalf-edges. The two half-edges−→xy and−→yx we get for an
edgexy are calledtwins (so thattwin(−→xy)= −→yx andtwin(−→yx)= −→xy). The half-edges bounding the out
face∂G are oriented so that∂G is traversed in clockwise order. On the other hand, the half-edg
every inner face are oriented so that the face is traversed in counterclockwise order. The half-edg
of a half-edge−→e stores a pointer to its origin, a pointer to its twin, a pointer to the incident face, an
pointersnext(−→e ) andprev(−→e ) to the next and the previous edges on the boundary of incident face.
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3. Computing median sets in squaregraphs

From the results of [14] follows that every squaregraphG is a median graph, i.e., for any three vertices
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x, y and z of G there exists a unique vertex which is simultaneously on shortest(x, y)-, (y, z)- and
(x, z)-paths. Next we specify some known properties of median graphs and their median sets to
of squaregraphs; cf. [4,27] and the references therein. In subsequent results,G is a squaregraph anduv
is an edge ofG.

(S1) W(u, v) andW(v,u) are gated and constitute a pair of complementary half-planes.

Let P be the subgraph ofG induced by all vertices ofW(u, v) having a neighbor in the setW(v,u)

(analogously one can define the subgraphQ ⊆W(v,u)). For every vertexx ∈ P, let Fx consists of all
vertices ofW(v,u) whose gate inW(u, v) is the vertexx and call this set thefiber of x. Analogously
define the fiberFy of every vertexy ∈Q.

(S2) P andQ are gated paths ofG. Additionally, all fibersFx, x ∈ P ∪Q, are gated.

Notice that there is a natural isomorphism between the pathsP andQ. For all edgesu′v′ with u′ ∈ P

andv′ ∈Q one hasW(u′, v′)=W(u, v) andW(v′, u′)=W(v,u). The subgraph induced byP ∪Q is
a strip consisting of one or several inner faces ofG. This strip and the pathsP andQ can be easily
constructed in O(|P | + |Q|) time starting from an edgeuv on the outer face ofG and the unique inne
face containing this edge (using a similar procedure as in the case of strips in trigraphs).

We continue with some properties of median sets in squaregraphs. From (S1), (S2), and the
result of [21], we deduce the followingmajority rule for squaregraphs [4,24]:

(S3) The median set Med(π) is gated. Moreover, Med(π) is contained inW(u, v) if π(W(u, v)) >
1
2π(V ) and Med(π) is contained inW(v,u) if π(W(v,u)) > 1

2(π(V )). Finally, if π(W(u, v))=
π(W(v,u)), then Med(π) intersects both gated pathsP andQ.

Therefore we can continue the search in the subgraph induced byW(u, v) in the first case, in the
subgraph induced byW(v,u) in the second case, and in the stripP ∪Q in the third case. The respectiv
subgraphG′ is endowed with a new weight functionπ ′ defined in the following way. In the first cas
defineπ ′ on W(u, v) by settingπ ′(x) := π(x) for everyx ∈W(u, v)− P andπ ′(x) := π(Fx)+ π(x)

for every x ∈ P . Analogously, in the second case defineπ ′ on W(v,u) by settingπ ′(y) := π(y) for
everyy ∈W(v,u)−Q andπ ′(y) := π(Fy)+ π(y) for everyy ∈Q. Finally, in the third case defineπ ′
on P ∪Q by settingπ ′(x) := π(Fy) andπ ′(y) = π(Fx), wherex ∈ P andy ∈Q are adjacent to eac
other. Then one can see that Med(π ′)=Med(π) in first and second cases and that Med(π ′)⊆Med(π) in
third case. In the latter case Med(π ′) can be easily computed applying the majority rule to the resu
strip.

In order to implement this algorithm in linear time, at each step we have to decide in which case
we are by traversing a part of the current graphG proportional in size to the half-plane which will b
removed from further consideration. For example, if Med(π) is contained inW(u, v), then we have to
decide this in time O(|W(v,u)|). This is possible using the following procedure: perform simultaneo
the Breadth-First-Search on the setsW(u, v) andW(v,u) starting from the pathsP andQ, respectively,
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and stop when one of the sets will be completely traversed. (This can be easily done by alternatively
searching each of the half-planes according to BFS.) During these BFS traversals, we add the weight of
the current vertexv to the weight of the half-plane and the fiberFx containing it. For this notice that
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v will be in the same half-plane and the same fiber as its father in the respective BFS tree. S
without loss of generality that the search ofW(v,u) was completed first. Ifπ(W(v,u)) < 1

2π(V ), then
Med(π) is contained inW(u, v) and we spent O(|W(v,u)|) time to decide this and to construct t
weight functionπ ′. Since finding the median set inW(u, v) will take O(|W(u, v)|) time, we conclude
that the overall time is O(|V |). On the other hand, ifπ(W(v,u)) � 1

2π(V ), then Med(π) is contained
in W(v,u). In this case, we continue the traversal ofW(u, v) in order to compute the weights of a
fibers of this set. Since|W(u, v)|� |W(v,u)|, we spent O(|W(u, v)|) time to conclude that the search
median vertices should be continued inW(v,u) or in P ∪Q. All this shows that employing this simpl
approach we can find at least one part of Med(π) in linear time. If the weights of all vertices are positiv
then Med(π) is either a vertex, an edge or a square [4,24], therefore our algorithm will return the
median set. For arbitrary non-negative weight functions, to compute the whole median set either w
to expand the computed part in a careful way by taking into account that Med(π) is an interval [4] or to
adopt an approach similar to that for trigraphs presented in the next section.

