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S E P A R A T I O N  O F  T W O  C O N V E X  S E T S  I N  C O N V E X I T Y  S T R U C T U R E S  

Dedicated to Professor N.K. Stephanidis, on the occasion of his 65 birthday 

V i c t o r  C h e p o i  

A convexity structure satisfies the separation property 5'4 if any two disjoint convex sets extend to comple- 
mentary half-spaces. This property is investigated for alignment spaces, n-ary convexities, and graphs. In 
particular, it is proven that 

a) an n-ary convexity is $4 iff every pair of disjoint polytopes with at most n vertices can be separated by 
complementary half spaces, 

and 

b) an interval convexity is $4 iff it satisfies the analogue of the Pasch axiom of plane geometry: 

A characterization of bipartite and weakly modular spaces with S4 convexity is given in terms of forbidden 
subgraphs. 

1 I N T R O D U C T I O N  

Separation of convex sets constitutes one of the fundamental  facets of the theory of convex 
sets in linear spaces. In order to obtain analogous results for other types of convexities 
notions such as hyperplane and half space have to be defined suitably. For convexities such 
as convexity spaces [1,9,15,17,28], join spaces [28], metric convexity of finite-dimensional 
normed spaces [8,31] various separation theorems by hyperplanes were obtained~ For ge- 
neral convexity structures, discrete, topological or metric convexities, separation is usuMy 
expressed in terms of half spaces [19,23,24,25,26,31,34-36]. 

The purpose of this paper is to present criteria of separation by half spaces in various classes 
of convexity structures. The work has gone on for several years and this paper will serve t o  
present the obtained results. Some of the results have appeared before in the Moldow State 
University press [10,11,14], others previously have stated without proof. 
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The definitions below are taken from Kay and Womble [25], Jamison [24], Soltan [31], and 
van de Vel [34,36]. The rest of the paper is organized as follows. In Section 2 we give the 
necessary definitions. Section 3 presents the separation theorems for al ignments and n-ary 
convexities, Section 4 for interval convexities. In Sections 5 and 6 we s tudy the 5'4 graph 
convexities; in part icular ,  we characterize the bipar t i te  spaces and weakly modular  spaces 
with $4 convexity. 

2 B A S I C  N O T I O N S  

A convex structure consists of a set X together with a collection C of subsets of X,  henceforth 
called convex sets, such that  

(a) the empty  set and the set X are convex; 

(b) the intersection of convex sets is convex. 

We often identify the pair (X, U) with g . If, moreover, 

(c) the union of an updirected collection of convex sets is convex, 

then (X, C) is called an alignment space (or alignment). 

Axiom (b) allows the construction of an associated convex hull operator h defined on A C X 
by 

h(A) = N{C:  A C C 6 C}. 

The hull of a finite set A is called a polytope, and the hull of an n -po in t  set A is called an 
npolytope.  The points of A are called the vertices of a polytope h(A). 

A pair (X,C) is called an n-ary convexity structure if 

A r C @ (VC C A, ICl _< ~ ~ h ( c )  c A), 

i.e. A is convex iff A contains any n-polytope with all the vertices from A. 

Let (X,C) be a convex structure.  A convex subset of X with convex complement is called 
a half space. Let us say that  two disjoint sets A, B in X are separated by a half space H 
provided A C r /  and B C X \ H .  (X,C) is said to fulfil the separation axiom 5'4, if any pair  
of disjoint convex sets in X can be separated by a half space. Axiom 5'4 is usually called the 
t(akutani separation property. For sets A and B define 

A / B =  {z c X : h ( A U z )  F t B ~ I ~ } .  

Remark that  B C A / B  and A C B / A  . 
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3 A L I G N M E N T  SPACES A N D  n-ARY C O N V E X I T I E S  

We begin with an auxil iary result. 

L E M M A  1 For an alignment space (X, C) the following assertions are equivalent: 
(i) (X, C) is a $4 convexity structure; 
(ii) for any two convex sets A and B and an arbitrary point z E X if x C h(A U z), 
y E h(B U z), then 

h(A u y) n h(B U x) r O; 

(iii) for any two convex sets A and B the set A / B  is convex. 

P R O O F .  (i) ~ (ii). assume  the contrary, and let y E h(B U z), x E h(A U z) be the points 
for which the convex sets h(AUy) and h(BUx) are disjoint. Then there exist complementary 
half spaces H1,/ /2 of X such that  h(A U y) C H1 and h(B U x) C H2. Suppose that  z E / /1 .  
Since x E h(A U z) a n d / / 1  is convex, it follows that  x E h(A U z) E H1, a contradiction. 

(ii) ~ (i). Let A0, B0 be disjoint convex sets in X. As C is an alignment, there exist 
maximal  convex sets A D A0, B D B0 with A N t3 = 0. We claim that  A U B = X. Assume 
the contrary and let z E X \ ( A  U B). Then by maximaliSy of the pair A~ B , t[lere exist 
points x E h(A U z) N B and y r h(B U z) N A. Then h(A U y) N h(B U x) r (~ whereas 
h(A U y) = A and h(B U x) = B ,  yielding a contradiction. 

(i) ~ (iii). Suppose that  z C h (A /B) \ (A /B) ,  i.e. the convex sets h(AUz) and B are disjoint. 
Let Ht,H2 be complementary half spaces of X with h(A U z) C H1 and B C //2. Observe 
that  A / B  C 112, and therefore h(A/B) C H~. This yields z E //1 N h(A/B)  C H1 N H~, a 
contradiction. 

(iii) ~ (i). It is sufficient to prove that  any two maximal  disjoint convex sets A and B 
are complementary half spaces. Assume the contrary, and let z E X \ ( A  U B). Then by 
maximal i ty  of the pair A, B there exist points x E h(B U z) N A and y E h(A U z) N B. Hence 
z E (A/B)  N (B/A).  Since A C B/A  and B C A / B  we conclude that  

y E h(A U z) C h(B/A) = B / A , x  E h(B U z) C h(A/B)  = A/B.  

On the other hand, since x E A, y C B and the sets A and B are convex, it follows from the 
definition of the sets A / B  and B / A  that  A N B r 0, a contradiction [] 

T H E O R E M  1 For an alignment space (X, C) the following assertions are equi~'aient: 
(i) ( X , d )  is a $4 convexity structure; 
(ii) [24] any two disjoint convex polytopes can be separated by complementary ha!f spaces; 
(iii) for any two polytopes PI,P2 the set P~/P2 is convex. 

P R O O F .  (i) ~ (ii) is evident,  (ii) ~ (iii) is a consequence of the proof of Lemma i .  

(iii) ~ (i). According to Lemma 1 it suffices to prove that  for every two convex sets A 
and B the set A / B  is convex. Let z E h(A/B).  Since d is an alignment,  there exist 
points z~, . . . ,  zk E A / B  such that  z E h(Zl,... ,  zk). Let x~ E h(A U z~) n B , i  = 1 , . . . ,  k. 
Further,  there exist finite subsets Ai C A,i = 1 , . . . ,  k, such that  xi E h(Ai U zi). Hence 
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z~ E A(A' u z,), where A' = Uk~=IA," Therefore, by the condition (iii) of the theorem it 
follows that h(A' U z) N h ( z , , . . . ,  zk) r ~. We conclude that h(A U z) N B r ~ , showing that 
z E A / B ,  as desired [] 

The following natural question arose. For which classes of convexities is it true that the 
separation property of disjoint polytopes with a prescribed numbers of vertices implies the 
separation property of all pairs of disjoint convex sets. For the class of all alignments the 
answer is negative, while for n-ary convexities we obtain the following result. 

