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Abstract

In this note, we present linear-time algorithms for computing the median set of plane triangulations with inner
vertices of degree: 6 and median vertices of plane quadrangulations with inner vertices of degtee
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1. Introduction

Given a finite, connected graply = (V, E) endowed with a non-negative weight function
7 (v) (v e V) themedian seMed(r) consists of all vertices minimizing the total weighted distance

Fr(x) =Y m()d(,x).
veV

Finding the median set of a graph, or, more generally, of a network or a finite metric space is a clas-
sical optimization and algorithmic problem with many practical applications. The weighted version of
the median problem is one of the basic models in facility location (where it is sometimes called the
Fermat—Weber problem); see, for example, [25]. It arises with majority consensus in classification and
data analysis [4,8,23], where the median points are usually called Kemeny medians. Algorithms for
locating medians in graphs are especially useful in the areas of transportation and communication in
distributed networks: placing a common resource at a median minimizes the cost of sharing the resource
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with other locations or the total time of broadcasting messages. Recently, motivated by a heuristic for
reconstructing discrete sets from projections presented in [7], the median sets of polyominoes and some
other special subsets of the square grid have been investigated in [19,22] (in [17], similar questions have
been considered in the more general setting of linear metrics). Finally, [11] provides efficient algorithms
for the approximate computation of the values of the funcfigix) for points inR” endowed with the
Euclidean distance.

Quite a few algorithms are known for finding medians of graphs (see [25] for an overview), but only
for trees the classicahajority ruleyields a linear-time algorithm [20,21,28]: given a trfEeand an edge
e =xy, the median set is contained in the heaviest of two subtrfees, defined by this edge (if the
subtrees have the same weight, then bo#imd y are medians). This is so becausgx) — F,, (y) equals
the difference between the weightsfand7, and every local minimum of the functiof, is a global
minimum; for more details, see [25]. Later, using techniques from computational geometry this approach
has been extended in [15] and an efficient algorithm for the median problem on simple rectilinear poly-
gons with an intrinsid;-metric has been designed. More recently, similar ideas were used in [2,13] to
develop simple (but nice) self-stabilizing algorithms for finding medians of trees; see also [1,3] for effi-
cient algorithms for maintaining medians in dynamic trees. Last but not least, [6] characterizes the graphs
in which all local medians are (global) medians for each weight functidioy alocal medianone means
a vertexx such thatr,, (x) does not exceedi,, (y) for any neighbory of x). In particular, itis shown in [6]
that these graphs can be recognized in polynomial time and that they are exactly the graphs in which all
median sets induce connected or isometric subgraphs.

In this note, we describe linear-time algorithms for computing the median sets in two classes of face
regular plane graphs. Namely, we consider plane triangulations with inner vertices of degree at least six
(calledtrigraphs) and plane quadrangulations with inner vertices of degree at least four (sgliede-
graphg; see Fig. 1 for examples. Particular cases of these graphs are the subgraphs of the regular trian-
gular and square grids which are induced by the vertices lying on a simple circuit and inside the region
bounded by this circuit (the latter comprises the graphs from [19,22]). Notice that these classes of plane
graphs are particular instances of bridged and median graphs, two classes of graphs playing an importan
role in metric graph theory. The trigraphs have been introduced and investigated in [5] where they are

Fig. 1. Examples of trigraphs and squaregraphs.
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the basic building stones in the construction of weakly median graphs. The present paper continues the
line of research of [16] where linear-time algorithms for computing the diameter and the center of these
graphs have been proposed (the terms “trigraph” and “squaregraph” are from that paper). It should be
noted that, due to the different nature of the objective functions (minsum and minmax), the method used
here is completely different from that of [16]. Nevertheless, both papers have the same flavor of develop-
ing a kind of computational geometry in plane graphs based on natural convexity and metric properties
of graphs in question.

By replacing every inner face of a plane triangulation by an equilateral triangle of side 1, one
obtains a two-dimensional (pseudo-)manifold which can be embedded in some high dimensional space.
Analogously, one can define such a manifold if one replaces every inner face of a plane quadrangulation
by a unit square. (For squaregraphs and trigraphs such manifolds can be effectively constructed via an
isometric embedding of these graphs into hypercubes and half-cubes as is done in [5].) The resulting
manifolds can be endowed in a natural way with an intrinsic Euclidean metric as is explained in [12].
Now, the trigraphs and the squaregraphs are precisely the plane triangulations and quadrangulations fo
which these surfaces have intrinsic metric of non-positive curvature [9,12], therefore they may arise,
among others, in the following type of applications. Recently, [10,26] proposed a new technique (called
Isomap) of data analysis (as an alternative to principal component analysis or multidimensional scaling)
which, on the base of easily measured local metric information, aims to build the underlying global
geometry of data sets in the form of a low-dimensional structure in a high-dimensional data space.
Isomap deals with data setsRf which are assumed to lie on a smooth maniféidof low dimension.

The crucial stage of the method consists in approximating the unknown geodesic distdhbetween

data points in terms of the graph distance with respect to some gragamstructed on the data points.
Hence, whenV is 2-dimensional and has non-positive curvature it is likely that the resulting graph

will be a trigraph or a squaregraph. On the other hand, the medians computed with respect to the distance
function of G can be viewed as a natural extension of the usual notion of median used in data analysis
and statistics. Finally, notice that terrains can be viewed as particular instances of such pseudo-manifolds.