4. Computing median sets in trigraphs

Throughout this section,G= (V ,E) is a trigraph stored in the form of a doubly-connected edge
whose outer face is traversed clockwise. Notice that the outer face of each other type of regions o
below (half-planes, sectors, cones and strips) is also traversed clockwise. Theball Br(c) of radiusr and
centerc consists of all vertices at distance at mostr from c. TheneighborhoodN(S) of a setS consists
of S and all vertices ofV − S having a neighbor inS. We recall some properties of trigraphs establis
in [5].

(T1) The balls and the neighborhoods of convex sets of trigraphs are convex.

From this property one can easily conclude that trigraphs do not contain induced 4- and 5-cycles

(T2) Trigraphs do not have induced subgraphs isomorphic to the 4-cliqueK4 and the graphK1,1,3

consisting of three triangles having an edge in common.

From the definition and these properties immediately follows that the subgraphs induced by the
sets of a trigraph are also trigraphs.

(T3) If two adjacent verticesx, y of a trigraph are equidistant from a vertexv, then there exists a commo
neighbor ofx andy one step closer tov.

As established in [5], trigraphs contain a rich amount ofhalf-planes (convex sets with conve
complements):
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(T4) For any two adjacent verticesu and v of a trigraphG there exist exactly two distinct pairs of
complementary half-planesH ′u,H ′v andH ′′u ,H ′′v separatingu andv, i.e., such thatu ∈H ′u∩H ′′u and
v ∈H ′v ∩H ′′v . These half-planes satisfy the equalitiesW(u, v)=H ′u∩H ′′u andW(v,u)=H ′v ∩H ′′v .
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4.1. Half-planes, sectors, cones, zips

Let (H1,H
′
1), . . . , (Hm,H

′
m) be the pairs of complementary half-planes ofG. Denote byPi andP ′i the

subgraphs induced by the vertices ofHi andH ′i which have neighbors in the complementary half-pla
(i.e., inH ′i andHi, respectively).

Lemma 2. Each of the subgraphsPi andP ′i is a convex path ofG having both end-vertices on the out
face∂G.

Proof. Pi is the intersection of two convex setsHi andN(H ′i ), therefore it is convex (analogously on
deduces thatP ′i is convex). SinceG is K4-free andP ′i is convex, every vertex ofPi has one or two
adjacent neighbors inP ′i .

We assert that two adjacent verticesx, y of Pi have a common neighbor inP ′i . Pick x′, y′ ∈ P ′i such
thatx′ is adjacent tox andy′ is adjacent toy, and suppose thatx′ �= y′. SinceH ′i is convex,d(x′, y′) � 2.
If x′ andy′ are adjacent, then we obtain a 4-cycle(x, y, y′, x′) which cannot be induced. Therefore o
of the verticesx′, y′ is a common neighbor ofx andy. On the other hand, ifd(x′, y′)= 2, then pick a
common neighborz′ of x′ andy′. It necessarily belongs toI (x′, y′) ⊆ P ′i . The 5-cycle(x, y, y′, z′, x′)
cannot be induced, whencez′ is adjacent tox andy, thus establishing our assertion.

Pi is a convex subgraph ofG, thus it is also a trigraph. Therefore to show thatPi is a path it suffices
to prove that it does not contain 3-cycles and vertices of degree 3. Suppose by way of contra
thatPi contains three pairwise adjacent verticesx, y, z. If they have a common neighbor inP ′i we will
get aK4, a contradiction with (T2). So letz′ ∈ P ′i be the common neighbor ofx andy, y′ ∈ P ′i be the
common neighbor ofx andz, andx′ ∈ P ′i be the common neighbor ofy andz. The verticesx′, y′ and
z′ are pairwise adjacent becauseP ′i is convex. Now, in order to avoid an induced 4-cycle generate
x, y, x′, y′, eitherx andx′ are adjacent ory andy′ are adjacent. In both cases, we obtain a 4-cliq
which is impossible. ThusPi andP ′i induce acyclic subgraphs. Finally, assume by way of contradic
thatPi contains aK1,3, i.e., a vertexx adjacent to three other verticesy, z, v. Now, if we consider the
common neighborsy′, z′, v′ in P ′i of y andx, z andx, andv andx, respectively, the convexity ofPi

andP ′i implies that these vertices must be distinct and pairwise adjacent. This contradicts the factP ′i
does not contain 3-cycles, therefore indeedPi andP ′i are convex paths.