T H E O R E M  2 For an n-ary convexity structure (X,C)  the following ~ssertions are equi- 
va!ent: 
(i) (X,  C) is a $4 convex structure; 
(ii) any two disjoint k-poIytope and rn-polytope, where k <_ n, m <_ n, can be separated by 
complementary half  spaces; 
(iii) for any (n - 1)-polytope Po and any n-polytope P the set Po /P  is convex. 

P R O O F .  (i) a (ii) and (ii) ~ (iii) are evident. 

(iii) ~ (i). As C is an alignment, then according to Theorem 1 it is sufficient to establish 
that for any polytopes P1 and P2 the set P1/P2 is convex. Recall, that the convex hull of 
any set A C X may be constructed in the following way (consult [31] and [36]): 

h(A) = U~>_0 h~(A), where h~(A) = U{h(B) : B C A with [B I < n}, 

h~ A, h~+l (A) i �9 = = h~(h,~(A)),z = 1 ,2 , . . . .  

For a proof of our claim it is enough to show that h~(P~/P2) = P~/P2. Choose any point 
z C h,,(P~/P2). Since C is an n-ary convexity, we can find n points z ; , . . . z ~  ~ P~/P~, such 
that z E h ~ ( z l , . . . , z ~ ) .  Since for each i = 1 , . . . , n  we have h(P~ U x~) N P2 r (~ then the 
inclusion z E P1/P2 is an immediate consequence of the following assertion: 

for arbitrary points ~/4 C h(P~ U zi), i = 1 , . . . ,  n, we have 

h(PlU z) n h(y,,...,y~) r 

To establish this statement, we proceed by induction on Ei~l hi, where yi E h~'(P1 U xi), i = 
1 , . . . , n .  The assumption is evident when y, ~ P1 U {z i } , i  = 1 , . . . , n .  Now, suppose that 
the collection of points yi C h(P1 U z~), i = 1 , . . . ,  n satisfies the following conditions: 

1) y~ e h{~(P1 Ux~),i = 1 , . . . , n ;  

2) for any collection of points y~ E h~'(P~ U z~),i = 1 , . . .  ,n, such that ~ ' ~ ,  m~ < ~in=l ]~i, 
we have the desired property 

h(&u ~) n h(~,...y;) r 

At least one /cj is positive, otherwise yi • P1 U {xi} for all i. Assume that z l , . . . , z ~  E 

h~'-~(P1 U xj) have been chosen so that yj ~ h(z l , . . ,  zn). Using our induction hypothesis, 
for each i r {1 , . . .  n}, select a point vi, such that 
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~ ~ h(P1 u ~) n h(yn . . . ,  yj_~, ~, yj+, , . . . ,  y~). 

It is evident that  h(? ) l , . . ,  1 Vn) C h(P  U g). SO, it is enough to prove that  h(v~ , . . . ,  v~) n 

h ( y l , . . . ,  y~) r 0. Let V = h ( v l , . . .  , v,n) add  Y = h ( y l , . . . ,  yj-1, y j + l , . . . ,  Yn) (Yj is omit ted) .  
By the condition (iii) of the theorem for n-polytope V and (n - 1)-polytope Y the set 
Y / V  is convex. Since v~ ~ h (Y  U z~) N V, all points z l , . . . , z ~  belong to the set Y / V .  
Therefore for the point yj E h(z~ , . . . ,  z.~) C h ( Y / V )  = Y / V  we have h(Y  U yj) N V r ~, i.e. 
h(vl, . . . , v~) N h(yl, . . . , y~) 7 ~ ~. This completes ~he proof of the theorem [] 

The next example shows that  the bounds in the Theorem 2 are sharp. 

E X A M P L E  1 Let X = { z ~ , . . . z 2 ~ _ 2 , a l , a ~ , b } a n d p i c k X o = { z ~ , . . . , z 2 ~ _ 2 } ,  
A = {al, a2}. Define 

C I = { M C X : b ~ M }  C 2 = { M . 2 c X : b E M ,  I M N X o [ < _ n - 2 ) U { M : b E M ,  A c M  }. 

Let C = 01 u 02 u {X}. Then (X,C) is a convexity structure: each of the families C 1 and U2 
is closed under intersections, while the intersection of sets from different families C1 and U2 
belongs to 01. For the set M = {Za , . . .Z~- l , b}  we have 

h(M)  = M U A r M = U { h ( M ' ) :  M '  C M with I M' [<_ n -  !}. 

Therefore C is not an (n - 1)-ary convexity. Now we assert that  C is an n-ary convexity. If 
b ~ M then h(M)  = 19/, otherwise, if b E M, then h(M) C M U A. So if z C h ( M ) \ M  C A 
then [ M n X 0  I_> n - 1 and for any subset M '  C M N X ,  I M '  I = n -  1, we have z E h(M'Ub) .  
Hence C is an n-s ty  convexity. 

Now assume that  P is a polytope with at most n - 1 vertices and M is a convex set disjoint 
with P. We wish to show that  P and M can be separated by complementary half spaces 
H1,H2, where P C H1 and M C H2. If P n A = 0 then put //1 = P and H2 = X \ P .  To 
prove the convexity of the set //2 it suffices to remark that  H~ E C1 if b E P and [I2 C C2 
otherwise. 

Now let P n A r 0. Then [ P A X 0 1  _< n -  2. Hence, if b ~ M we may assume that  
H I  : PU{b} E C2. Otherwise, if b ~ M, then either M N A  = {~ and then put H1 = P U A  ff C1 
or M N A  7~ ~ and IMnXoi _< rz-2. In the second case le t / /2  = M and/ /1  - P U ( X 0 \ M )  C C1. 
So, in any case the sets P and M are separated by complementary half spaces. On ~he other 
hand, disjoint polytopes P~ = {z~, ...,z~,_~,al} and P2 = {z~,z~+l,. . . ,z2~_2, a2} can not be 
separated by such half spaces. This is a consequence of next inclusions a~ C h(P2 U b), a2 

h ( 5  u b). [] 

Following [26,34-36], a pair (X,C)  is called a topological convexity structure, if X is a 
topological space, C is an alignment on X,  and each polytope is closed.Two sets A,/3 in X 
are screened with the sets S, R of X provided that  

S U  R = X,  A C X \ R , B  c X \ S  

A topological convex structure X is called: 
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a) normal [34] if every two disjoint convex closed sets can be screened with convex closed 
sets; 

b) regular [34] (n-regular) if every polytope P (m-polytope P, rn _< n) and convex dosed set 
C can be screened with convex closed sets. 

The following result of M. van de Vel ([34], Lemma 2.1) play a fundamental role in proving 
the analogies of Hahn-Banach theorem for topological convexities. We give here a short 
proof of this proposition and some its refinements for n-ary convexities. 

L E M M A  2 1)[34] Let C be an alignment on X ,  such that every two disjoint convex sets 
can be screened with convex sets. Then C is a $4 convexity. 

2) Let  C be an n-ary convexity on X ,  such that every m-polytope and every k-polytope 
disjoint with it, m,  k <_ n, can be screened with convex sets. Then C is a $4 convexity. 

P R O O F .  According to Theorems 1 and 2 it is enough to show that the set P1/P2 is convex 
if P1 is a (n - 1)-polytope and P2 is a n-polytope. Assume the contrary, i.e. there is a point 
z ~ h(P1/P2)\(P1/P2).  Set P = h(z U PI). By our assumption the disjoint polytopes P1 
and P2 can be screened with the sets S and R, where P C X \ R ,  P2 C X \ S , S  U R = X .  
So P C S, P2 C R and P A R  = 0, P 2 n S  = 0. Pick any v E P1/P2. Since P2C?S = 0 
and h(P1 U v) A P2 r 0 from the convexity of sets S and R we conclude that v E R. Hence 
PI/P2 C R and therefore z E h(P1/P2) C H, yielding a contradiction with P N R = 0 [] 

T H E O R E M  3 i) [34] ( H a h n - n a n a e h  T h e o r e m )  Let (X ,C)  be a regular convexi ty  such 
that the closure of  a convex set is convex. 