Our method of computing Méd) for trigraphs is based on the following. From the results of [6] it
follows that in trigraphs the functiof’, is unimodal for all the choices of weights. Unlike for trees, this
fact alone does not yield a linear-time algorithm because comptiiig) for a single vertexc already
needs linear time. Instead, for trigraphs we show how to compute in total linear time the differences
A(x,y) := F,(x) — F;(y) for all edgescy of G. Using this information, we define the directed gr@h
in which the edgecy of G is replaced by the argx if A(x, y) <0 and by the ar@y if A(x,y) > 0; no
arc betweenx andy is defined ifA(x, y) = 0. Due to the unimodality of the functiof,, the median set
Med(rr) consists of all sinks (vertices having no outgoing arcs) of the resulting acyclic @)@pﬁlearly,
these vertices can be found in linear time by traverﬁp,g Notice also that with these differences in hand
we can easily compute in total linear time all values of the funcfignin the following way: compute
F, (c) for some vertex and construct a tree rootedatising any graph traversal. For each ventd&t v’
be its father in this tree. Now, ¥, (v') has been already computed, thenBgtv) := F, (v') + A(v, V'),
and continue the traversal of the tree. For squaregraphs, the majority rule together with a simple trick
yield a divide-and-conquer linear-time algorithm for computing a part of the median setlyled

The paper is organized as follows. In the next section, we recall some necessary notions and formulate
some auxiliary results. In Section 3 we present the algorithm for computing medians of squaregraphs. In
Section 4 we describe the main contribution of this note—a linear-time algorithm for the median problem
in trigraphs.
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2. Preliminaries

AllgraphsG = (V, E) occurring in this note are connected, finite and undirected. Since computing the
median set of a graph can be reduced in linear time to computing the median sets inside its 2-connectec
components [21], we may assume without loss of generalityGhiggelf is 2-connected. In a gragh,
thelengthof a path from a vertex to a vertexu is the number of edges in the path. Tdistanced (u, v)
from u to v is the length of a minimum lengttx, v)-path and thénterval 7 (u, v) between these vertices
is the setl (u,v) ={w € V: d(u,v) =du,w) + d(w, v)}. A subset (or the subgraph induced by this
subset)S C V is calledconvexif I(u,v) C S whenevemw, v € S, andgated[21] if for eachv ¢ S there
exists a (necessarily unique) vertexe S (the gateof v in S) such thatv’ € (v, u) for everyu € §
(notice that gated sets are convex). Bhadf-planeof G we will mean a convex setl with a convex
complementV — H. For a weight functionz and a subse§ of vertices, letr(S) =), _¢7(s) denote
the weight ofS. In particular,z (V) denotes the total weight of vertices Gf Obviously, we can suppose
thatsr (V) is known in advance (otherwise, it can be easily computed in linear time).

For an edgerv of a graphG, let

W(u,v) = {x eV:d(u,x) <d(v,x)}.

The following well-known lemma is trivial but crucial.

Lemma 1. For every weight functiomr and every edgev of G we have

Fr(u) — Fr(v) =7 (W, u) — 7 (W(u,v)).

Indeed, a vertexx of W(v, u) contributes with+m(x) to F,(u) — F;(v), a vertexx of W(u,v)
contributes with— (x) to this difference, while every vertex equidistantt@ndv does not contribute
at all. Summing over all vertices @f, we obtain the right-hand side.

In view of Lemma 1, in order to construct the oriented grﬁp efficiently, we must be able
to computesr(W(u,v)) and =(W(v,u)) for all edgesuv of G. If G is a bipartite graph, then
Wu,v) UW(v,u) =V, therefore it is enough to find the weight of only one of these complementary
sets. Moreover, iG is a squaregraph, thé# (1, v) andW (v, u) are gated sets, because the squaregraphs
are median graphs; cf. [27]. From the results of [21] follows that in this caseAed W (u, v) if and
only if m(W(u, v)) > m(W(v, u)). In case of trigraphs, the s&#(u, v) andW (v, u) are convex, but they
no longer cover the whole vertex-set@f Nevertheless, these sets extend to two pairs of complementary
half-planes. In Section 4 we will show that the half-planes of trigraphs have a geometric nature which
allows to process them efficiently.

To conclude this section, notice that in subsequent algorithms every trigraph or squarégiaph
represented by doubly-connected edge lidor precise definition and details see [18]. We recall here
only a few things about this data structure. Since every edde lmbunds two faces, it is convenient to
view the different sides of an edge as two distinalf-edgesThe two half-edgesy andyx we get for an
edgexy are calledwins (so thattwin(xy) = yx andtwin(yx) = xy). The half-edges bounding the outer
face 0G are oriented so thalG is traversed in clockwise order. On the other hand, the half-edges of
every inner face are oriented so that the face is traversed in counterclockwise order. The half-edge record
of a half-edgeé stores a pointer to its origin, a pointer to its twin, a pointer to the incident face, and two
pointersnexi¢) andpreu(¢) to the next and the previous edges on the boundary of incident face.
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3. Computing median setsin squaregraphs

From the results of [14] follows that every squaregr@pls a median graph, i.e., for any three vertices
x,y andz of G there exists a unique vertex which is simultaneously on shoftest-, (v, z)- and
(x, z)-paths. Next we specify some known properties of median graphs and their median sets to the case
of squaregraphs; cf. [4,27] and the references therein. In subsequent r@sgls,squaregraph and
is an edge of;.

(S1) W(u,v) andW (v, u) are gated and constitute a pair of complementary half-planes.

Let P be the subgraph ofi induced by all vertices oW (u, v) having a neighbor in the sév (v, u)
(analogously one can define the subgraplc W (v, u)). For every vertext € P, let F, consists of all
vertices of W (v, u) whose gate i (u, v) is the vertexx and call this set théber of x. Analogously
define the fiber, of every vertexy € Q.

(S2) P andQ are gated paths @¥. Additionally, all fibersF,, x € P U Q, are gated.

