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Recognition of Robinsonian Dissimilarities

Victor Chepoi Bernard Fichet

Université d’ Aix Marseille II Université d’ Aix Marseille II

Abstract: We present an O(n>)-time, O (n?)-space algorithm to test whether a dis-
similarity d on an n-object set X is Robinsonian, i.e., X admits an ordering such that
i £ j <k implies that d(x;,x;) 2 max {d(x;,x;),d(x;,%)}.

Résumé: Nous présentons un algorithme de complexité On?) pour le temps et
O(n?) pour I’espace mémoire, afin de tester si une dissimilarité d sur un ensemble
X de n objets est de Robinson, i.e., si X admet un ordre tel que i{ < j <k entraine
d(x;,x) = max {d(x;,x;),d(x;,x)}.

Keywords: Robinsonian dissimilarities; Order compatible with a dissimilarity;
Divide-and-conquer algorithm.

1. Introduction

A major issue in classification and dissimilarity analysis is to visualize
simple geometrical and relational structures between objects. Necessary for
such an analysis is a dissimilarity measure d on a set X of objects, which is
either observed directly or computed from a data matrix. Then d is a sym-
metric function from X2 to the nonnegative real numbers and vanishing on
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the diagonal. Hierarchical structures (or ‘‘dendrograms’’) are basic tools in
such a visual display. A dissimilarity is in perfect agreement with a dendro-
gram if and only if it satisfies the ultrametric inequality d(x,y) < max
{d(x,2),d(y,2)} for all x, y, ze€ X. Moreover, the left-to-right order { of
objects in the dendrogram is compatible with d, ie., if
d(x,y) < max {d(x,z),d(y,z) and x ( y, then either z { x or y { z. Such an order-
ing is still another (one-dimensional) way to represent ultrametrics (Brossier
1980), although the class of dissimilarities admitting compatible orders is
much larger. This kind of orderings appeared in Robinson (1951), concerning
seriation problems in archaeology.

A dissimilarity d and a (total) order { on a set X are said to be compati-
ble (or admissible sensu Mirkin and Rodin 1984, p. 62) if x (y ( z implies
d(x,z) 2 max {d(x,y),d(y,z)}. A dissimilarity d is said to be Robinsonian if it
admits a compatible order. Then the dissimilarity matrix D = (d(X,¥))xyex
has elements which do not decrease when moving away from the main diago-
nal along any row or column. Such a matrix is called Robinsonian (cf. Bros-
sier 1980); Critchley and Fichet 1994; Diday 1983, 1986; Fichet 1986; Hubert
1974) (or linear in the terminology of Mirkin and Rodin 1984, p. 39). Finally,
recall also a stronger kind of Robinsonian dissimilarity measure. A dissimi-
larity d on X is called strongly-Robinsonian (cf. Fichet 1986; Durand and
Fichet 1988) if it admits an order { compatible with d, such that x {y (z (¢
and d(x,t) > max{d(x,z),d(t,y)} imply d(y,z) < min{d(x,z),d(s,y)}. In this
case the order { is strongly-compatible with d. For the state of art in this field,
the reader may consult the recent book of Mirkin (1996).

In addition to seriation problems in archacology (Robinson 1951;
Hubert 1974; Kendall 1969), Robinsonian dissimilarities play an important
role in the analysis of DNA sequences (Mirkin and Rodin 1984, Chapter 1)
and overlapping clustering (Bertrand and Diday 1985; Diday 1986; Durand
and Fichet 1988; Fichet 1986). There are one-to-one correspondences
between, on the one hand, Robinsonian dissimilarities and weakly indexed
pseudo-hierarchies (alias pyramids) (Diday 1986), and, on the other hand,
strongly-Robinsonian dissimilarities and strictly indexed pseudo-hierarchies
(Fichet 1986). Finally, recall the basic relationship between Robinsonian
matrices and interval hypergraphs established by Fulkerson and Gross (1965).
For further information on applications and properties of Robinsonian dis-
similarities, consult Batbedat (1990), Bertrand (1992), Critchley and Fichet
(1994), and Chapter 1 of Mirkin and Rodin (1984). Hence, given a dissimilar-
ity d on X, one can be interested in recognizing whether d is Robinsonian and
in finding a compatible order if one exists.