1) I f  C, D are disjoint convex sets with C closed and D compact, then there exists a dosed 
half  space H C X with C A  H = (~,D C t t .  

2) I f  O, D are disjoint convex sets with 0 open and D dosed, then there exists a closed half  
s p a c e H C X  with O M H = O, D C H. 
ii) f f  (X ,  C) is an n-regular n-ary convexity such that the closure of  a convex set is convex, 
then (x, c) satis es 1) and 2). 

T H E O R E M  4 i) [34]Let X be compact space, and let C be a topological convexity on X 
such that the closure of  a convex set is convex. Then (X,  C) is normal i f f  it is regular. 
ii) Let X be a compact space, and tet C be a topological n-ary convexity on X such that 
the closure of  a convex set is convex. Then (X,  C) is normal i f f  it is n-regular. 

The proof of these results for n-ary convexities is the same as the proof of van de Vel results 
using only Lemma 2.2) instead of Lemma 2.1). 

4 I N T E R V A L  C O N V E X I T I E S  

Let X be any (not necessarily finite) set. For each pair x, y of points in X, let xy  be a subset 
of X,  called the interval between x and y. Then X is an interval space if and only if 
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a) x E x y  a n d x y = y x ;  
b) i f u  C x y t h e n u y C x y ,  

for all x ,y  C X. Every interval space gives rise to a convexity C on X : 

a subset C of X is convex if and only if my C C for all x ,y  E C. 

Then (X,C) is called an interval convex structure. 

Obviously, each 2-ary convexity C on X is an interval convexity: it suffices to consider 
xy = h(x, y) for all x, y C X. Inversly, let (X,C) be an interval convex structure.  For any 
subset A C X the convex hull h(A) may be constructed in the following way: 

h(A) : UC>0p~(A), where p(A) = U{xy:  x ,y  e A} 

p~ = A, pi+t(A) = p(p~(A)), i = 1 ,2 , . . . .  

Hence, if C is any convex set of C, then for all x, y C C we have zy C C. Thus any interval 
convexity C is an 2-ary convexity, i.e the class of the interval convexities is identical with the 
class of 2-ary convexities. 

A part icular  instance of an interval space is any metric space (X, p): the ~ntervals are the 
metric intervals 

xy = {z :  p(x ,z)  + p(z ,y)  = p(x,y)}.  

T H E O R E M  5 For an interval space X the following assertions are equivalent: 
(i) the convexity C on X is a $4 convexity; 
(ii) any two disjoint 2-polytopes can be separated by complementary half spaces; 
(iii) (easch axiom) if x ~ h(a, b) and y E h(a, c) then h(a, y) n h(b, x) =~ 0; 
(iv) if b ~ h(o~, x), c c A(a, y), z c h(m, v) then h(a, z) n h(b, c) # 0. 

P R O O F .  Implications (i) => (ii) and (ii) ~ (iii) are evident. The Pasch axiom is a 
part icular  case of the condition (iv), thus (iv) ~ (i;;). Further,  condition iv) is equivalent 
to the convexity of the set a/h(b, c). From Theorem 2 we infer that  (i) ~ (iv). 

( i i i )  ~ (iv). By the Pasch a x i o m  we can find a point v C h(x, c)Nh(a, z). Repeated aplication 
of this axiom yields that  there exists a point w E h(a, v) A h(b, c). Since h(a, v) C h(a, z) we 
conclude tha t  w E h(a, z) ~ h(b, e) [] 

& a 

b S><c  
Figure 1 Figure 2 
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As a consequence of the Theorem 5 we obtain that  for interval spaces the Kakutani  separat ion 
proper ty  and the Pasch axiom are equivalent. This is a generalization of a well-known result 
of Ellis [19], which states tha t  any convexity structure satisfying the Pasch axiom and the 
join-hull  commnta t iv i ty  proper ty  is a $4 convexity. Using this result, Ellis [19] presented a 
common general izat ion of the Kakutani  separation property in real vector spaces and of the 
Stone theorem in dis t r ibut ive lattices. 

Now, consider the interval analogous of the conditions (ii i)  and (iv) of the Theorem 5 : 

(i i i) '  (Interval Pasch axiom) if x E ab and y E ac then yb A zc  r ~; 

(iv) '  if b E ax,  c E ay, z E xy  then az N bc r (~. 

Our next example  shows that  these conditions are more restrictive than the conditions of 
Theorem 5. 

E X A M P L E  2 Let X = {xi : i  = 1 , . . . , 7 } .  For any points z~ ,x j  E X we use the notat ion 
(x~x3) = x ~ x A { x ~ , x j } .  Define 

(XlZ2) = {x4}, (XlX3) ~-- (x1226) = (ZlXT) = {x5} 

(x2xs )  = {xo, zT}, ( z 4 z s )  = (x4x6)  = (x4xT) = (x6x ) = { x 3 } ,  

and ( x i z j )  = ~) for any other pair of points. A resulting interval convexity C satisfies the 
Pasch axiom and therefore C is a S4 convexity. On the other hand, since xax4 ~ x4xs = ~ , 
then the interval Pasch axiom fails for points z4 E z lx2  and xs E xlxa. 

T H E O R E M  6 For an in tervalspace  X the folJowingimplicat ions hold: (iii) '  ~=~ (iv) '  ~ (i). 

P R O O F .  The interval Pasch axiom is a part icular  instance of the condition ( iv) '  and thus 
(iv) '  ~ (iii) ' .  The proof of the implicat ion (iii) '  ~ (iv) '  coincide with the proof of implica- 
tion (ii i)  ~ (iv).  

( iv) '  ~ (i). In view of Theorem 2 it is enough to show that  for any points Xl, x2, x3 E X 
the set x~/h(x2 ,  xa) is convex. Observe that  this assertion is a consequence of the following 
claim: 

if b E h ( a , x ) , c  E h (a , y )  and z E xy  then h (a , z )  (-lbc r 0 . 

Assume tha t  b E pk(a, x),  c C p~(a, y),  where 

p~+l(A) = p(p i (A) )  and p(A)  = U{uv:  u , v  E A} .  

For a proof of this claim we proceed by induction on k + r. If k = r = 0 then b E ax,  c E ay. 
By invoking the condition (iv) '  we obtain that  az N b c r  O. Now suppose that  k + r > 0 and 
let, for example,  k > 0. Then there exist points b~, b2 E p k - l ( a , z ) ,  such that  b E bib2. By 
the induction hypothesis we can find points Vl E h(a, z) M cb~ and v2 E h(a, z) N cb2 . Then, 
by virtue of (iv) ' ,  there  exists a point v E eb n v~v2. Observe that  v E vie2 C h(a, z) and 
therefore v E cb A h(a, z) [] 

A convex s t ructure  (X, 0) is called binary [26,34-36], if each finite collection of pairwise 
intersecting convex sets has a nonempty  intersection. The binary convexities may be defined 
Mso as convexities, satisfying the following property:  
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for any points  a, 5, c ~ X the set h(a, b) 0 h(b, c) N h(c, a) is nonempty .  

Binary  convexities,  and  in special, b inary  convexities on topological spaces, tlavc becrl studit 'd 
by M. van de Vel [34-36]. 