Notice that there is a natural isomorphism between the ptasd Q. For all edges:’v’ with u’ € P
andv’ € Q one hasW (u’, v') = W(u,v) and W (v', u") = W (v, u). The subgraph induced b§ U Q is
a strip consisting of one or several inner facesGofThis strip and the path® and Q can be easily
constructed in QP| + |Q|) time starting from an edgev on the outer face of; and the unique inner
face containing this edge (using a similar procedure as in the case of strips in trigraphs).

We continue with some properties of median sets in squaregraphs. From (S1), (S2), and the general
result of [21], we deduce the followingajority rulefor squaregraphs [4,24]:

(S3) The median set Méd) is gated. Moreover, Mder) is contained inW (u, v) if = (W (u, v)) >
27(V) and Medx) is contained inW (v, u) if (W (v,u)) > 3(z(V)). Finally, if 7(W(u, v)) =
(W (v, u)), then Medr) intersects both gated patitsand Q.

Therefore we can continue the search in the subgraph inducéd(byv) in the first case, in the
subgraph induced bWy (v, ) in the second case, and in the stAp) Q in the third case. The respective
subgraphG’ is endowed with a new weight function’ defined in the following way. In the first case,
definesr’ on W(u, v) by settingn’(x) := w(x) for everyx € W(u,v) — P andn’(x) := w(F,) + 7 (x)
for everyx € P. Analogously, in the second case defimeon W (v, u) by settingz'(y) := = (y) for
everyy € W(v,u) — Q andrn’(y) :=n(F,) + n(y) for everyy e Q. Finally, in the third case define’
on P U Q by settingr’(x) := 7 (Fy) andx’(y) = n(Fy), wherex € P andy € Q are adjacent to each
other. Then one can see that Med) = Med(x) in first and second cases and that Ned € Med(x) in
third case. In the latter case Med) can be easily computed applying the majority rule to the resulting
strip.

In order to implement this algorithm in linear time, at each step we have to decide in which case of (S3)
we are by traversing a part of the current graplproportional in size to the half-plane which will be
removed from further consideration. For example, if Ntedis contained inW (u, v), then we have to
decide this in time QW (v, u)|). This is possible using the following procedure: perform simultaneously
the Breadth-First-Search on the s8tsu, v) andW (v, u) starting from the path® and Q, respectively,



198 V. Chepoi et al. / Computational Geometry 27 (2004) 193-210

and stop when one of the sets will be completely traversed. (This can be easily done by alternatively
searching each of the half-planes according to BFS.) During these BFS traversals, we add the weight of
the current vertex to the weight of the half-plane and the fibEr containing it. For this notice that

v will be in the same half-plane and the same fiber as its father in the respective BFS tree. Suppose
without loss of generality that the searchWi(v, u) was completed first. lff (W (v, u)) < %n(V), then

Med(r) is contained inW (i, v) and we spent QW (v, u)|) time to decide this and to construct the
weight functions’. Since finding the median set W (u, v) will take O(|W (1, v)|) time, we conclude

that the overall time is QV|). On the other hand, it (W (v, u)) > %n(V), then Med) is contained

in W(v, u). In this case, we continue the traversalWi{u, v) in order to compute the weights of all

fibers of this set. Since¥ (u, v)| = |W (v, u)|, we spent QW (u, v)|) time to conclude that the search of
median vertices should be continuedWi(v, ) or in P U Q. All this shows that employing this simple
approach we can find at least one part of Medin linear time. If the weights of all vertices are positive,

then Medr) is either a vertex, an edge or a square [4,24], therefore our algorithm will return the whole
median set. For arbitrary non-negative weight functions, to compute the whole median set either we have
to expand the computed part in a careful way by taking into account tha¢gzMéslan interval [4] or to

adopt an approach similar to that for trigraphs presented in the next section.

4. Computing median setsin trigraphs

Throughout this sectionz = (V, E) is a trigraph stored in the form of a doubly-connected edge list
whose outer face is traversed clockwise. Notice that the outer face of each other type of regions occurring
below (half-planes, sectors, cones and strips) is also traversed clockwiseall Be(c) of radiusr and
centerc consists of all vertices at distance at mo$tom c. TheneighborhoodN (S) of a setS consists
of S and all vertices o — S having a neighbor it$. We recall some properties of trigraphs established
in [5].

(T1) The balls and the neighborhoods of convex sets of trigraphs are convex.
From this property one can easily conclude that trigraphs do not contain induced 4- and 5-cycles.

(T2) Trigraphs do not have induced subgraphs isomorphic to the 4-ckguand the graphkj ;3
consisting of three triangles having an edge in common.

From the definition and these properties immediately follows that the subgraphs induced by the convex
sets of a trigraph are also trigraphs.

(T3) Iftwo adjacent vertices, y of atrigraph are equidistant from a vertexthen there exists a common
neighbor ofx andy one step closer to.

As established in [5], trigraphs contain a rich amounthalf-planes (convex sets with convex
complements):
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(T4) For any two adjacent vertices and v of a trigraph G there exist exactly two distinct pairs of
complementary half-plane8,,, H, andH,/, H, separating: andv, i.e., such that € H, N H,/ and

v e H N H. These half-planes satisfy the equaliti®su, v) = H,N H,/ andW (v,u) = H, N H,.
4.1. Half-planes, sectors, cones, zips
Let (Hy, Hy), ..., (H,, H,,) be the pairs of complementary half-planesiofDenote byP; and P/ the

subgraphs induced by the verticesifand H/ which have neighbors in the complementary half-plane
(i.e., in H/ and H;, respectively).

Lemma 2. Each of the subgraphs; and P! is a convex path o having both end-vertices on the outer
facedG.