The simplest approach to this problem uses the following property of
Robinsonian dissimilarities: if x{, . . . ,x, is an order of X compatible with d,
then the chain (x1, . . .,x,) is a minimum spanning tree in (X,d). Therefore, it
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suffices to find all minimum spanning trees that are chains and check if one of
them gives an order compatible with d. Unfortunately, because (X,d) can
have an exponential number of minimum spanning trees, it is unclear whether
such an algorithm can be implemented in polynomial time. The same
difficulties arise with the estimation of complexity of the algorithms presented
in Batbedat (1990), Bertrand (1986), and Durand (1989). The polynomial-
time algorithm, unique to our knowledge, is based on the simple fact that a
dissimilarity d on X is Robinsonian if and only if the family B of all balls
B,(v)={xe X:d(v,x)<r}, ve X is an interval hypergraph. (Such an
approach has been used, for example, in Mirkin and Rodin 1984, Chapter 1.)
Thus, it is necessary to compute the ball-hypergraph B and check whether its
incidence matrix can be reordered in such a way that every column has the
consecutive one’s property; see Golumbic (1980, Chapter 8) for more infor-
mation about such matrices and their relationships with interval graphs and
hypergraphs. The last problem can be solved in time proportional to the
number of units of this matrix (i.e., the size of B) by the PQ-tree algorithm of
Booth and Lueker (1976). In the worst case, the hypergraph B has size O(n 3)
(one cannot know in advance which balls coincide), and, therefore, Robin-
sonian dissimilarities can be recognized in 0(n3) time and with O(n3) space.
We now present a direct (and probably simpler) algorithm for solving this
problem, which needs O(n %} time and O(nz) space. With a few modifications
we can recognize strongly-Robinsonian dissimilarities within the same time
and space bounds.

2. Preliminaries

Our algorithm makes use of some simple geometrical and order-
theoretical notions. Let d be a dissimilarity on a set X of n objects. We call
(by a slight abuse of language) d(x,y) the distance between the objects
x,y € X. For a subset A € X let 8(A) = max{d(u,v):u,v € A} be the diameter
of A. By S,(x) we denote the sphere of radius r and centered at x € X, i.e.,
S,(x) = {y € X;d(x,y) = r}. For convenience, x does not belong to So(x).

Let R be a (linear) quasi-order on X, i.e., a reflexive, transitive, and
linear binary relation. It is common to write x <g y to indicate that (x,y) is in
R. Any quasi-order R can be represented as an ordered partition
~(B1,...,B,), where x <g y if and only if x € B;, y € B; and i <j. Thus,
B1,...,B,, are the blocks (equivalence classes) of R. By a segment [B;,B;]
(i < j), is meant the union of the consecutive blocks B;,B;,1, . .. ,B;. For two
subsets of objects P and Q, write P <gp Qifp<gpgforanype Pand g e Q.
A quasi-order R, refines (extends) a quasi-order Ry if every block of R; is a
segment of Ry, or, equivalently, x <g y implies x <g y. Note that this
refinement relation on quasi-orders is nothing but the inclusion of binary
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B1 Bg L Bm Bl B2 .Bm
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Figure 1. Decomposition of the matrix D given a quasi-order compatible with d.

relations considered as sets of ordered pairs. Henceforth, whenever possible
we will reserve the notation { for (total) orders.

The following is a standard example of a quasi-order of X. Pick an
object b € X and define x <g _y if and only if d(b,x) < d(b,y). The blocks of
the quasi-order R,, are the spheres centered at b.

We will say that a quasi-order R of X with the blocks By, ...,B,, is
compatible with a dissimilarity dif x € B;,y € Bj,z€ Byandi <j <k, i #k,
implies

d(x,z) Zmax {d(x,y),d(¥,2)} .

This notion clearly generalizes the concept of a (total) order compatible with
d. On the other hand, the quasi-order with one block is compatible with any
dissimilarity. The following properties of quasi-orders R compatible with d
are straightforward but instrumental;

(1)  for any two distinct blocks B; and B; of R, the distances d(x,y)
(x € B;, y € Bj) take one and the same value d;; = d;; (see Figure
1).