Following [4,22], a space X endowed with a b inary  convexity C is called a medi~rl space if 
for any a, b, c E X the  set h(a, b) f~ h(b, c) N h(c, a) has exactly one point,  which is denote.d 
by re(a,  b, c). Recall  tha t  convex s t ruc ture  has the property ,F1 if all singletons ar(~ convex. 

As an example  of appl ica t ion of our Theorem 5 we present a characterizatiot~ of 5~i bin~zry 
convexities, sat isfying the separat ion proper ty  $4. 

C O R O L L A R Y  1 [35] Let (X ,C)  be a $I binary convexity. Then C is .5'4 if acid or if  X 
is a median space. 

P R O O F .  If x~,x2 E h(a,b) N h(c,a) ,x~ 7~ x2, then the convex sets {z~} and {:f'2} (:a~ 
not  be separated by complementa ry  half spaces. Conversely, let X be a median  space. As 
any med ian  space is an interval  space, then it is enough to verify tha t  the Pasch axiom is 
fulfilled. Assume the contrary  and choose points a, b, c E X,  x C h(a, b), y E h(r c) such 
that h(x,  c) C~ h(y, b) = 0. Denote  by zo and Y0 the medians  m(a,  x, c) and re(a, y, b). As 

�9 o e h(a, c  ),y0 c c) and h( 0, e) c h(x, l (yo, c the,,, 
without  loss of generality,  we may  assume that  x = xo, y = Yo. Thus  x, y C h(a, b) N h(a, c). 
Put  m~ = re(x, b, c), m2 = re(y, b, c). Since h(z,  c) U h(y, b) C h(a, b) and h(x, c) U h(y, c) C 
h(a, c) we conclude tha t  m~, m2 C re(a, b, c)., yielding a contradict ion [] 

5 B I P A R T I T E  S P A C E S  

Let X be an interval  space. An interval  uv is called an edge if u = v and ~.zv -- {u, ~)}; the 
edges then  form the graph G of the interval  space X. In order to ensure tha t  the graph (; 
of a space X is connected some addi t ional  condit ions are necessary. First ,  call X geometr ic  
[36] (or orderabIe [3,21]) if for any three points z, y, z with y ~ xz ,  there exists a par t ia l  
order <_ on X such tha t  x _< y _< z and,  for x <_ z ,9  E xz  is equivalent  to x _< y _< z. A 
par t ia l  ins tance  of a geometric interval  space is any metr ic  space (X, p). 

A chain R in an interval  space X is a total ly orderable subspace, that  is, there exists a 
part ial  order _< on R such that  for u , v , w  C R one has v C uw if and only if u < v < w. If 
R admi ts  a least e lement  a and a largest element  b, then  R is called bounded [3]. Now, X is 
said to be discrete [3] if all bounded  chains in X are finite. As was shown in [3] the graph G 
of a discrete geometr ic  interval  space is connected.  The graph G can be regarded as a metr ic  
space, where the metr ic  d accounts for the lengths of shortest paths. The  corresponding 

intervals 

i ( u , v )  = { x : x  is on a shortest pa th  between u and v} 

have to be dis t inguished from the intervals uv of the given interval  space. Now, call an 
interval  space X graphic [3] if the equal i ty  uv = I(u,  v) holds for all u, v of X. 
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For graphic spaces the results of the previous sections may be refined in the following way. 

T H E O R E M  7 For a graphic space X the following assertions are equivalent: 
(i) convexity C on X is 34; 
(ii) any two disjoint intervals ab and cd can be separated by complementary half spaces; 
(iii) X satisfies the interval Pascfl axiom. 

P R O O F .  Firs t ,  note that  the implication (ii) ~ (iii) is trivial and that  (iii) ~ (i) is a part  
of Theorem 6. 
(i) ~ (ii). It is sufficient to verify that  in a graphic space X with a $4 convexity any interval 
uv is convex. Assume the contrary, and let zy  be a non-convex interval for which the distance 
d(z , y )  in the graph G is as small as possible. Let ZlZ2 C zy  for some points zl ,z2 r zy .  
Without  loss of generality, assume that  these points zl,  z2 are chosen in zy  at the minimal  
distance too. Then v E zy  for any point v E ztz2,v r zl,z2 . Let z be any neighbour of 
Zl r z lz .  Since z ~ zy  and X is graphic, zl C z z  U yz. Assume, for example,  that  Zl E zz .  
Since d(z~, 9) < d(x, y) in G, the interval yz~ is convex. Consider any disjoint half spaces 
/ t l  and //2, separat ing the convex sets yzl  and {z} : let yzl  C Hi and z E H2. If a r //2, 
then zl C zz ,  yielding a contradiction. Therefore z r //1. However in this case z, y r //1 
and z E h(z,  y) C H1, which is impossible [] 

An interval space X is said to satisfy the triangle condition [3,13] if for any three points 
u, v, w in X with 

the intervals uv, uw, vw are edges whenever at least one of them is an edge. 

T H E O R E M  8 [3] Any discrete geometric interval space X satisfying the triangle condition 
is graphic. 

Let X be a discrete orderable interval space. For any edge uv set 

Then call the discrete orderable interval space X bipartite if for any edge uv of this space we 
have W(u ,  v) U W ( v ,  u) =- X.  From the Theorem 8 we conclude that  any b ipar t i te  space is 
graphic. Next we present a recursive characterization of b ipar t i te  spaces, whose convexities 
are 34. 

Recall that  a hypercube is the undirected Hasse diagram of the lat t ice of all finite subsets 
of some set. A subgraph H of the graph U is an isometric subgraph of G if the distance 
dH(U, v) between any two points u and v in H equals their distance da(u, v) in the larger 
graph G. A graph H can be embedded isometrically into a graph U if H may be represented 
as an isometric subgraph of U. 

In addi t ion to 34 , we consider the following separation properties (cf. [24],[31],[36]): 

32: Any two distinct  points are in complementary half-spaces. 

33: Any convex set is an intersection of half-spaces. 
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The following proposit ion is essentialy based on a Djokovic [15,30] characterization of iso- 
metr ic  subgraphs of hypercubes. 

L E M M A  3 [2,11] The convexity C of a bipartite space X is 25:3 (or & respectively ) if and 
only if the graph G of this space is isometric embeddable into a hypercube. 

In order to characterize median graphs M. Mulder [27] introduced the concept of a convex 
expansion of a graph. A similar construction was introduced in [12], with the purpose to 
characterize isometric subgraphs of hypercubes and Hamming graphs. 

Let Go = (X0, E0) be a connected graph, and let W ~ and W ~ be two subsets of X0 such that  

1 ) W l ~ 1 6 2  2 ) w ~ 1 7 6  Xo; a){(x,v)e Uo:,.e w f \ w ~  %~176 - ~. 

4) subgraphs Go(W ~ and Go(W~)., induced by sets W ~ and W ~ are isometric subgraphs of 

the graph Go. 

An isometric expansion of Go with respect to W ~ and W ~ is a graph G = (X, E)  constructed 
in the following way from Go : 

(i) replace each point x E W ~ f~ W. ~ by two points aq and x2 which are joined by an edge; 

(ii) join xl to all neighbours of z in W ~  ~ and join z2 to all neighbours of x in kI~~ 

(iii) if a:, y E W1 ~ fq W ~ are adjacent in Go, then join xl  to yt and x2 to y2. 

Let W1 be the subset of G which consists of W ~  ~ together with the "first" copy z~ of 
each point z E W ~ N W ~ The set W2 is described similarly. We i l lustrate this construction 

in Fig.3. 