Proof. P; is the intersection of two convex set and N (H)), therefore it is convex (analogously one
deduces thaP/ is convex). SinceG is Ks-free andP/ is convex, every vertex oP; has one or two
adjacent neighbors iR

We assert that two adjacent verticesy of P, have a common neighbor iR/. Pick x’, y" € P/ such
thatx’ is adjacent tar andy’ is adjacent toy, and suppose that # y'. SinceH; is convexd(x’, y') < 2.
If x’ andy’ are adjacent, then we obtain a 4-cy¢te y, y’, x’) which cannot be induced. Therefore one
of the verticesy’, y’ is a common neighbor of andy. On the other hand, i#(x’, y') = 2, then pick a
common neighbor’ of x” andy’. It necessarily belongs tb(x’, y') € P/. The 5-cycle(x, y, y",z/, x’)
cannot be induced, whengeis adjacent tor andy, thus establishing our assertion.

P; is a convex subgraph @, thus it is also a trigraph. Therefore to show tlrais a path it suffices
to prove that it does not contain 3-cycles and vertices of degree 3. Suppose by way of contradiction,
that P; contains three pairwise adjacent vertiees, z. If they have a common neighbor iy we will
get akKy, a contradiction with (T2). So let’ € P/ be the common neighbor afandy, y' € P/ be the
common neighbor of andz, andx’ € P/ be the common neighbor of andz. The verticesy’, y" and
7z are pairwise adjacent becauBgis convex. Now, in order to avoid an induced 4-cycle generated by
x,y,x',y, eitherx andx’ are adjacent op andy’ are adjacent. In both cases, we obtain a 4-clique,
which is impossible. Thu®; and P/ induce acyclic subgraphs. Finally, assume by way of contradiction
that P; contains aKj 3, i.e., a vertexx adjacent to three other verticesz, v. Now, if we consider the
common neighbors’, z’,v" in P/ of y andx, z andx, andv andx, respectively, the convexity af;
and P/ implies that these vertices must be distinct and pairwise adjacent. This contradicts the fAtt that
does not contain 3-cycles, therefore indégdnd P/ are convex paths.

Finally, pick a vertexu of P; which is an inner vertex o6;. Since H/ is convex,u has only two
(adjacent) neighbors’, v” in H/ (and P/). The neighbors of’ andv” from N () belong toP;, henceu
is also an inner vertex af;. Therefore the end-vertices &f belong todG. O

We call the convex path®; and P/ the (porder) lines of the half-planesH; and H;. Denote byZ;
the partial subgraph af comprising all edges with one end i and another one i®’ and, due to its
form, call Z; azip; see Fig. 2 for an illustration. Atrip S; is the union of all inner faces a sharing
two edges with the zifZ;. Notice that every zif¥; shares two edgas = uv ande; = u’v' with 9G, so
that S; lies to the left of the half-edge ef which bounds9G. Below we will show that the zifZ; can be
reconstructed in a canonical way starting from the half-egige
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Fig. 3. Sectors and cones.

Let R; be the region of the plane bounded by the pAttand the subpath &fG comprised between
v andu’. Analogously, define the regioR; of the plane bounded by the pafh and the subpath afG
between the vertices andu. ThenH; (respectivelyH) consists of those vertices 6f which are located
in R; (respectivelyR;). Indeed, if a vertex of H; belongs toR!, then every shortest path betweeand
a vertex of P; C H; will intersect P/, and we get a contradiction with the convexity /8f.

According to (T4) every two adjacent verticeandv of G are separated by exactly two distinct pairs
of complementary half-planed;, H/ and H;, Hj’., whereu € W(u,v) = H; N H; andv € W(v,u) =
H N H;. The two other intersection#/; N H; and H; N H; are calledsectorsand are denoted by
S(uv; y) and S(uv; z), respectively, wherey and z are the common neighbors af and v (if the
edgeuv belongs to the outer faceG, then only one of two sectors is defined). From the equalities
H; =VNR; andH; = VN R; we conclude thaW (u, v) consists of all vertices af located in the region
R; N R;. Analogously,W (v,u) =V N R/ N R}, Swv; y)=VNR; N R}, andS(uv;z) =V N R NR;.
SinceW(u,v) = H; — S(uv; z) and W(v,u) = HJ’. — S(uv; z), in order to find the weight of the sets
W(u,v), W(v, u)(uv € E) it suffices to compute the weights of all half-planes and sectors; see Fig. 3(a).
To do this, we find more appropriate to perform all computations with objects slightly different from
sectors, which we call cones and define below.

Denote byl_i (u) and P; (u) the sub-paths of the path (with respect to the clockwise traversal of
3 H;) such thatP.(u) N P;(u) = {u} and P;(u) U P;(u) = P;. Call the oriented path®. («) and P; («)



V. Chepoi et al. / Computational Geometry 27 (2004) 193-210 201

u-rays (Analogously one can define therays P (u), P (u) and thev-rays P (v), P (v), P (v) and
P (v).) Notice that every inner half- edga) extends toa unrque—ray which we erI denote b)P(u v).
Letx be the neighbor ofi in the rayP (n). ThenP(u) P(u x). SetC(u; xy) := S(uv; y) U P (u)
and call the seC(u; xy) a conewith apexu andgeneratorxy, see Fig. 3(b) for an illustration. The
u-rays P, (u) = P(u, x) and P;(u) = P(u, y) are called thévounding rayf C(u; xy). (From what has
been established for sector(S(u xy) consrsts of all vertices of the graph located in the region of
the plane bounded by the ray?s(u x) and P(u, y) and a subpath of G comprised between the end-
vertices of these rays.) Analogously,uf is the neighbor ofv in the rayP (v), we define the cone
C(v; zw) := S(uv; ) U P (v) with apexv, generatozw and bounding rays? (v) andP (v). In order to
deal with degenerated cases, it will be convenient to extend the notion of a cone to the cagsecwilten
andx = y € 3G; we denote such a cone liy(u; xx) or C(u; yy) and call itdegeneratedNotice that
a degenerated cor@(u; xx) may be viewed as a usual cofigu; xy) in the trigraph obtained fronr
by adding a new vertex and making it adjacent to two consecutive vertiaes of G (analogously,
C(u; yy) may be viewed as the con&u; xy) in the trigraph obtained fron& by adding a new vertex
x adjacent tar andy). In a similar way one can define the co@€x; xy) in the case when at least one
of the edgesix or uy belong todG: if, say,uy € 3G, then add a new vertex adjacent tax andy, and
define the sectas (uv; y) and the con€ («; xy) in the resulting graph. Hence a co@i€x; xy) is defined
for every tripletu, x, y of vertices ofG, such thatx is adjacent to both, y, and the vertices, y are
adjacent or coincide. In the sequel it suffices to show how to deal with non-degenerated cones only (the
degenerated cones do not come from the sectors of the initial giapbvertheless they are used in the
recursive computation of weights of other cones).