(2) ifi<j <k, then dy 2 max {d;;,dy}, i.e., the induced (total) order
between the blocks of R is compatible with the dissimilarity

dlt’ ifl * t,

d"BrB) =10 otherwise .

(3) the diameter d(B;) of any block B; is not larger than d;;,, and d;_y;.

(4)  dis Robinsonian if and only if its restriction d | g on any block of R
is Robinsonian. Moreover, if R; are orders/quasi-orders of B;
(i=1,...,m) compatible with dlp, then the following
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order/quasi-order R* of X is compatible with d and refines R :

x <g-+ y if and only if either x and y belong to a common block
B;andx <g y,orxe B;,y € B;andi <.

3. Algorithm

We start with an outline of the algorithm for recognizing Robinsonian
dissimilaritics. The last property from the previous section and Figure 1 sug-
gest that a divide-and-conquer paradigm with a simple merging step can be
employed. The uniquely serious obstacle is the division step: we must find (if
it exists) a quasi-order R compatible with 4 and having at least two blocks.
We proceed in two steps. The approach begins by finding a quasi-order R
with at least two (and at most six) blocks and fulfilling the following condi-
tion: if the dissimilarity d is Robinsonian, then there is a (total) order of X
compatible with d which refines Ry. Then, to construct the desired quasi-
order R it is necessary to sweep the objects according to the quasi-order Ry.
For an object b under consideration, we refine the current quasi-order (ini-
tially Ry) by intersecting its blocks not comprising b with the blocks of the
quasi-order R, (recall that they are the spheres centered at b). We recursively

.repeat this sweeping procedure inside some blocks of Rq until we arrive at a
quasi-order where each block is entirely contained in only one sphere S, (b)
for any object b outside this block. Denote the quasi-order thus obtained by
R. Note that any order of X compatible with d and which refines Ry will
refine R, too. Therefore, 4 is Robinsonian if and only if R is compatible with
d. If so, continue the same two-level procedure for the blocks of R separately;
otherwise return the negative answer.

In the following pages a rather detailed description of the algorithm is
given. Besides the dissimilarity matrix D, we will need the matrix D
obtained from D by sorting the row elements in nondecreasing order. This
task is accomplished in O(n’logn) time. Next, compute the diameter
6 := 8(X) of X and find an object p such that the sphere S := S5 (p) contains
the maximum number of objects. Select all potential centers of this sphere,
i.e., all ¢ € X with the property that S5 (c) = S. Denote the collection of all

- such ¢ by C. Finally, put L := X —(C u §). We record here some elementary

properties of the sets C, S and L. First notice that S and C must be disjoint.

Indeed, if there is an object g€ S N C, then 8> 0 by assumption and

d(g.q) = 6 > 0, which is impossible.

Lemma 1. If L = O, then the quasi-order Rqy = (S,C) is compatible with d.
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Proof. The proof is immediate, because d(x,z) = 8 2 max {d(x,y),d(y,z)} for
any objects x € S, ze Cand y € S U C. In this case set R := Ry, avoiding
the refining step of the algorithm.

Lemma 2. Cis a segment of any order { of X compatible with d.

Proof. For a given compatible order, let ¢ and ¢ be the respective
minimum and maximum eclements of C. We assert that the segment
[c",c”1= {xe X: ¢"(x{c”"} does not contain objects of S. Assume by
way of contradiction that g€ S N [c”,c”"]. Since d(c",q)=d(c”",q) =5
and the order ( is compatible with d, we conclude that d(c”,c’") = §. This
conclusion implies c¢“,¢”e CnS, which 1is impossible. Thus,
e, e INS=0.

Now, pick arbitrary objects ¢ € [¢c”,c”"] and s € S. Let, say, s{c".
Then d(c,s)=d(c”, s) = 0 and hence s € S5 (c). From the choice of the sets
C and S we deduce that S5 (¢) = S,ie,ce C. =

For an order ( compatible with d, define
S{={se 8:s(C}, S{={seS:C(s},
Li={leL:I(C}, Lf={leL:C{l}.
By Lemma 2 we conclude that S U S =Sand L{ UL} = L.

Lemma 3. The sets S¢, L{, L{ and St are segments of the order {. More-
over, ( refines the quasi-order with the blocks (S{, L{, C, L{, S{).