/ 

Figure 3 

The isometric expansion of a graph Go with respect to the sets W1 ~ and Id/~ ~ can be defined 

as a m u l t i v a h e d  mapping 0 : Xo + X : 

for any x E Xo define 0 (x)  = {Zl,X~} if x C W ~ A W ~ and 0(x)  = {x) otherwise. 

For any subset A0 C 3/o put  

v~(Ao) = {, e X : ~  �9 ~(~o),~0 �9 Ao}. 
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It is not difficult to observe that the sets W1 and Vv~ are complementary half spaces of the 
graph G. The inverse mapping ~ = ~-1 is called an isometric contraction of the graph G 
with respect to the half spaces W1 and W2. Since the graph G is bipartite, any point of W1 
is adjacent to at most one point of W2, and viceversa. Hence, the graph Go is obtained as 
a result of identification of all pairs of adjacent points (xl ,x2),  where xl C Wl,X2 E W2. 
For any point z E X set A(z) = {z0}, where z E ~(zo). For a subset A C X denote 
A(A) = u{~(z) : ~ ~ A ) .  
Let us denote by I(Go) the class of all graphs, which can be obtained from the graph Go by 
a sequence of isometric expansions. Let K1 be an one-point graph. 

T H E O R E M  9 [12] A graph G is isometric embeddable into a hypercube if and only if the 
convex hull h(A) of any finite .set A is finite and G(h(A))  E I(K~). In particuiar, a finite 
graph G is isometric embeddable into a hypercube if and only if G E I(K1).  

By Theorem 9 any bipartite graph G with a $4 convexity is isometric embeddable into a 
hypercube. Then each convex set of G is the intersection of a subcube with G. In particular, 
each pair of complementary half spaces of G is generated by a pair of complementary maximal 
proper subcubes. Therefore any isometric contraction of G is equivalent to collapsing one 
dimension of a hypercube in which G is embedded. 

ASz  convexity of a bipartite space is not necessarily $4. So, there are five isometric subgraphs 
of the 4-dimensional cube, the convexity of which is not $4 (Fig.4). Denote these graphs by 
L1, L~, Lz, L4, Ls - 

T H E O R E M  10 A convexity C of a finite bipartite space X is $4 if and only if the graph 
of this space satisfies the following conditions: 
a) a ~ I (K~) \ I (L , ) ;  
b) i r A  C C then G(A) ~: L~,i = 1 , . . . , 5 .  

In general, a convexity of a bipartite space X is $4 if and only if the graph G of this space 
is isometric embeddabIe into a hypercube and for each finite convex set A C X we have 
G(A) ~ U~:~I(L~). 

The proof of this theorem amounts to the following properties of isometric expansions of 
graphs. 

L E M M A  4 I [x  E WI , y  E W2 and zo E Xoyo in Go then r C xy in G. 

P R O O F .  Assume that z E y3(zo) N W1. Then 

and therefore z ~ xy in G [] 

L E M M A  5 For any pair of points xo, yo E Xo there exist two points x E ~(Xo),y E ~(yo) 
such that xy = ~(XoYo), where xy is an interval of G and zoYo is an interval of the graph 
no. Inv~rsly, for any points x, y of G we have Xoyo = ~(zy),  whe,'e Xo = ~(:~) and Yo = ;~(Y). 
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P R O O F .  First ,  assume that  the sets f (x0)  and ~b(y0) belong to the same half spaoce. Then 
for each point zo G Xoyo we have l~b(z0)t = 1. Therefore if x = zb(xo),y = ~(yo),Z = ~(zo) 
then 

and so z -~ xy. Next suppose that  x~ C 0(xo) N W~, Y2 ~ 0(Y0) N W2. Using the preceding 
lemma, we obtain that  for any point zo r xoyo we have ~b(z0) C xly2. Hence x~y2 = ~(xoyo) 
[] 

r 
Figure 4 

L E M M A  6 ff a graph G ;~s isometric embeddab]e into a hypercube Q~ then az~y ~nterva~ 
xy of G is convex. 

P R O O F .  Any interval I = z 9 of a hypercube Qa induces an n-cube [27], where n = d(x, y). 
This interval is convex in Q~. Now observe that  the interval xy of the graph G coincide with 
the set I r] X and thus xy is convex in G [] 

Observe that ,  for any edge e = (x, y) of an isometric snbgraph G of a hypercube,  the sets 
W ( x ,  y), W(y ,  cc) are complementary half spaces. In what follows we will use the short-hand 
G~ = Ae(G), where G~ is a graph obtained by an isometric contraction of the graph G with 
respect to the sets W ( x ,  y) and W(y,  x). Put  also G = ~b~(G~). 

P R O O F  of  t h e  T H E O R E M  10. Convexity in any graph Li, i = l , . . . ,  5, is not $4 . 
Therefore any b ipar t i te  space with $4 convexity satisfies condition b) of the theorem. Now, 
suppose that  a graph G is obtained from the graph Go ~ I(L;) by an isom.etric expansion 
~b. We will show tha t  if tile convexity of X0 is not $4, then the convexity of X is not $4 too. 
According to Theorem 7, there exist, points a0, b0, co E X0 and xo E aoco, Yo E boco such that  
boxo • aoyo -= ~. By the reference to Lemma 5 we are able to choose the points 
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Then, by virtue of Lemma 4, at least one the relations z C ac' or j/ E bc is valid. Let, [or 
example, y E be. First assume that there exists a point z E a y  N bz. Then by Lernma 5 
we have ~(z) ~ aoYo N bozo, in contradiction with the choice of points ao, b0, co, z0, Yo- So 
ay N bz = ~ and therefore the convexity of X is not $4. Thus any bipartite space X with $4 
convexity satisfies all conditions of the theorem . 

Conversly, assume that the graph G of a finite bipartite space X satisfies condition b) of 
the theorem and is not $4. Before starting this part of the proof, we assmne that the graph 
G E I(K1) is maximally contracted to a non-S4 space. 

Among all triples of points, which fail the condition iii) of the Theorem 7, we choose a triple 
A = {a, b, c} for which the perimeter p = d(a, b) + d(b, c) + d(c, a) is as small, as possible. 
Then there exist points z Cab, y E ac such that zc N yb = 0. We claim that points z and y 
may be considered adjacent to a. Assume the contrary, and choose z and y in such a way, 
that the sum d(x,a)  + d(y,a)  is minimal. Let v C ay be a neighbour of a. Since v # ~/, we 
conclude that vb N zc ~ ~. By z we denote a point of this intersection. If v E ab then the 
set A may be replaced by a triple {v, b, c} of perimeter p - 2, which fail the interval Pasch 
axiom too. Thus a , z  C vb .  Thereforez ,  b E W ( a , v ) , y ,  c E  W ( v , a ) .  Set e = (v,a.). By 

Lemma 5 we conclude that zo E a0b0,y0 E a0c0 and moreover z0 r ao, b0 and Y0 r a0, co . 
As the convexity of Xo is $4, then there is a point wo C ZoCo N y0b0. By Lemma 4 we haw~ 
~ ( w o )  C zc N yb, yielding a contradiction. Hence, the points z and y are adjacent to a, and 
moreover x, y Cab N ac. 