Finally, pick a vertexu of Pi which is an inner vertex ofG. SinceH ′i is convex,u has only two
(adjacent) neighborsv′, v′′ in H ′i (andP ′i ). The neighbors ofv′ andv′′ from N(u) belong toPi, henceu
is also an inner vertex ofPi. Therefore the end-vertices ofPi belong to∂G. ✷

We call the convex pathsPi andP ′i the (border) lines of the half-planesHi andH ′i . Denote byZi

the partial subgraph ofG comprising all edges with one end inPi and another one inP ′i and, due to its
form, call Zi a zip; see Fig. 2 for an illustration. Astrip Si is the union of all inner faces ofG sharing
two edges with the zipZi. Notice that every zipZi shares two edgesei = uv ande′i = u′v′ with ∂G, so
thatSi lies to the left of the half-edge ofei which bounds∂G. Below we will show that the zipZi can be
reconstructed in a canonical way starting from the half-edge−→ei .
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Fig. 2. Half-planes and their border lines.

(a) (b)

Fig. 3. Sectors and cones.

Let Ri be the region of the plane bounded by the pathPi and the subpath of∂G comprised betwee
v andu′. Analogously, define the regionR′i of the plane bounded by the pathPi and the subpath of∂G
between the verticesv′ andu. ThenHi (respectivelyH ′i ) consists of those vertices ofG which are located
in Ri (respectivelyR′i). Indeed, if a vertexx of Hi belongs toR′i , then every shortest path betweenx and
a vertex ofPi ⊆Hi will intersectP ′i , and we get a contradiction with the convexity ofHi.

According to (T4) every two adjacent verticesu andv of G are separated by exactly two distinct pa
of complementary half-planesHi,H

′
i andHj,H

′
j , whereu ∈ W(u, v) = Hi ∩ Hj andv ∈ W(v,u) =

H ′i ∩ H ′j . The two other intersectionsHi ∩ H ′j and H ′i ∩ Hj are calledsectorsand are denoted b
S(uv;y) and S(uv; z), respectively, wherey and z are the common neighbors ofu and v (if the
edgeuv belongs to the outer face∂G, then only one of two sectors is defined). From the equal
Hi = V ∩Ri andHj = V ∩Rj we conclude thatW(u, v) consists of all vertices ofG located in the region
Ri ∩ Rj . Analogously,W(v,u)= V ∩R′i ∩ R′j , S(uv;y)= V ∩ Ri ∩R′j , andS(uv; z)= V ∩ R′i ∩Rj .

SinceW(u, v) = Hi − S(uv; z) andW(v,u) = H ′j − S(uv; z), in order to find the weight of the se
W(u, v),W(v,u)(uv ∈E) it suffices to compute the weights of all half-planes and sectors; see Fig
To do this, we find more appropriate to perform all computations with objects slightly different
sectors, which we call cones and define below.

Denote by
−→
Pi(u) and

←−
Pi(u) the sub-paths of the pathPi (with respect to the clockwise traversal

∂Hi) such that
−→
Pi(u) ∩ ←−Pi(u) = {u} and

−→
Pi(u) ∪ ←−Pi(u) = Pi. Call the oriented paths

−→
Pi(u) and

←−
Pi(u)
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u-rays. (Analogously one can define theu-rays
−→
Pj(u),

←−
Pj (u) and thev-rays

−→
P ′i (v),

←−
P ′i (v),

−→
P ′j (v) and←−

P ′j (v).) Notice that every inner half-edge−→uv extends to a uniqueu-ray which we will denote by
−→
P(u, v).

Let x be the neighbor ofu in the ray
−→
Pi(u). Then

−→
Pi(u) = −→P(u, x). SetC(u;xy) := S(uv;y) ∪ −→Pi(u)

e
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and call the setC(u;xy) a conewith apexu andgeneratorxy, see Fig. 3(b) for an illustration. Th
u-rays

−→
Pi(u)= −→P(u, x) and

−→
Pj (u)= −→P(u, y) are called thebounding raysof C(u;xy). (From what has

been established for sectors,C(u;xy) consists of all vertices of the graphG located in the region o
the plane bounded by the rays

−→
P(u, x) and

−→
P(u, y) and a subpath of∂G comprised between the en

vertices of these rays.) Analogously, ifw is the neighbor ofv in the ray
−→
P ′i (v), we define the cone

C(v; zw) := S(uv; z)∪−→P ′i (v) with apexv, generatorzw and bounding rays
−→
P ′i (v) and