Proof. Pick arbitrary objects s € S and x (5. Since d(x,c) 2 d(s,c) = d for
any ¢ € C, we obtain x € S¢. Similarly, if s € S{ and s (x, then x € S{.
Hence, both S and S{ are boundary segments of {. This observation immedi-
ately implies that Ly and L{ are segments, too. In view of this observation
and Lemma 2, the second assertion is evident, »

Next we will explain how to find such a partition without the
knowledge of any order compatible with d. For this purpose construct a spe-
cial threshold graph G with L U S as a vertex-set and the following set E of
edges: define (x,y) € E if and only if d(x,y) < & and x and y do not belong
simultaneously to the set L. Hence, L is an independent (stable) set of G.
Applying the breadth-first search (see, for example, Golumbic 1980, p. 39)
starting every time from L, we will find the connected components
Ky,...,K, of the graph G that share objects with L. Define
Li=KinL,....L,=K,nLand S1=K1nNnS,...,5,=K,NnS. Since
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any object in L is at distance less than d to at least one object of S, necessarily
all the sets S;,...,5, must be nonempty. Finally, put
ST=8-(1v---us,). (n fact, one can compute directly all these sets
without an explicit construction of the graph G, using just the matrices D and
D.).

Lemma 4. Let ( be an order of X compatible with d. Then G has at most two
connected components intersecting L. Moreover, for any connected com-
ponent K; of the graph G, the sets K;, L; , S; and K; v C represent nonempty
segments of .

Proof. Let a and b be the respective minimum and maximum elements of K.
We will prove that K; = [a,b]. Pick an arbitrary object z € [a,b] distinct from
a and b. Necessarily, one can find two objects x,y € K; adjacent in G and
such that x { z ( y. Indeed, when moving from a to b on a path of K;, such a
pair (x,y) must be encountered. At least one of x or y, say x, belongs to the
set S. Since max {d(x,z),d(z,y)} < d(x,y) < d, we conclude that z ¢ C. There-
fore, z is a vertex of G, and z either coincides with x or is adjacent to x.
Hence, z € K, i.e., K; is a segment of (. Suppose without loss of generality
that K; { C. Then §; c S and L; c L{. By Lemma 3 and the simple fact that
intersections of segments are segments too, we infer that S; and L; arc seg-
‘ments. Now, we show that L; = L. Pick an arbitrary object u € L;. The
definition of the set C implies that d(u,v) < for at least one object v € S.
Since d(u,t)2d(w,t)=90 for all we C and all te S{, we conclude that
ve S If veS;, then immediately u e K;. Otherwise, v {a, so that
d(a,u) <d(v,u) <9, and again u € K;. Inboth cases u € L;, i.e., L; = L{. This
shows that K, w C is a segment, and that G has at most two connected com-
ponents. =

Lemma 4 shows that the connected components K; and K, of the
graph G together with the set C represent a ‘‘rigid part" of any order of X
compatible with d.

Below we give a more formal description of the dividing strategy.

procedure divide (X)

. Input: a dissimilarity d of X given by the matrices D and D;
Output: a quasi-order Ry of X with at most six blocks;
begin

compute the diameter & := 8(X) of X;
find an object p with the largest sphere S := S5(p);
compute C:={ce X:S5(c)=S});, L. =X-(SuC)
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if L = & then return R, = (5,C);
else ‘

construct the threshold graph G;

find the connected components Ky =L, vS,... . K, =L,V S,

of G which intersect the set L;

if m > 3 then return ‘‘d IS NOT ROBINSONIAN’’;

else
S =8, L :=L; 8" =S8, LY =Ly, ST =S - (STuSYy,
ifm=1thenreturn Ro = (S ,L,C,S7),
elsereturn Ry =(S~,L7,C,L*,S*,57);

end;

We summarize the previous results in the following theorem.

Theorem 1. Any order of X compatible with d is a refinement of a quasi-
order of the following type:

(a) (S,C)or(C,S),ifL =0

(b) (S°,8,L7,C.SNor(S",C,L™,8,8,ifL” =L;

(¢c) «(S°,S°,L-,C,L*,S*,S)or (S,S* ,L*,C,L™,S",S8), oth-
erwise,

where 8" U S =S and d(x,y) =d foranyx € S andy € S”. In particular,
if d is Robinsonian, then there exists an order compatible with d that refines
the quasi-order Ry computed by the procedure divide(X).