Next we wish to prove that  d(b, z) = d(y,c) = 2. Assume the contrary and let d(b, z) >> 
d(c, y). First, consider the case when d(c, y) = 1. Since z E a,c and d(a, c) = 2 we conclude 
that the point x is a neighbour of c. Necessarily, both points x and y belong to the interval 
be. Otherwise, if y ~ bc then c E yb N xc, which is impossible. If x ~ bc then c ~ zb C ab 
since z is a neighbour of c. Hence, y E acNcb  = c, a contradiction. I f z ,  y C bc we have 
a E zy  C_ bc (cf. Lemma6) ,  whencea  E byf3cz.  So, d(z,b) >_ d(y,c) > 2 and d(z,b) > 2. 
Pick any point v C zb adjacent to z and let e = (z,v).  By the initial assumption the 
convexity of a graph G~ = Ar is $4. Thus for given points zo E aobo and y0 C aoco there 
is a point zo E ZoCo N y0b0- Suppose that c E W(v ,  z). Then y E W ( z ,  v), for otherwise the 
points v and y will be adjacent and v E zc fl yb. Therefore z, y E W ( z ,  v), b, c E W(v ,  z). 
By Lemma 4 g?~(z0) C by N cz, yielding a contradiction. Hence c E W ( z ,  v). As the interval 
ac is convex, then d(v,y)  > 2 and so y E W ( z , v ) .  By Lemma 3 ~b~(zo) C vcN by. Let p~ be 
a perimeter of the triple {a,v ,c} .  We prove that Pl = P, i.e. b Evc.  Obviously, p~ _< p. Let 
z E ~b~(z0). If Pl < P, then by our assumption there is a point w C az N zc. A perimeter of 
the triple {a, z, ~} is at most pl and thus wc N zy r ~. Since wc C zc and zy C by we obtain 
a contradiction. Hence b E v c  and Pl = P. 

Choose any point u E vb adjacent to v and set t = (zt, v). As we already proved, b,c C 
W ( u , v )  and a , z  C W ( v , u ) .  As the convexity of a graph Gt = )~t(G) is 5"4, then for points 
zo E aobo,Yo E aoco there exists a point zo ~ zoco N y0b0. If y E W(v, t t ) ,  then by Lemma 
4 we have ~bt(zo) C by N cz, a contradiction. Therefore y ~ W(v.,v) ,  so that d(u,y)  = 2 
and tt E yb. Hence uy N xc = ~ and the point b may be replaced by a new point zt. So, 
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we can assume that  d(x,  b) = 2 = d(y, c). Then d(a, b) = d(a, c) = 3 and we conclude tha~. 
d(x,  c) = 2 = d(y, b). a s  a ~2 bc then d(b, c) _< 3, otherwise x,  y E bc, a E xy  C bc (cf. Lemma 
6), whence a E by N cx. If d(b, c) = 3 or d(b, c) = 1 we obtain an odd cycle of the graph G. 
Hence d(b, c) = 2, d(a, b) = d(a, c) = 3. Let 

zl  E xb, z~ E yc, ul E xc, u2 E yb, u E bc. 

Put  S = { a , b , c , x , y , z l , z 2 , u ~ , u 2 ,  u}.  First we show that  d(u ,a )  = 4. Otherwise, if 
d(u, a) = 2 then u, x, y E ab N ac. By the convexity of intervals ab and ac we conclude 
that  u is adjacent  to x and Y. But then u E by N cx, in contradiction with the choice of points 
a, b, c, z and Y. Thus any common neighbour of points c and b is at distance four from a. 
In part icular ,  d(a, u) = 4 and c, b E art. Hence G consists of the interval au only: This is 
so, because the cube in which G is isometrically embedded,  can be further contracted to a 
four-dimensional subcube containing the interval au. By assumption, however, G has been 
maximal ly  contracted,  so it is already embedded in four dimensions. 

Next we claim that  points of the set S are distinct. It suffices to prove this only for points 
zl,  z2, ul and u2. As G is bipart i te ,  we deduce that  Ul # u2. Since each common neighbor of 
b, c is at a distance 4 fl'om a we get zl # Ul and z2 # u2. Since a is at distance four from 
any common neighbour of point s b and c then zl 7 ~ z2. Finally suppose that  points y and zl 
are adjacent.  Then zl E xy. As the interval ac is convex and x ,y  E ac then points  c and zl 
must be adjacent,  which is impossible. Hence, zl r u2. That  z2 # Ul follows for reason of 

symmetry.  

Thus all points of S are distinct. As G is b ipar t i te  and all distances between points of 
S, except d(a, u),  are aL most three then G(S)  is an isometric subgraph of the graph G. 
Moreover, G ( S )  = L1. Since graph G is an isometric subgraph of the four-dimensional 
cube then the straightforward verification shows that  G coincides with one of the graphs 
L 1 , . . . ,  Ls. However, in this case condition b) of the theorem would be violated. 

The second part  of the theorem is an immediate  consequence of Theorem 7, of the first part  
of this theorem and of the finiteness of the hull of any finite set A C X (Theorem 9). This 
completes the proof of the theorem [] 

E X A M P L E  3 Figure 5 provides an example of a bipar t i te  space which satisfies condition 
a) and fails condition b) of Theorem 10. The convexity of this space is not $4. 

Figure 5 
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6. WEAKLY M O D U L A R  SPACES 

An interval space X is said to satisfy the quadrangle condition if v, w E uz  and x E vw such 
that vx and w z  are edges implies that uv N uw N vw contains a point y such that vy and 
wy are edges. Following [3], call a discrete orderable interval space X weakly modular  if it 
satisfies the triangle and quadrangle conditions (Fig.6-7). 

Figure 6 Figure 7 

2( z 

V W 

Figure 8 

In view of the Theorem 8, weakly modular spaces are graphical. Weakly modular graphs 
were previously studied in [7] and [13]. Particular subclasses are formed by pseudo-modular 
graphs (Bandett and Mutder [5,6]), chordal graphs (Dirac [18]), bridged graphs (Father and 
Jamison [20] and Soltan and Chepoi [32]) and Helly graphs (QuiIliot [29]). 

Points x, y, z of an interval space X form a metric triang/e ( zy z )  [3,13] if the following interval 
conditions are satisfied: 

x y  n x z  = { x } ,  y z  n ~ = { y } ,  z x  n z y  = { z ) .  

A metric triangle (xyz )  is equilateral if d(x, y) = d(x, z) = d(y, z) = k in the graph G of this 
space. The number k is called the size of the metric triangle. Let u, v, w be three points of 
X. Then x, y, z form a pseudo-median of  size k of the triple u, v, w if ( zy z )  is an equilateral 
metric triangie of size k and the following properties are satisfied Fig.8) : 

x , y  C u r  ; x, z E uw ; y~z C vw 

and 

z E u y A u z ;  y ~ v x N v z ;  z E w x • w y  

Following [3], call a space X weakly  median if X is weakly modular and the graph G of this 
space does not contains any one of the graphs of Figure 9 as an induced subgraph. 
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Figure 9 

T H E O R E M  11 A convexi ty  C of a weakly modular  space X is $4 i f  and only if  X is a 
weakly median space. 

We commence by establishing a number of auxiliary results. 

L E M M A  7 [13] Let X be a weakly modular  space. Then 
i) each metric  triangle of  X is equilateral ; 
ii) i f  (xyz )  is a metr ic  triangle of  size k then d(x , v )  = k fox" each v E yz; 
iii) i f  x u ~  yz  = {y} and xv A yz  = {z} then d(u ,v )  >_ d(y , z ) .  

Let a set A C X induce a connected subgraph in the graph G of a space X. Call ':he set A 
locally convex if x, y E A,  z C xy  and z is a common neighbour for x and Y, implies that 
z E A .  

L E M M A  8 In a weakly modular  space X any locally convex set A C X is co_r)vex. 

P R O O F .  For any points x, y E A by [(x, Y) denote the length of a shortest (z, y)-path L 
inside A. Obviously [(z, y) >_ d(x, y). In order to prove that xy C A we proceed by induction 
on l ( x , y ) .  Since A is a locally convex set then xy C A if l ( z , y )  _< 2. Now assume that 
ab C A for any a,b C A with I(a,b) < n. 