We will establish in Section 4.4 that every half-plaliecan be represented as a union of cones having
their apices at the origin of;, thereforer (H;) (and thereforer (H/)) can be computed provided we
know the weights of the cones 6f.

4.2. Computing zips, strips, lines, and weights of rays

To perform this computation, we traverse the half-edge®®fn clockwise order. Let; = uv be the
current half-edge od G, for which we aim to construct the zip; and the linesP;, P/ (the stripS; can be
easily recovered fror#;). More precisely, our algorlthm will return one half- edge per edge of respectrve
line, so thatP. will be an oriented path starting at P’ will be an oriented path ending at while Z
will keep the half-edges having the origin f and the destination i®/ (see Algorithm ZIP).

To establish the correctness of this algorithm, it suffices to showRhand P/ induce convex paths
of G. Indeed, this would imply that, removing the edge¥gfthe connected components of the resulting
graph are convex sets 6f, therefore they are complementary half-planes. Consequently, we will deduce
that Z; is the zip of this pair of half-planes whilg; and P/ are, their lines. First notice that; and P/
are paths because the algorithm alternatively adds half- edgesatm P/ To show for example that the
path P; is convex, by Lemma 1 of [5] it is enough to prove thatis IocaIIy convey, i.e., ifv, y, z are
consecutive vertices aP;, thenx andz do not have other common neighborsGn Suppose not, and
let y' be such a common neighbor different fromLet yx andzz' be the half- edges which have been
added toZ; at the same iterations of the algorithm at which the half- edgeandyz have been added
to P.. Notice thatx'z’ is a half-edge otP’ If x andz are adjacent, then these vertices together wfith
andz’ induce a 4-cycle, which is |mpossrble Hencandz are not adjacent i. Now, the verticesy
andy’ must be adjacent, otherwise the vertiaes, z, y" induce a 4-cycle. If the half- edg)ey belongs
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Algorithm ZIP
Input: e, € 0G
Output: Z,ﬁl,];z’

k= O,Z = {a},ﬁl = @7 __13_:___\_ _______ i next(e) "
- PN R
P = 0,¢ ::twm(a}) N /\\%\
while € ¢ 9G do R A

if k£ is even twm(newt(?))

4 VAN

add nemt(?) to ?Z and prev(?) to Z __________
set k:=k +1and @ :=twin(prev(?))

prev(e)

else

add nezt(€) to 2 and prev(€) to ’

Z

set k:=k+1 and € :=twin(next(€))

end do

to Z;, then we will obtain a contradiction with the algorithm, because the half-eggesd yz will be
added toﬁ at two consecutive steps of the algorithm. Otherwise, the verticgs z, z/, x’ will induce a
5-cycle, which is impossible. This shows that the pathand P/ are indeed locally convex, and therefore
convex.

Finally notice that the complexity of this algorithm for a given boundary eglge O(|Z;| + | P;| +
|P/|) = O(Z;|). Since every edge of belongs to exactly two zips, summing over the edges®f
one concludes that the overall complexity of the algorithm is proportional to the number of edges of
whence it is @|V]). Analogously, the overall size of the lis%&, P, and P/ is also linear. Therefore,
traversing the path®; and P’ i=1...,m) from the orlgln to the destlnatlon in total linear time we
will compute the Welght&(P (n)), n(P (u)) n(P (v)), n(P (v)) for all verticesu € P; andv € P/.

4.3. Computing the weights of cones and sectors

Let C(u; xy) be a cone of5 bounded by thet—raysﬁ(u) andF}(u) (as we noticed above, one may
assume that the cor@(u; xy) is non-degenerated). First observe that the bounding ray¥fxy),
for exampleﬁ(u), can be constructed in the following way. Start by inserting the half-adge P.(u)
and sets := x. At each step, given a current verte,xturn counterclockwise arourdstarting from the
half edge next to the half-edge lastly msertedlﬂrou) then leave two edges incident 4gand insert in
P. (u) the half- edgess of the third edge. Set:=s’, and repeat while is an mner vertex of5. The
pathP (u) is constructed analogously. The single difference is that i in tt the caBeofthe two edges we
leave at each iteration will belong to the cofié:; xy), while in case ofP (1) they will be outside this
cone; see Fig. 4(a).
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Fig. 4.

Let zo be the neighbor of in P.(u) (if it exists). Thenx may be adjacent to only one other vertex
of C(u; xy) U {y}. On the other hand, the vertexmay have several neighbors @u; xy) different
from u andx, which we denote by, z, ..., z,,. Notice that ifz exists, thenx has another neighbor in
C(u; xy), namelyzy, and in this case; andzg are adjacent. Sinc@ is 2-connected, either the vertices
20,21, - - -, Zp Induce a path o&; (see Fig. 4(a)) or there exists an index @ < p such that, andzi1
are not adjacent and each#f . . ., zx andzx,1, ..., z, induces a path of; (see Fig. 4(b)). Special cases
occur whernyg does not exist ok = p — 1.