Note that for ultrametrics the set L is empty, i.c., only case (a) of
Theorem 1 occurs.

We now describe in detail how to refine the quasi-order Ry to obtain a
quasi-order compatible with d. The strategy is quite standard. It derives
directly from the definition of a compatible order and appears, implicitly at
least, in many sources. See, for the first development by Mirkin and Rodin
(1984, pp. 63-65), with the superimposing procedure, or Batbedat (1990, p.
69) and (Durand 1989). The quasi-order is constructed recursively (initially,
R = Ry), using the following basic fact:

IfR = (By,...,B,) is the current quasi-order, and { is any order refining R
and compatible with d, then for any reference pointb € B; (i = 1,... ,m) and
two objects x,y € B; such that d(b,x) < d(b,y), then x(y if j > iand y {x if
i>].

Therefore, we must repeatedly refine R with respect to the quasi-orders Ry,
b € X. If the reference point b belongs to the block B; of a current quasi-order

R =(By,...,B,), then return a new ordered partition whose blocks are B;
and intersections of the blocks By, ...,B;1, Bis1,....By, with the spheres
Sy, (B), .. ..S,, (b) centered at b (here ri<...<r are the distinct values taken

by the distances from b to the remaining objects). We can get them as well as
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the corresponding spheres using the matrix D.. Employing the idea of bucket
sort (e.g., Aho, Hopcroft, and Ullman 1974, pp. 77-84) this task can be done
in O(n) time. In addition, we get the distances of the objects of B; to b in the
nondecreasing order (thus avoiding the repeated sorting of the dissimilarity
matrices of the blocks of occuring quasi-orders). For a given reference point
b, denote this procedure by refine(X,R,b) and for the resulting quasi-order
(BI,I’ PR Bl,k,’ s ey Bi-l,l’ e e Bi—l,k,»vl’ Bi, Bi+1,l> [P Bi+l,km’ ceey
Byt ..., Byy,) we will reserve the same name R. So, we will simply write
in this case R := refine(X,R,b). In addition, the class B; is included into a list
L, empty at the beginning.

We apply the refining procedure by sweeping the objects from left-to-
right in accordance with the current quasi-order R. The complexity of such a
sweeping procedure is clearly O(n?). The blocks introduced in the list L
represent an ordered partition (i.e., a quasi-order R* of X). Note that the
quasi-order R obtained after the sweeping of all objects of X refines R,
because some of the blocks of L can be further split into subblocks. There-
fore, we must sweep separately each block introduced in the list L. and con-
sisting of at least two subblocks. A formal description of this procedure is
given below.

procedure refine(X,Ry,

Input: a quasi-order Ry = (B, ... ,B,,) and a dissimilarity d of X;
Output: a quasi-order R of X;
Initialize: L=<, R:=Ry;
begin
if m = 1 then return R;
elsei =1;
until i = mdo
begin
for any b € B; do
begin
R :=refine(X,R,b);L:=L U {B;};
m := ‘‘the number of blocks of R*’;
i := ‘‘the number of blocks of R left from B;”” + 1;
end
end
*Li=(Ly, ..., L)*
return R := (refine(L,R), ..., refine(L;,R));
end;

Lemma 5. For any two distinct blocks B; and B; of the quasi-order R
obtained by the procedure refine(X,Rq) and any objects x,y € B; and z € B;
the equality d(x,z) = d(y,z) holds.
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Proof. Suppose the contrary. Consider the last recursive call of the procedure
refine when the objects x, y, and z belong to a common block By, of the current
quasi-order R (if already in R, these objects are in different blocks, then the
first application of the procedure refine(X,R,z) will assign the objects x and y
to different blocks). Again, the procedure refine(Bg,R,z) will put x and y in
different blocks (necessarily, we have a recursive call of this procedure,
because the resulting quasi-order By, consists of at least two blocks). This con-
clusion contradicts our initial assumption. =

We are now ready to describe the complete procedure for recognizing
Robinsonian dissimilarities. It consists of the following steps.

procedure robinson(X)