Let x , y  C A, l ( x , y )  - n and choose any point v E xy.  Denote by z a neighbour for z in 
the path L. Let w be a neighbour for x in the interval xv. By induction hypothesis we have 
zy  C A. If d ( z , y )  > d (x , y )  then v C zy C zy C J .  Thus d(z ,y )  < d (x , y )  . 

If d(z, y) = d(z,  y) - 1 then the points w and z are equidistant from y. By the quadrangle 
condition there is a point u ~ wy N zy adjacent to w and z. As u E zy  C A and set A is 
locally convex we conclude that w E xu C A. Since l(w, y) < n by the induction assumption 
it follows that v C wy  C A. 

We next consider the case when d(z, y) = d(x, y), i.e. L is a path of length d(x, y) + 1. By 
the triangle condition there exists a common neighbour u E zy  M xy  of the points z and x. 
Then u E zy  C A and there exists a (z ,y)-path L0 C A of length d(x ,y ) .  This path L0 
consists of the edge (x, u) and some shortest path between u and y. Thus, we arrive at a 
final contradiction [] 

L E M M A  9 /~br any two points x , y  of  a weakly median space X the set x / y  = {z  C X : 
y E x z }  is convex. 
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P R O O F .  We proceed by induc t ion  on d (x , y ) .  First  assume that  x and y are adjacent .  If 
z C x / y  t hen  y z  C x / y  and  thus the set x / y  induces a connected subgraph of a graph G. 
By L e m m a  8 it suffices to show tha t  the set s l y  is locally convex. 

Let Zl, z2 C x / y ,  d(z l ,  z~) = 2 and  z C ZlZ2. We prove the inclusion z C z / y  by induc t ion  
on p = d(zl ,  y)  + d(z;,  y). If p = 2 then  either zl = y or y is adjacent  to zl and  z2. Ei ther  
case forces y E xz2, z E yz2 and thus y E zz2. In the second case y ~ xz .  This  implies tha t  
ei ther  x and  z are adjacent  and we get a forbidden graph, or d(x,  z)  = d(y, z) = 2. By the 
t r iangle  condi t ion  there  exists a point  w, adjacent  to x, y, z. Then  w must  be adjacent  to zl 
and  z2, otherwise the  points  y, z, zl, z2, w induce a forbidden graph. But  in this case points  
x, y, w, zl, z2 induce  a forbidden graph too. 

Next assume tha t  d ( z l , y )  § d(z2 ,y)  = p > 2 and let d(z ,  z2) >_ d(x,  z l ) .  If d(x,  z2) > 
d(z ,  zl) + 1 t hen  zlz2 C z l y  U z2y and  so z C z / y .  Hence d(x,  z2) <_ d(x,  Zl) + 1. Moreover, 
d(z,  x)  <_ min{d(z l ,  x),  d(z2, y)}, for otherwise at once z E x / y .  We dis t inguish two cases. 

c a s e  1. 2,,) : d(x,  2,2) : k. 

Then  d(y, 2,1) = d(y, 2,2) = k - 1 and the size of the pseudo-median  of the t r iple  y, zl, 2,2 is 0 
or 2. In  the  second case this pseudo-median  is the metr ic  t r iangle (yoz~z2), where d(go, Zl) : 
d(go, z2) = 2. By the  t r iangle  condi t ion and L e m m a  6, ii) we deduce that  d(go, z) = 2 and 
therefore there  is a point  u E gozl N y0z adjacent  to Yo, zl and z. Since (yozlz2) is a met r ic  
t r iangle,  we have d(z2, u) = 2. 

Now suppose tha t  the  tr iple y,2,1,z has a pseudo-median  of size 0, i.e. there  is a point  
s E Y2,1 ,q gz  N zlz~. In this case s is a pseudo-median  of the tr iple x, zl,  z2 too. Necessarily, 
s = z, for otherwise y C x2, and  2, ff x /y .  So d(x,  z)  = a and points  z and  s are non-ad jacen t ,  
otherwise s C x z  and thus y C z s  C xz .  Hence the tr iple x, s, 2, has a pseudo-median  Xo, s, z0 
of size 1. Since the  point  zo is adjacent  to s and z, then  zo mus t  be neighbour  to zl and  z2, 
otherwise the  points  zl,  z2, s, 2,0, z induce a forbidden graph. Further ,  observe that  the  points  
xo, s, zo, 2,1, z2 induce  a forbidden graph, except the case when x0 is adjacent  to 2,1 and  z2. 
But  in this case Xo E 2,1z2 N 2,1x N z2x and the tr iple x, zl, 2,2 has two dis t inct  pseudo-medians ,  
cont rad ic t ing  our assumpt ion .  

Case 2. d(x,  2,1) = d(x, 2'2) - t = d(x, z). 

In this case bo th  tr iples z, Zl, z and  y, z, z have one and the same pseudo-median  Yo, zl,  v of 
size 1, where Yo is ad jacent  to Zl and v ,and v to yo,zl,2,2. I f v  = z then  y C z z  and  z C x / y .  
So, v 7~ 2,. Since z, v E z2x by the quadrangle  condi t ion there exists a point  w E v x  C) z x  , 
adjacent  to v and  z. Certainly,  points  w and z l , v  and z mus t  be adjacent ,  for otherwise the  
points  zl ,  z2, z, v, w induce  a forbidden configuration. Further ,  as w and z2 are non-ad jacen t ,  
then  we would get one of the forbidden induced subgraphs,  a contradict ion.  This  set t le  the  
case 2. 

Finally, assume that d(x,y) > I and let xo be any neighbor of x in the interval xy. If 

z l , z2  C x / y  t hen  Xo E z y  C x z l  C) xz2 and  y E XoZ1 ~ 2goz2. So Zl,Z 2 ~ X/Xo ~ Xo/y. By the  
induc t ion  asser t ion the sets X/Xo and xo / y  are convex. Thus  if z E z~z2 t hen  y E xoz,  Xo C x z  
and hence y E xoz C x z ,  i.e. z ff x / y  [] 

L E M M A  10 For any  me t r i c  triangle ( x y z )  o f  size 1 of  a weak ly  median space X the set 
x / y z  = x / y  U x / z  is convex.  
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P R O O F .  The  set x / y z  induces a connected  subgraph in G. According to L e m m a  8 it suffices 

to prove tha t  the  set z / y z  is locally convex. Since x / y  and x / z  are convex sets it is enough 

to show tha t  v~v~ C x / y z  if vl C x / y ,  v2 E x / z  and d(vl, v~) = 2. We proceed by induct ion 

on p = d(y ,  v l )  + 

If p = 1 then  e i ther  y = Vl or z = v2. Assume,  for example ,  tha t  y = vl. T h e n  e i ther  y ~d xv 

for any v ~ vlv2 or x is adjacent  to any point  v C vlv~ and thus the  points x, y, z, v, v2 induce 
one of the forb idden graphs.  

Now consider  the  case p = 2 , i.e. assume that  y is adjacent  to Vl and z is ad jacent  to v2. 
Then  the  t r ip le  x, vl,  v2 has a pseudo-median of size 0 or 2. In the  first case there  exists  

a point  w adjacent  to x, vi and v2. Then  w must  be non-adjacent  to points  z and y, for 

o therwise  one of the  sets { z , y , z , w ,  vl} or { z , y , z , w ,  v2} induce a forbidden graph.  By the  

t r iangle  condi t ion  there  is a point  z0 adjacent  to v, z and vl.  If z0 is non-adjacent  to z or v, ,  

then  points  x, z, z0, v, v2 induce  one of the first two graphs of Fig.9. However  in the  second 

case the  points  x, y, z, z0, va induce one of the  graphs of Fig.9, thus leading to a contradic t ion.  