−→
P ′j (v). In order to

deal with degenerated cases, it will be convenient to extend the notion of a cone to the case whenu ∈ ∂G

andx = y ∈ ∂G; we denote such a cone byC(u;xx) or C(u;yy) and call itdegenerated. Notice that
a degenerated coneC(u;xx) may be viewed as a usual coneC(u;xy) in the trigraph obtained fromG
by adding a new vertexy and making it adjacent to two consecutive verticesu, x of ∂G (analogously,
C(u;yy) may be viewed as the coneC(u;xy) in the trigraph obtained fromG by adding a new verte
x adjacent tou andy). In a similar way one can define the coneC(u;xy) in the case when at least on
of the edgesux or uy belong to∂G: if, say,uy ∈ ∂G, then add a new vertexv adjacent tou andy, and
define the sectorS(uv;y) and the coneC(u;xy) in the resulting graph. Hence a coneC(u;xy) is defined
for every tripletu, x, y of vertices ofG, such thatu is adjacent to bothx, y, and the verticesx, y are
adjacent or coincide. In the sequel it suffices to show how to deal with non-degenerated cones o
degenerated cones do not come from the sectors of the initial graphG, nevertheless they are used in t
recursive computation of weights of other cones).

We will establish in Section 4.4 that every half-planeHi can be represented as a union of cones ha
their apices at the origin of−→ei , thereforeπ(Hi) (and thereforeπ(H ′i )) can be computed provided w
know the weights of the cones ofG.

4.2. Computing zips, strips, lines, and weights of rays

To perform this computation, we traverse the half-edges of∂G in clockwise order. Let−→ei = −→uv be the
current half-edge of∂G, for which we aim to construct the zipZi and the linesPi,P

′
i (the stripSi can be

easily recovered fromZi ). More precisely, our algorithm will return one half-edge per edge of respe
line, so that

−→
Pi will be an oriented path starting atu,

−→
P ′i will be an oriented path ending atv, while

−→
Zi

will keep the half-edges having the origin inPi and the destination inP ′i (see Algorithm ZIP).
To establish the correctness of this algorithm, it suffices to show thatPi andP ′i induce convex path

of G. Indeed, this would imply that, removing the edges ofZi, the connected components of the result
graph are convex sets ofG, therefore they are complementary half-planes. Consequently, we will de
thatZi is the zip of this pair of half-planes whilePi andP ′i are their lines. First notice thatPi andP ′i
are paths because the algorithm alternatively adds half-edges to

−→
Pi and

−→
P ′i . To show for example that th

pathPi is convex, by Lemma 1 of [5] it is enough to prove thatPi is locally convex, i.e., ifx, y, z are
consecutive vertices ofPi, thenx andz do not have other common neighbors inG. Suppose not, an
let y′ be such a common neighbor different fromy. Let

−−→
yx′ and

−→
zz′ be the half-edges which have be

added to
−→
Zi at the same iterations of the algorithm at which the half-edges−→xy and−→yz have been adde

to
−→
Pi. Notice that

−−→
x′z′ is a half-edge of

−→
P ′i . If x andz are adjacent, then these vertices together witx′

andz′ induce a 4-cycle, which is impossible. Hencex andz are not adjacent inG. Now, the verticesy
andy′ must be adjacent, otherwise the verticesx, y, z, y′ induce a 4-cycle. If the half-edge

−−→
yy′ belongs
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to
−→
Zi, then we will obtain a contradiction with the algorithm, because the half-edges−→xy and−→yz will be

added to
−→
Pi at two consecutive steps of the algorithm. Otherwise, the verticesx, y′, z, z′, x′ will induce a

5-cycle, which is impossible. This shows that the pathsPi andP ′i are indeed locally convex, and therefo
convex.

Finally notice that the complexity of this algorithm for a given boundary edgeei is O(|Zi| + |Pi | +
|P ′i |) = O(|Zi|). Since every edge ofG belongs to exactly two zips, summing over the edges of∂G,

one concludes that the overall complexity of the algorithm is proportional to the number of edgesG,

whence it is O(|V |). Analogously, the overall size of the listsZi,Pi andP ′i is also linear. Therefore
traversing the pathsPi andP ′i (i = 1, . . . ,m) from the origin to the destination, in total linear time w
will compute the weightsπ(

−→
Pi(u)),π(

←−
Pi(u)), π(

−→
P ′i (v)),π(

←−
P ′i (v)) for all verticesu ∈ Pi andv ∈ P ′i .

4.3. Computing the weights of cones and sectors

Let C(u;xy) be a cone ofG bounded by theu-rays
−→
Pi(u) and

−→
Pj (u) (as we noticed above, one m

assume that the coneC(u;xy) is non-degenerated). First observe that the bounding rays ofC(u;xy),
for example

−→
Pi(u), can be constructed in the following way. Start by inserting the half-edge−→ux in

−→
Pi(u)

and sets := x. At each step, given a current vertexs, turn counterclockwise arounds starting from the
half-edge next to the half-edge lastly inserted in

−→
Pi(u), then leave two edges incident tos and insert in−→

Pi(u) the half-edge
−→
ss′ of the third edge. Sets := s′, and repeat whiles is an inner vertex ofG. The

path
−→
Pj(u) is constructed analogously. The single difference is that in the case of

−→
Pi(u) the two edges we

leave at each iteration will belong to the coneC(u;xy), while in case of
−→
Pj(u) they will be outside this

cone; see Fig. 4(a).
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Fig. 4.