Input: a dissimilarity d on a set X objects given by the matrix D;
Output: an order R of X compatible with d if d is Robinsonian and

the answer ‘‘d IS NOT ROBINSONIAN’’ otherwise;
Initialize: construct the matrix D¢ by arranging the rows of the matrix D

in nondecreasing order;

begin
if 1X1 =1 then return R = {X};
else do
begin
Ry := divide (X);
R := refine(X,R,);
*letR :=(B,,...,B,)*
if the quasi-order R is not compatible with d,
then return ‘‘d IS NOT ROBINSONIAN;”’
else return R := (robinson(B,), . . . ,robinson(B,,));
end
end;

Theorem 2. The procedure robinson(X) correctly recognizes in 0(n3) time
and with O(n*) space whether a dissimilarity d on a set of n objects is Robin-
sonian.

Proof. The correctness follows readily from Theorem 1 and the method of
refining the quasi-order Ry. Using induction, one can prove that any order of
X compatible with 4 and refining Ry will refine any quasi-order R occuring in
the procedure refine(X,Ry). Therefore, if as a result we obtain a quasi-order
not compatible with 4, then d is not Robinsonian. Otherwise, if the resulting
quasi-order is compatible with d, then as already noted, d is Robinsonian if
and only if its restrictions on blocks of the quasi-order are Robinsonian dis-
similarities. This concludes the proof of correctness.
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Now we focus on the complexity of the procedure robinson(X). The
procedure divide applied to a set with k objects obviously has the complexity
O(k?) in the worst case. Therefore, the total complexity of this procedure is
On?). Now, as already noted, one call of the procedure refine(X,R,b) takes
O(n) time. In particular, one sweep of the set of objects in the procedure
refine(X,Rg) can be performed in 0(n2) time. Since each time we repeat the
same procedure with the blocks of the list L only in the case when new
blocks appear, during the entire execution of the algorithm, there are at most
n such sweeps of the list of objects. Therefore, the refining procedure requires
at most O(n>) operations. Finally, we will check in O(n?) time whether a
given quasi-order is compatible with d. (In fact, because of the properties of
the quasi-orders obtained, one can perform this verification only once, when
we will get a total order.) This observation shows that the total complexity of
the algorithm is 0(n3). L]

4. Examples

Continuing, we apply the algorithm to some data sets. First consider
two special examples, when only one or another procedure is used.

Example 1. The dissimilarity 4 is given below.

044554445
403553214
43055433414
555065555
555605555
434550334
423553014
413553104
544554440

In this example after each call of the procedure divide, a quasi-order compati-
ble with d is returned (therefore, the procedure refine does not create addi-
tional blocks). Namely, each of them consists of three blocks (S7,L~, C),
where S~ and C have only one object each. Here are the quasi-orders
"obtained after each iteration:

({5}, {6,7,2,9,3,1,8}, {4}),
({5}, {1}, {6,7.2,3.8}, {9}, {4]),
({5}, {1}, {6}, {7.2.8}, {3}, {9}, {4}),
({5}, {1}, {6}, {7}, {8}, {2}, {3}, {9}, {4D).
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Figure 2. Illustrating Example 2.

The final order (5,1,6,7,8,2,3,9,4) is compatible with d, and thus, d is Robin-
sonian. In this case, the complexity of the algorithm is O(n*). In fact, in this
example the quasi-orders occuring on each iteration have the most nonbal-
anced blocks.

Example 2. If all the distances between the objects are distinct, then after the
first refining procedure we will get an order. If it is compatible with the dis-
similarity, then the positive answer is returned; otherwise, the answer will be
““no.”” The complexity in this case is O(n2). The same holds true under the
weaker assumption that C consists of a single object ¢ and that the distances
from ¢ to all other objects are distinct. See Figure 2 for such an example;
here the objects are points in the plane, and the Euclidean distance is the dis-
similarity measure. In this example the algorithm returns an order which
coincides with that generated by a path without self-intersections.

Example 3. Consider the dissimilarity defined by the following matrix:

0551455551
5055355125
5505511515
1550355551
4353055343
5515501525
5515510525
5155155025
5215422205
1551355550

There are several possibilities for selecting the object p. First assume
that the algorithm selects p = 2. After the first division, the following quasi-
order is obtained:
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§1={14,10},L, = {5}, C={2,8},L, = {9}, 5, = {3,6,7}).