Next  we assume tha t  the  points  z ,  vl and v2 form a me t r i c  t r iangle  of size 2. Let v E viva. 
If v is non-adjacent  to the  points  y and z, then  by the tr iangle condi t ion there  is a point  w, 

ad jacent  to z, y and v. Firs t  suppose tha t  x and w are adjacent .  T h e n  at least one of i.he sets 
{v~, y, w, x, z} or {v2, y, w, x, z} induce a forbidden configurat ion unless w is non-adjacent  to 

va and vs. Since v is non-adjacent  to y and z, and y is non-adjacent  to v2, there  exists  a pob~t 
u r w adjacent  to y , v  and vs. T h e n  points  v ~ , v , w , y , u  induce a graph of Fig.9, unless v. is 

adjacent  to w and vl.  Then ,  however,  the  points  Vl, u, v, w, v2 induce the  forbidden graph,  

thus giving a contradic t ion.  

Now we consider  tha t  x and w are non-adjacent .  Then  Vl,W E x / y  and v2, w C .T./Z. By the: 

convexi ty  of these  sets we deduce  tha t  e i ther  v ~ v lw tO v2w and so v E z / y  U x / z  or the 
point  w is ad jacent  to vl and v2. In the second case we can find a c o m m o n  neigttbour s of 

points  x, vl and v. Since (ZVlV2) is a t r iangle,  s and v2 are non-adjacent .  If the  points  s and 
z are adjacent ,  then  points  z, s, w, v, vl induce a second or a last forbidden graph of Fig.9. 

Therefore ,  d(s, z) = d(va, z) = 2 and by the t r iangle  condi t ion we can find a point  f ad jacent  
to z , s  and vl. If t = w then  s and w are adjacent  and the  points  v i , s~w,v ,~2  induce a 
forbidden graph.  Thus t r w. If t is adjacent  to x then the  points  z,  y, t, z, vl induce  a graph 

of Fig.9. So t and x are non-adjacent .  Further ,  if t is non:adjacent  to w then  t , w  E x / z  
but  v~ C t w \ ( x / z ) ,  yielding a contradic t ion  with L e m m a  8. On the  o ther  hand~ if t ' a n d  
w are adjacent ,  then the  points  y, t, w, z, v2 induce one of the  last two forbidden graphs,  

unless t and v2 are adjacent .  In order  to avoid forbidden configurations induced by points 
vl,  t, w, z, v2, the  point  v must  be adjacent  to both  y and z. Thus v ~ cc/yz. This  set t les the  

case p = 2. 

Final ly  assume tha t  d(y, Vl) + d(z, vz) = p > 2. Denote  by x0 the  fur thest  f rom x point  of the  

in tersec t ion  gv I ['~ xzJ 2 . As max{d(z ,  va) ,d(z ,v2)}  > 2 then  z0 = z. Let x~ be a ne ighbour  
o f x  on the  i n t e r v a l x x 0 .  The  set x / x l  is convex and Xl C x v l n x v 2  thus xl E z r .  By the  

quadrangle  condi t ion  there  exist  points  yx ~ x~v~ ~ yv~ and z~ ~ XlV2 N zv2, such thai, y~ is 
adjacent  to x l ,  y and 2' 1 is adjacent  to x , ,  z (F ig .10) .  Since y ~ xyl ,  z ~ xz~ and x ~ z / g z ,  in 
v i r tue  of case p = 2 we deduce that  y~ and zz must  be adjacent .  Hence v~ ~ :r.~/y~, v2 ~ x~ /z ,  
and d(Vl, gl) -t- d(v2, zl)  < p. By the  induct ion  hypothesis  we have v ~ x~/y~ tO x~/z~. Let, for 
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example, v E x l / y l ,  i.e. Yl E vx l .  As xl  C z v , y l  E vxl  and y E xyl  we deduce that y E xv  
and thus v E z / y z  [] 

x <  ~ v v Yl * ~ "Vl x ~ u  v ~ 2  v %  v 

Xl Zl Zo "'d 
Z Z ~ 

Figure 10 Figure 11 

P R O O F  of the  T H E O R E M  11. If the convexity of X is S4, then the graphs of Figure 9 
cannot occur as induced subgraphs in the graph G of this space. Indeed, the crossing edges 
in all diagrams can not be separated by complementary half spaces. 

Conversly, assume that a space X is weakly median and we wish to show that the convexity 
of X is $4. In virtue of Theorems 5 and 6 it suffices to prove that the set z / y z  is convex 
for arbitrary three points x , y , z  E X .  Since z / y z  induce a connected subgraph, by Lemma 
8 it is enough to show that the set z / y z  is locally convex. Let Vl, y2 (~ x/yz, d(vl, v2)  = 2 
and pick any point v E vlv2. Without loss of generality, we may assume that ZVl N.yz  = 
{y},zv~ n yz  = {z}, otherwise we can replace the points y and z by the nearest pair of 
points from these intersections. Assume also that xy  N x z  = {z}, otherwise for any point 
:Co E z y  N x z  we have Vl, 72 2 E X/Xo. By Lemma 9 the set X/Zo is convex and thus Zo E xv.  
As y E xovl and z E ZoV2 we can replace x by x0. (Remark that if zov N yz  • 0 then the 
intersection xv  N y z  is non-empty too.) So (xyz )  is a metric triangle of the space X. By 
Lemma 6 iii) d(y, z) <_ d(vl,  v2) = 2 and thus the size of the metric triangle (xyz )  is 1 or 2. 
In the first case from Lemma 10 we infer that the set x / y z  is convex. 

Next assume that (xyz )  is a metric triangle of size 2. By Lemma 7 ii) we have d(x, u) = 2 
for each point u E yz. By the triangle condition there exist a point y0 adjacent to x ,y ,u  
and a point z0 adjacent to z, z, u (Fig.ll). We claim that d(yo, v2) = d(x, v2) and d(zo, vx) = 
d(x, vl) .  Assume the contrary and let d(yo, v2) < d(x,v~).  Then yo, zo E zv2. By the 
quadrangle condition there is a point w E yov~ N ZoV~, adjacent to Y0 and z0. If w = u 
then ~ E yz  N zv2, yielding a contradiction to the assumption that gz N zv2 = {z}. Thus 
d(yo,v2) = d(z ,v~) ,d(zo ,  vl)  = d(x, vl) ,  i.e. u E yov2Nzovl  and so vl ,v2 E (yo/yu)  N (zo/zu) .  
By Lemma 9 the sets yo/yu  and zo / zu  are convex, that is yov N yu 7L 0 and ZoV N zu  7~ ~). 

Note that either the points Y0 and zo are adjacent or by the triangle condition we can find 
a new point zl adjacent to z, x and Y0- In the either case Vl E z /yo ,  v2 C x/zo.  By Lemma 
10 we conclude that v E z / yo  U Z/Zo. Assume, without loss of generality, that v E x /yo ,  i.e. 
Yo E vz .  Since yov N zlyo r 0 and u E yz  we deduce that xv N yz  =fi O. In the second case 
we have v~, ?2 2 ~ ,T/Zly O. By Lemma 10 we conclude that v E x/z~yo, i.e. vx  N z~yo r ~ �9 
If y0 E vx  then v x N z y  D y o v N y u  r O. Now let z~ E v z  . Note that d( z l , v l )  = d(z ,v~)  
(the proof of this fact is similar). Hence u E z lvl  and therefore by Lemma 9 we obtain 
z lv  N zu r ~ . So vx N yz  D vzl  N zu r ~, thus completing the proof of the theorem [] 
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