Let z0 be the neighbor ofx in
−→
Pi(u) (if it exists). Thenx may be adjacent to only one other vert

of C(u;xy) ∪ {y}. On the other hand, the vertexy may have several neighbors inC(u;xy) different
from u andx, which we denote byz1, z2, . . . , zp. Notice that ifz0 exists, thenx has another neighbor i
C(u;xy), namelyz1, and in this casez1 andz0 are adjacent. SinceG is 2-connected, either the vertic
z0, z1, . . . , zp induce a path ofG (see Fig. 4(a)) or there exists an index 0� k < p such thatzk andzk+1

are not adjacent and each ofz0, . . . , zk andzk+1, . . . , zp induces a path ofG (see Fig. 4(b)). Special cas
occur whenz0 does not exist ork = p− 1.

We continue with a formula expressingπ(C(u;xy)) via the weights of the coneC(x; z0z1) and of the
cones of the formC(y; zj zj+1). For this, first we establish the following equality.

Lemma 3. C(u;xy)= {u} ∪C(x; z0z1)∪ (
⋃p−1

i=1 C(y; zizi+1)).

Proof. As we noticed above, the half-edges−→ux,−→uy,−−→xz0,
−−→xz1,

−−→yz1, . . . ,
−−→yzp extend in a canonical way t

the rays
−→
P(u, x),

−→
P(u, y),

−→
P(x, z0),

−→
P(x, z1),

−→
P(y, z1), . . . ,

−→
P(y, zp), respectively. Each of these rays

a convex path starting at the origin of the corresponding half-edge and ending at∂G. Let s1, . . . , sp ∈ ∂G

be the ends of the rays
−→
P(y, z1), . . . ,

−→
P(y, zp) and let t0 and t1 be the ends of the rays

−→
P(x, z0) and−→

P(x, z1). Notice also that
−→
P(x, z0) and

−→
P(y, zp) are subpaths of

−→
P(u, x) and

−→
P(u, y). Every ray from

our list is a bounding ray of one or two consecutive cones occurring in the equality we have to
Since the rays are convex, any two rays having a common origin intersect only in this vertex, in pa−→
P(y, zi)∩ −→P(y, zj )= {y} holds for all distincti, j = 1, . . . , p. Next we assert that

−→
P(u, x) and

−→
P(y, z1)

are disjoint. Suppose the contrary, and pick a vertext in their intersection. Sinced(x, t) < d(u, t), the
convexity of

−→
P(u, x) implies thatd(x, t) < d(y, t). Thenx lies on a shortest path betweeny and t in

contradiction with the convexity of
−→
P(y, z1), thus establishing the assertion. Analogously, one can s

that the following pairs of rays are disjoint:
−→
P(u, y) and

−→
P(y, z1); −→P(x, z1) and

−→
P(y, z2); −→P(u, x) and−→

P(y, zi) for i = 2, . . . , p.
The coneC(u;xy) consists of the vertices ofG located in the regionR bounded by the ray−→

P(u, x),
−→
P(u, y), and the subpath of∂G betweent0 and sp. Analogously, for eachi = 1, . . . , p − 1,

the coneC(y; zizi+1) consists of the vertices ofG located in the regionRi bounded by the ray−→
P(y, zi),

−→
P(y, zi+1), and the subpath of∂G comprised betweensi andsi+1. From what has been prove

above follows that the rays
−→
P(y, z1), . . . ,

−→
P(y, zp−1) partitionR into the regionsR′0,R1, . . . ,Rp−1 with

disjoint interiors; see Fig. 5. Thus every vertex of the coneC(u;xy) located outsideR′0 belongs to some
coneC(y; zizi+1) and, vice versa, the inclusion

⋃p−1
i=1 C(y; zizi+1)⊆ C(u;xy) holds. It remains to show

that all other vertices ofC(u;xy)− {u} belong toC(x; z0z1) and thatC(x; z0z1)⊂ C(u;xy). Let R0 be
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the region of the plane bounded by the rays
−→
P(x, z0),

−→
P(x, z1), and the subpath of∂G betweent0 andt1.

ThenR0−R1⊂ R′0 andR0 ∩ V = C(x; z0z1). SinceR′0 ∩ V ⊂ C(u;xy), we deduce thatC(x; z0z1)⊂
C(u;xy). The convexity of the rays

−→
P(x, z1) and

−→
P(y, z1) implies that

−→
P(x, z1) ∩ −→P(y, z1) = {z1}.