Further, applying the refining procedure, we will get the following quasi-
order

({1},{4,10},{5},{2,8},{9}.{3},{6,7}) .

compatible with d. This result shows that d is Robinsonian (but not strongly-
Robinsonian) and has 16 compatible orderings. We present one of them
(1,10,4,5,8,2,9,3,7,6) and the corresponding Robinsonian matrix:

0114555555
1013555555
1103555555
4330334555
5553012555
5553102555
5554220122
5555551011
5555552101
5555552110

Otherwise, if object 1 is selected as p, then after the division step we have the
quasi-order

§1 =1{2,3,6,7,8,9}, L, = {5},C = {1,4,10}),
while after the refining procedure the quasi-order
({6,7},{3},{9},{2,8},{5},{4,10},{1})

inverse to the first one is returned.
5. Extensions

In this section we present three related recognition problems, which
can be solved using our approach. Namely, we deal with the problem of gen-
erating all orders compatible with a given Robinsonian dissimilarity, that of
finding (if it exists) an order compatible with several dissimilarities defined
on a common set of objects, and the problem of recognizing strongly-
Robinsonian dissimilarities.
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Our test can be easily adapted to check whether a dissimilarity d on X
is strongly-Robinsonian. Indeed, it suffices in procedure robinson(X) after
verifying if d is compatible with the quasi-order R, to perform the same con-
trol for the strong compatibility condition. This procedure can be executed
within the same time bounds. For this purpose, recall the equivalent definition
of an order ( strongly-compatible with d (see, for example, Critchley and
Fichet 1994): if x (y { z and d(x,z) = d(y,z), then d(x,t) = d(y,t) for any ¢ ) z,
and if d(x,z) = d(x,y), then d(t,z) = d(t,y) for any ¢ { x. If we already know
that the matrix D is Robinsonian, then one can verify these conditions only
locally. Indeed, if i < j < k and dy = dj, then it is enough to verify the condi-
tion dy . = djx+1. If both conditions are fulfilled, then finally we will get a
strongly-Robinsonian dissimilarity, otherwise the answer will be ‘‘no.” To
justify this claim, note that all the results established before remain valid if
we replace “‘Robinsonian’ by ‘‘strongly-Robinsonian’’ and ‘‘compatible’” by
“‘strongly-compatible.”’

To generate all compatible orders (as for ultrametrics, the number of
such orders can be exponential in n), we can apply Theorem 1. According to
this result, it suffices to find recursively all compatible orders of the sets S~
and X -S° =S"uUL U CUL*US* and to combine them in the follow-
ing manner. Pick a compatible order of §~ and split it into two segments
S"=la,b’land S = [b"",c], so that d(b",b"") = &. Then we just add the seg-
ments S” and S from left and right to any order of X — §~ compatible with d.
Concatenating the respective orders, we will get an order of X compatible
with d.

Our approach can be modified to solve the following ‘‘consensus’’-type

problem: given k dissimilarities dy, ... ,d; on a set X of n objects, find @f it
exists) an order on X compatible with all dissimilarities dy, . .. ,dy. For this
purpose compute the diameters 0, of X with respect toall d;,i =1, ... k. For

x e X, set S(x) = Nk S5, (x). At the next step we find an object p with the
largest set S(p). Let S :=S(p). If S is empty, then there does not exist any
common compatible order. Indeed, if such an order exists and u and v are the
respective first and last elements, then d; (u,v) = 9;,i = 1, . .. ,k. In particular,
S(u) =D and S(v) #J. Now, assume |S1 > 0. As in the procedure divide(X),
compute the set C = {ce X:S(c)=S} and the connected components
K1, ... ,K,, of the threshold graph G. Again, G has L U S as the vertex-set,
and two objects x and y are adjacent in G if and only if x and y do not belong
simultaneously to L and d; (x,y) < 9; for some i. This observation pertains to
the changes in the procedure divide (the modifications in the procedure refine
are straightforward). It is easy to see that all the conclusions of Lemmas 1-5
and Theorem 1 remain valid, if we replace “‘d”’ by “‘dq,...,d.”” Thus, we
get an 0(/13 k) time and O(n2 k) space algorithm to detect whether &k given
dissimilarities on X have a common compatible order.
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