We continue with a formula expressindC (u; xy)) via the weights of the con€ (x; zoz1) and of the
cones of the fornC(y; z;z;41). For this, first we establish the following equality.

Lemma 3. C(u; xy) = {u} U C(x: 2022) U (UL C (v 2izi40)).
Proof. As we noticed above, the half-edges, uy, Xzo, xz1, yz1, - .., ¥z, extend in a canonical way to
the raysP (u, x), P(u, y), P(x, 20), P(x, z1), P(y,21), ..., P(y, 2,), respectively. Each of these rays is
a convex path starting at the origin of the corresponding half-edge and endiog béts,, ..., s, € 9G
be the ends of the ray?(y,zl), e, i’)(y, zp) and letsy and; be the ends of the rayE(x,zo) and
P(x, z1). Notice also thatP (x, zo) and P(y, z,,) are subpaths oP (u, x) and P(u, y). Every ray from
our list is a bounding ray of one or two consecutive cones occurring in the equality we have to prove.
Since the rays are convex, any two rays having a common origin intersect only in this vertex, in particular
P(y,z) N P(y,z;) = (y} holds for all distincti, j =1, ..., p. Next we assert thak (u, x) and P (y, z1)
are disjoint. Suppose the contrary, and pick a vertaxtheir intersection. Sincé(x, t) < d(u, 1), the
convexity ofﬁ(u,x) implies thatd(x, t) < d(y,t). Thenx lies on a shortest path betweerand: in
contradiction with the convexity aP (y, z1), thus establishing the assertion. Analogously, one can show
that the following pairs of rays are disjoin® («, y) and P(y, z1); P(x, z1) and P(y, z2); P(u, x) and
P(y,z)fori=2,...,p.

The coneC(u; xy) consists of the vertices of; located in the regionR bounded by the rays
P(u,x), P(u,y), and the subpath ofG between, ands,. Analogously, for eacti =1,..., p — 1,
the coneC(y; z;z;+1) consists of the vertices of; located in the regionR; bounded by the rays
75(y, Zi), TJ(y, Zi1+1), and the subpath &fG comprised betweesn ands; ;1. From what has been proven
above follows that the rayB (y, z1), ..., P(y,z,_1) partition R into the regionsk}, Ry, ..., R,_1 with
disjoint interiors; see Fig. 5. Thus every vertex of the catie; xy) located outside&R belongs to some
coneC(y; z;zi+1) and, vice versa, the inclusid\df:ll C(y; zizi+1) € C(u; xy) holds. It remains to show
that all other vertices of (u; xy) — {u} belong toC (x; zoz1) and thatC (x; zgz1) C C(u; xy). Let Ry be
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Fig. 5. Proof of Lemma 3.

the region of the plane bounded by the rzi@(Sc, 20), T’(x, z1), and the subpath &fG betweerry ands;.
ThenRy— R1 C RyandRo NV = C(x; 2021). Since_)Rg NV c C(u; xy), we deduce Lhat?(x; 2021) C
C(u; xy). The convexity of the raysP(x, z1) and P(y, zy) implies thatP(x, z1) N P(y, z1) = {z1}.
ThereforeR| — Ry consists only of the regions bounded by the inner fgges, y) and(x, y, z;) of G;
see Fig. 5 for an illustration. ThuS(u; xy) — {u} C C(x; zoz1), concluding the proof. O

Some cones in the formula from Lemma 3 may overlap. However, two cones whose generators are
not incident have only the apexin common. From the proof of Lemma 3 follows that the intersection
of two consecutive non-empty coné€Xy; z;_1z;) andC(y; z;z;+1) is ay-ray. On the other hand, the
intersection of the coneS(x; zoz1) andC(y; z1z2) IS again a cone. To show this, notice that the region
Ro N Ry is bounded by two subpath®’ and P” of the convex ray?(y, z1), P(x, z1), and the subpath
of 3G betweens; andt,. Let p andg be the neighbors of; in those subpaths. TheP' = P(z1, p) and
P" = P(z1, q), therefore the vertices of the co&z1; pg) are exactly the vertices @ located in the
region Ry N R1, whence the intersection of the con@éx; zoz1) andC(y; z1z») is the coneC(z1; pg).

From Lemma 3 and previous discussion we obtain the following inclusion-exclusion formula for
computingz (C(u; xy)) (for an illustration of this and subsequent cases see Fig. &), ¢xists and
the vertices, z1, .. ., z, induce a path, then

p—1
7 (Cu; xy)) =7 W) + 7 (Clx: 2020)) + D7 (C(s zizign)) — 7 (C(x: 2022) N C(y: 2122))
r-1 )
=Y w(C(yizi120) N C(y: 2i2i4)).- 1)

i=2
(Notice that in (1) the weight of is addedp — 1 times and is subtractgel— 2 times.) Now, ifzo does not
exist, then simply replace in (1) the co@éx; zoz1) by the degenerate co&(x; z1z1) if x is adjacent to
z1 and by{x} otherwise. Finally, ifzg exists but some consecutive verticgsandz,, are not adjacent,
then replace in (1) the coné(y; zxzx+1) by the degenerate com®(y; zx11zx+1). In particular, replace
C(y, Zp—lzp) by C(y, szp) if k= pP— 1

Below we will describe how to organize the computation®so that each time we wish to compute

7 (C(u; xy)), the weights of all cones and rays occurring in the right-hand side of (1) have been already
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Fig. 6. (@) A non-degenerate case; {ppndz; 1 are not adjacent; (&, _1 andz,, are not adjacent; () is on the boundary;
(e) z1 is on the boundary; andz; are not adjacent; (§, is on the boundary.