ThereforeR′0−R0 consists only of the regions bounded by the inner faces(u, x, y) and(x, y, z1) of G;
see Fig. 5 for an illustration. ThusC(u;xy)− {u} ⊂C(x; z0z1), concluding the proof. ✷

Some cones in the formula from Lemma 3 may overlap. However, two cones whose genera
not incident have only the apexy in common. From the proof of Lemma 3 follows that the intersec
of two consecutive non-empty conesC(y; zj−1zj ) andC(y; zj zj+1) is a y-ray. On the other hand, th
intersection of the conesC(x; z0z1) andC(y; z1z2) is again a cone. To show this, notice that the reg
R0 ∩ R1 is bounded by two subpathsP ′ andP ′′ of the convex rays

−→
P(y, z1),

−→
P(x, z1), and the subpath

of ∂G betweens1 andt1. Let p andq be the neighbors ofz1 in those subpaths. ThenP ′ = −→P(z1,p) and
P ′′ = −→P(z1, q), therefore the vertices of the coneC(z1;pq) are exactly the vertices ofG located in the
regionR0∩R1, whence the intersection of the conesC(x; z0z1) andC(y; z1z2) is the coneC(z1;pq).

From Lemma 3 and previous discussion we obtain the following inclusion-exclusion formu
computingπ(C(u;xy)) (for an illustration of this and subsequent cases see Fig. 6). Ifz0 exists and
the verticesz0, z1, . . . , zp induce a path, then

π
(
C(u;xy))= π(u)+ π

(
C(x; z0z1)

)+
p−1∑

i=1

π
(
C(y; zizi+1)

)− π
(
C(x; z0z1)∩C(y; z1z2)

)

−
p−1∑

i=2

π
(
C(y; zi−1zi)∩C(y; zizi+1)

)
. (1)

(Notice that in (1) the weight ofy is addedp−1 times and is subtractedp− 2 times.) Now, ifz0 does not
exist, then simply replace in (1) the coneC(x; z0z1) by the degenerate coneC(x; z1z1) if x is adjacent to
z1 and by{x} otherwise. Finally, ifz0 exists but some consecutive verticeszk andzk+1 are not adjacent
then replace in (1) the coneC(y; zkzk+1) by the degenerate coneC(y; zk+1zk+1). In particular, replace
C(y; zp−1zp) by C(y; zpzp) if k = p− 1.

Below we will describe how to organize the computation onG so that each time we wish to compu
π(C(u;xy)), the weights of all cones and rays occurring in the right-hand side of (1) have been a
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Fig. 6. (a) A non-degenerate case; (b)zi andzi+1 are not adjacent; (c)zp−1 andzp are not adjacent; (d)z1 is on the boundary
(e) z1 is on the boundary,x andz1 are not adjacent; (f)zp is on the boundary.

Fig. 7. Levelling of a trigraph.

computed. For this, we pick a vertexc on the outer face ofG and perform the levelling of the graphG
in the following way: for an integeri defineith levelLi to be the subgraph induced by all vertices ofG

located at distancei from c, see Fig. 7. We call an edgeuv of G horizontalif both u andv belong to the
same level andvertical otherwise.

Lemma 4. Every connected component in each levelLi is a path.

Proof. Notice that the union of the levelsLj (j < i) is the ballBi−1(c), therefore it is a convex subs
of G. SinceG is K4-free, this implies that every vertex ofLi is adjacent to at most two consecuti
vertices in the previous levelLi−1. In view of (T3), any two adjacent verticesx, y of Li have a common
neighboru in Li−1. SinceG is K4-free, this common neighbor is necessarily unique.



206 V. Chepoi et al. / Computational Geometry 27 (2004) 193–210

f

,

er
ide,

ing

es.

d at

he apex
wards

graph

x
e

la
way.
re
Fig. 8. The classification of cones.

Now, assume by way of contradiction thatLi contains three pairwise adjacent verticesx, y, z. Let
z′, y′, x′ be the common neighbors inLi−1 of x, y, of x, z, and of y, z, respectively. Convexity o
Bi−1(c) and the fact thatG is K4-free imply thatx′, y′, z′ are distinct and pairwise adjacent. Sincex

andy have already two neighbors inLi−1, we conclude that the verticesx, y′, x′, y induce a 4-cycle
which is impossible. Finally, suppose thatLi contains a vertexx adjacent to three other verticesy, z, v.
Now, if we consider the common neighborsy′, z′, v′ in Li−1 of, respectively,y andx, z andx, andv and
x, then each two of them either coincide or are adjacent. Ify′, z′, v′ are pairwise distinct, then togeth
with x they will form aK4, a contradiction with (T2). On the other hand, if all these vertices coinc
then together withx, y, z, v they induce a forbiddenK1,1,3. Finally, if y′ = z′ �= v′, thenx, y, z, y′, v′
induce aK1,1,3, contrary to (T2). Hence, every vertex ofLi has degree 1 or 2 andLi does not contain
triangles. Thus every connected component ofLi is a path or a cycle. Since the base-pointc belongs to
the outer face, one can easily see that the second case is impossible, thusLi consists solely of paths.✷

For each pathLi in the levelling consider its first end-vertex in the clockwise traversal of∂G, refer to it
as to the leftmost vertex ofLi and orientLi from this end-vertex to the right. With respect to the levell
of G, we present the following classification of cones ofG. A cone C(u;xy) is called a D-cone if
u ∈Li−1 andx, y ∈ Li, and a RD-coneif u, x ∈Li−1, y ∈Li, andx is right fromu onLi−1. Analogously
one can define the LD-cones, the U-cones, the LU-conesand the RU-cones. Call a {D,RD,LD}-cone a
downward coneand a{U,RU,LU}-cone anupward cone. Clearly, every cone ofG is of one of these six
types; for illustrations see Fig. 8.

The computation of the weights of cones is performed in the following way. First, we sweepG level
by level in decreasing order of their distances toc (upward) and compute the weights of downward con
In order to compute the LD-cones with apices in theith level,Li is swept from left to the right, while
to compute the analogous RD-cones,Li is swept from right to the left (the D-cones can be compute
each of these traversals). Since every vertex ofLi+1 has one or two adjacent neighbors inLi, one can
easily see that every cone used in the computation of the weight of some downward cone with t
atLi may occur at most four times at the right-hand side of (1). Therefore the weights of the down
cones with apices atLi can be computed in time proportional to the number of edges in the sub
induced byLi ∪Li+1, whence the overall computation of weights of downward cones is linear.

Now, to compute the weights of upward cones, we sweep the levels of the graphG in increasing
order of their distances toc (downward). At stagei, we traverse the levelLi from right to left, and
for every vertexy ∈ Li, we compute the weights of all upward cones havingy as the left end-verte
of their generator, i.e., of all conesC(u;xy) such that the half-edge−→xy occurs in the counterclockwis
traversal of the inner face(u, x, y). However, computingπ(C(u;xy)) directly via (1) would not yield
a linear-time algorithm because every cone with apexy appears in the right-hand side of this formu
for all upward conesC(u;xy) except a constant number. Instead, we proceed in the following
Let z0, z1, . . . , zp−1, zp be the neighbors ofy in G ordered in the counterclockwise order, whe



V. Chepoi et al. / Computational Geometry 27 (2004) 193–210 207

e
ing
f the

two

ne
ghts

known
given
is also

of

ond,

s
f

y

e

Fig. 9.C(zi; zi+1y)�C(zi−1; ziy)= C(y; zj zj+1)∪C(zi ; zzi+1).

z0, zp ∈ Li−1, z1, zp−1 ∈ Li and the remaining neighbors are inLi+1. First, applying (1) we compute th
weight of the rightmost upward coneC(zp−1; zpy). Then we successively update this weight by turn
around the vertexy in clockwise order. Assume for example that we wish to compute the weights o
upward conesC(zi−1; ziy) (i = 2, . . . , p−1). For this, notice that the symmetric difference between
consecutive conesC(zi; zi+1y) andC(zi−1; ziy) consists of two conesC(y; zj zj+1) andC(zi; zzi+1),

wherez is the common neighbor ofzi andzi+1 different fromy (if z does not exist, then the second co
is the degenerated coneC(zi; zi+1zi+1)). As we will establish below, one can suppose that the wei
of these two cones have been already computed. Now, knowingπ(C(zi−1; ziy)), the weight of the cone
C(zi; zi+1y) is obtained by setting

π
(
C(zi; zi+1y)

) := π
(
C(zi−1; ziy)

)− π
(
C(zi; zzi+1)

)+ π
(
C(y; zj zj+1)

);
since the last two cones occurring in this formula are downward cones, their weights are already
(for an illustration see Fig. 9). Clearly, the complexity of performing these computations for a
vertexy is proportional to its degree, therefore the overall time of computing the upward cones
linear.

The correctness of this algorithm follows from the following result.

Lemma 5. If C(u;xy) is the current cone, then the weights of cones arising at the right-hand side(1)
have been already computed.

Proof. The basic ingredients of the proof are Lemma 4 and the following facts aboutC(u;xy). First,
from Lemma 2 we conclude that the coneC(u;xy) is convex and that its rays are convex paths. Sec
for every vertexz �= u of C(u;xy) every shortest path betweenu andz intersects the generator{x, y}.
As above, byz0, z1, . . . , zp we denote the neighbors ofy and/orx in C(u;xy). From previous propertie
of cones, we conclude that neither of these vertices is adjacent tou. Now, suppose that the levelling o
G hasn levels and thatu belongs toLi. We proceed by induction onn− i for downward cones and b
induction oni for upward cones.

Case1.C(u;xy) is a downward cone.
If x, y ∈ Li+1 (i.e., C(u;xy) is aD-cone), however somezj belongs toLi, thenzj andu must be

adjacent because they have a common neighbor outside the ballBi(c), which is impossible. So, assum
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without loss of generality thatx ∈ Li+1 and y ∈ Li. Sinceu is not adjacent toz0, we conclude that
z0, z1 /∈ Bi(c), thus the weightπ(C(x; z0z1)) is already known in view of induction hypothesis. As
to the conesC(y, zj zj+1), i = 1, . . . , p − 1, assume by way of contradiction that somezj belongs to

or
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ed
the levelLi−1. Sincezj is not adjacent tou andu, y ∈ Li, by (T3) there exists a common neighb
z �= zj of u and y one step closer toc. Sincez, zj ∈ Lj−1 and both these vertices are adjacent toy,

the convexity of the ballBi−1(c) yields thatz is adjacent tozj . Thenz ∈ I (u, zj )⊂ C(u;xy), which is
impossible.