Fig. 7. Levelling of a trigraph.

computed. For this, we pick a vertexon the outer face of; and perform the levelling of the graph
in the following way: for an integet defineith level L; to be the subgraph induced by all verticesof
located at distancefrom ¢, see Fig. 7. We call an edge of G horizontalif both « andv belong to the
same level andertical otherwise.

Lemma 4. Every connected component in each lelvgls a path.

Proof. Notice that the union of the levels; (j < i) is the ball B;_1(c), therefore it is a convex subset
of G. SinceG is K4-free, this implies that every vertex @f; is adjacent to at most two consecutive
vertices in the previous levél; ;. In view of (T3), any two adjacent verticas y of L; have a common
neighboru in L;_;. SinceG is K4-free, this common neighbor is necessarily unique.
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D-cone

Fig. 8. The classification of cones.

Now, assume by way of contradiction that contains three pairwise adjacent vertices, z. Let
7/, y',x’ be the common neighbors ih;_; of x,y, of x,z, and of y, z, respectively. Convexity of
B;_1(c) and the fact that; is K4-free imply thatx’, y', 7’ are distinct and pairwise adjacent. Since
and y have already two neighbors ih;_;, we conclude that the vertices y’, x’, y induce a 4-cycle,
which is impossible. Finally, suppose thiat contains a vertex adjacent to three other verticesz, v.
Now, if we consider the common neighbarsz’, v’ in L;_; of, respectivelyy andx, z andx, andv and
x, then each two of them either coincide or are adjacent, lf’, v' are pairwise distinct, then together
with x they will form a K4, a contradiction with (T2). On the other hand, if all these vertices coincide,
then together withx, y, z, v they induce a forbiddelK; 1 3. Finally, if y =z # v/, thenx, y,z,y', v/
induce akK; ; 3, contrary to (T2). Hence, every vertex bf has degree 1 or 2 antd; does not contain
triangles. Thus every connected componeni pfs a path or a cycle. Since the base-pairtitelongs to
the outer face, one can easily see that the second case is impossiblg, tbusists solely of paths. O

For each patli; in the levelling consider its first end-vertex in the clockwise traversatafrefer to it
as to the leftmost vertex df; and orientZ; from this end-vertex to the right. With respect to the levelling
of G, we present the following classification of cones@f A cone C(u; xy) is called a Deoneif
uel; ;andx,ye L;, andaRDeoneif u,x € L;_1, y € L;, andx isright fromu on L;_;. Analogously
one can define the LI@enes the U-cones the LU-conesand the RUeones Call a{D,RD,LD}-cone a
downward conand a{U,RU,LU}-cone anupward coneClearly, every cone of; is of one of these six
types; for illustrations see Fig. 8.

The computation of the weights of cones is performed in the following way. First, we sGéeyel
by level in decreasing order of their distances {apward) and compute the weights of downward cones.
In order to compute the LD-cones with apices in itielevel, L; is swept from left to the right, while
to compute the analogous RD-conés,is swept from right to the left (the D-cones can be computed at
each of these traversals). Since every verteXqfi has one or two adjacent neighborslip one can
easily see that every cone used in the computation of the weight of some downward cone with the apex
at L; may occur at most four times at the right-hand side of (1). Therefore the weights of the downwards
cones with apices at; can be computed in time proportional to the number of edges in the subgraph
induced byL; U L; .1, whence the overall computation of weights of downward cones is linear.

Now, to compute the weights of upward cones, we sweep the levels of the Graphincreasing
order of their distances to (downward). At stage, we traverse the level; from right to left, and
for every vertexy € L;, we compute the weights of all upward cones havings the left end-vertex
of their generator, i.e., of all con&3(u; xy) such that the half-edgey occurs in the counterclockwise
traversal of the inner facét, x, y). However, computingr (C (u; xy)) directly via (1) would not yield
a linear-time algorithm because every cone with apeppears in the right-hand side of this formula
for all upward conesC(u; xy) except a constant number. Instead, we proceed in the following way.
Let zo,21,...,2,-1,2, be the neighbors of in G ordered in the counterclockwise order, where
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Fig. 9.C(zj5 zi 1) AC(zi 152 y) = C(¥5 2241 U C (25 22 41)-

20, 2p € Li_1, 21, 2,—1 € L; and the remaining neighbors arelin, ;. First, applying (1) we compute the
weight of the rightmost upward cor&(z,_1; z,,y). Then we successively update this weight by turning
around the vertex in clockwise order. Assume for example that we wish to compute the weights of the
upward cone€'(z;_1; z;y) (i =2, ..., p—1). For this, notice that the symmetric difference between two
consecutive cone€'(z;; zi+1y) and C(z;_1; z;y) consists of two cone€ (y; z;z;4+1) and C(z;; 2zi+1),
wherez is the common neighbor af andz; ., different fromy (if z does not exist, then the second cone
is the degenerated com&z;; z;11z:+1)). As we will establish below, one can suppose that the weights
of these two cones have been already computed. Now, knawi@dz; _1; z;y)), the weight of the cone
C(z;; zix1y) is obtained by setting

7(C(zi5 2i41y)) := 7 (C(zi—1: zy)) — 7 (C (i 22i41)) + 7 (C (¥ 2;2j41));
since the last two cones occurring in this formula are downward cones, their weights are already known
(for an illustration see Fig. 9). Clearly, the complexity of performing these computations for a given
vertex y is proportional to its degree, therefore the overall time of computing the upward cones is also

linear.
The correctness of this algorithm follows from the following result.

Lemmab. If C(u; xy) is the current cone, then the weights of cones arising at the right-hand sidg of
have been already computed.