Case2.C(u;xy) is an upward cone.
First assume thatx, y ∈ Li−1, and pick a cone from the right-hand side of (1), say the c

C(y; zj zj+1). If the vertices of its generator belong to the levelsLi−1 andLi−2, then, by the induction
hypothesis, the weight of this cone is known. On the other hand, if one vertex of its generator b
to Li+1 and another one toLi or Li+1, thenC(y; zj zj+1) is a downward cone, therefore its weight h
been computed at previous stage. The case whenC(u;xy) is a LU- or RU-cone is analogous subject
minor modifications. For example, if, sayy ∈ Li andx ∈Li−1, then no coneC(y; zj zj+1) may have both
zj andzj+1 in Li−1: the convexity ofBi−1(c) then implies thatx, y, zj , zj+1 are pairwise adjacent an
we get a forbiddenK4. In all other cases,C(y; zjzj+1) is either a downward or an upward cone who
weight has been already computed due to induction hypothesis.✷
4.4. Computing the weights of half-planes

Let Hi,H
′
i be a pair of complementary half-planes defined by the zoneZi. Let uv andu′v′ be the

boundary edges ofZi so thatu, v′ are the end-vertices ofPi andv,u′ are the end-vertices ofP ′i . We
will show how to computeπ(Hi) (π(H ′i ) can be computed analogously but using the vertexu′). Denote
by z1 := v, . . . , zp the neighbors of the vertexu ordered clockwise. Thenz2, . . . , zp are the neighbor
of u lying in the half-planeHi; see Fig. 10. Now notice thatHi is the union of the non-degenerat

Fig. 10.
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conesC(u; zj zj+1) (j = 2, . . . , p − 1) and of the degenerated coneC(u; zpzp). Theu-rays defined by
the edgesuz3, . . . , uzp−1, being the intersection of two consecutive cones, are counted twice. Hence

p p−1

o
f-
al

m for

ach of
re

O

n
etails).
π(Hi)=
∑

j=2

π
(
C(u; zjzj+1)

)−
∑

j=2

π
(
C(u; zjzj+1)∩C(u; zj+1zj+2)

)
,

whereC(u; zpzp+1) stands for the degenerated coneC(u; zpzp). This shows that the weight ofHi can be
computed in time proportional to the degree of the vertexu. The verticesu andv are separated by tw
pairs of complementary half-planes, thereforeu will be involved in computing the weights of two hal
planes only. This proves that the weights of the half-planes ofG can be computed in time proportion
to the sum of degrees of vertices of∂G, i.e., in linear time.

4.5. The algorithm MEDIAN SET and its complexity

Summarizing the discussion from previous subsections, we outline the following algorith
computing the median set Med(π) of a trigraphG.

Algorithm MEDIAN SET
Input: A trigraphG in the form of a doubly-connected edge list and a weight functionπ

Output: The median set Med(π)

1. Compute the zipsZi, their stripsSi, and the linesPi,P
′
i (i = 1, . . . ,m);

2. Fori = 1, . . . ,m and all verticesu ∈ Pi, v ∈ P ′i compute the weightsπ(
−→
Pi(u)), π(

←−
Pi(u)), π(

−→
P ′i (v)),

π(
←−
P ′i (v)) of theu- andv-rays;

3. Compute the weightsπ(C(u;xy)) of the conesC(u;xy) of G, and then compute the weights
π(S(uv;x)) of the sectorsS(uv;x) of G;

4. Compute the weightsπ(Hi) andπ(H ′i ) of the half-planesHi andH ′i (i = 1, . . . ,m);
5. For each edgeuv of G computeπ(W(u, v)) andπ(W(v,u)) as the difference between weights of

a half-plane and a sector computed in steps 3 and 4;
6. Construct the graph

−−→
Gπ ;

7. Return the set Med(π) consisting of all vertices ofG having no outgoing edges in
−−→
Gπ.

While describing in details steps 1–4 of the algorithm, we established that the complexity of e
these steps is linear. When the weights of complementary half-planesHi,H

′
i are computed, then they a

broadcasted to all edges of the zipZi. Now, given an edgeuv ∈Zi, the weights ofW(u, v) andW(v,u)

can be found in constant time as noticed in step 5 and illustrated in Fig. 3. Hence step 5 needs(|E|)
operations, the same order as the steps 6 and 7. Since|E|� 3|V | − 2 becauseG is planar, we conclude
that the complexity of the algorithm MEDIAN SET is O(|V |). This algorithm can be modified (eve
simplified) in order to compute the median sets of squaregraphs (we skip the straightforward d
Concluding, we obtain the following result.

Theorem 1. For every weight functionπ defined on vertices of a trigraph or a squaregraphG= (V ,E),

the median setMed(π) can be computed in linear timeO(|V |).
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