Proof. The basic ingredients of the proof are Lemma 4 and the following facts aboutry). First,
from Lemma 2 we conclude that the co@i¢u; xy) is convex and that its rays are convex paths. Second,
for every vertexz £ u of C(u; xy) every shortest path betweanand z intersects the generatér, y}.
As above, by, z1, ..., 2, we denote the neighbors efand/orx in C(u; xy). From previous properties
of cones, we conclude that neither of these vertices is adjacentMow, suppose that the levelling of
G hasn levels and that: belongs toL;. We proceed by induction om— i for downward cones and by
induction oni for upward cones.

Casel. C(u; xy) is a downward cone.

If x,y e L (i.e., C(u; xy) is a D-cone), however somg; belongs toL;, thenz; andu must be
adjacent because they have a common neighbor outside thg; Gall which is impossible. So, assume
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without loss of generality that € L;,; andy € L;. Sinceu is not adjacent tqy, we conclude that
20,21 € B;(c), thus the weightr (C(x; zoz1)) is already known in view of induction hypothesis. As
to the conesC(y, z;zj4+1), i =1,..., p — 1, assume by way of contradiction that somebelongs to
the level L;_;. Sincez; is not adjacent ta andu, y € L;, by (T3) there exists a common neighbor
z #z; of u andy one step closer to. Sincez,z; € L;_; and both these vertices are adjacentfo
the convexity of the balB;_1(c) yields thatz is adjacent ta;. Thenz € I(u, z;) C C(u; xy), which is
impossible.

Case2. C(u; xy) is an upward cone.

First assume thak,y € L; ;, and pick a cone from the right-hand side of (1), say the cone
C(y; z;zj41). If the vertices of its generator belong to the levels, andL;_,, then, by the induction
hypothesis, the weight of this cone is known. On the other hand, if one vertex of its generator belongs
to L;+1 and another one th; or L;;1, thenC(y; z;z;+1) is a downward cone, therefore its weight has
been computed at previous stage. The case whanxy) is a LU- or RU-cone is analogous subject to
minor modifications. For example, if, saye L; andx € L;_1, then no coné& (y; z;z,+1) may have both
zj andz;j;q in L;_4: the convexity ofB;_1(c) then implies that, y, z;, z;+1 are pairwise adjacent and
we get a forbidderK,. In all other cases( (y; z;z;+1) is either a downward or an upward cone whose
weight has been already computed due to induction hypothesis.

4.4. Computing the weights of half-planes

Let H;, H be a pair of complementary half-planes defined by the Zonéd.et uv andu’v’ be the
boundary edges aof; so thatu, v’ are the end-vertices af; andv, u” are the end-vertices af,. We
will show how to computer (H;) (7 (H/) can be computed analogously but using the vestgxDenote
by z1:=v,..., z, the neighbors of the vertex ordered clockwise. Ther, ..., z,, are the neighbors
of u lying in the half-planeH;; see Fig. 10. Now notice th&¥; is the union of the non-degenerated
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conesC(u; zjzj+1) (j=2,..., p—1) and of the degenerated co0€u; z,z,). The u-rays defined by
the edgesizs, ..., uz,_1, being the intersection of two consecutive cones, are counted twice. Hence

p—1
w(H) =Y 7(Cluszjzj41) — Y 7w (Clus 2jz541) N Cu; 2j112542)).

j=2 j=2

M=

whereC (u; z,,z,+1) Stands for the degenerated cang:; z,,z,,). This shows that the weight @f; can be
computed in time proportional to the degree of the verteXhe vertices: andv are separated by two
pairs of complementary half-planes, therefaraill be involved in computing the weights of two half-
planes only. This proves that the weights of the half-planeS chn be computed in time proportional
to the sum of degrees of verticesai, i.e., in linear time.

4.5. The algorithm MEDIAN SET and its complexity

Summarizing the discussion from previous subsections, we outline the following algorithm for
computing the median set Med) of a trigraphG.

Algorithm MEDIAN SET

Input: A trigraph G in the form of a doubly-connected edge list and a weight function

Output: The median set Mad)

1. Compute the zipg;, their stripsS;, and the linesP;, P/ (i =1, ..., m);

2.Fori=1,...,m and all verticest € P;,v e P/ compute the Welghts(P W), ©(Pi(u)), n(P v)),
n(P v)) of theu andv-rays;

3. Compute the weights (C (u; xy)) of the cone< (u; xy) of G, and then compute the weights
7 (S(uv; x)) of the sectorss(uv; x) of G;

4. Compute the weights(H;) andx (H/) of the half-planed?; andH/ (i =1, ..., m);

5. For each edgev of G computer (W (1, v)) andz (W (v, u)) as the difference between weights of

a half-plane and a sector computed in steps 3 and 4;
. Construct the grap;
7. Return the set Mad) consisting of all vertices of; having no outgoing edges @, .

»

While describing in details steps 1-4 of the algorithm, we established that the complexity of each of
these steps is linear. When the weights of complementary half-plnds’ are computed, then they are
broadcasted to all edges of the Zp Now, given an edgev < Z;, the weights ofW (u, v) andW (v, u)
can be found in constant time as noticed in step 5 and illustrated in Fig. 3. Hence step 5 ndgds O
operations, the same order as the steps 6 and 7. Silliee 3| V| — 2 becausés is planar, we conclude
that the complexity of the algorithm MEDIAN SET is(@¥]). This algorithm can be modified (even
simplified) in order to compute the median sets of squaregraphs (we skip the straightforward details).
Concluding, we obtain the following result.

Theorem 1. For every weight functiorr defined on vertices of a trigraph or a squaregraph= (V, E),
the median sdtled(;r) can be computed in linear tim@(|V|).
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