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SEPARATION OF TWO CONVEX SETS IN CONVEXITY STRUCTURES

Dedicated to Professor N.K. Stephanidis, on the occasion of his 65 birthday

Victor Chepoi

A convexity structure satisfies the separation property Sy if any two disjoint convex sets extend to comple-
mentary half-spaces. This property is investigated for alignment spaces, n-ary convexities, and graphs. In
particular, it is proven that

a) an n-ary convexity is Sa if every pair of disjoint polytopes with at most n vertices can be separated by
complementary half spaces,

and

b) an interval convexity is Ss UT it satisfies the analogue of the Pasch axiom of plane geometry.

A characterization of bipartite and weakly modular spaces with S, convexity is given in terms of ferbidden
subgraphs.

1 INTRODUCTION

Separation of convex sets constitutes one of the fundamental facets of the theory of convex
sets in linear spaces. In order to obtain analogous results for other types of convexities
notions such as hyperplane and half space have to be defined suitably. For convexities such
as convexity spaces [1,9,15,17,28], join spaces [28], metric convexity of finite-dimensional
normed spaces [8,31] various separation theorems by hyperplanes were obtained. For ge-
neral convexity structures, discrete, topological or metric convexities, separation is usualy
expressed in terms of half spaces [19,23,24,25,26,31,34-36].

The purpose of this paper is to present criteria of separation by half spaces in various classes
of convexity structures. The work has gone on for several years and this paper will serve to
present the obtained results. Some of the results have appeared before in the Moldova State
University press [10,11,14], others previously have stated without proof.
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The definitions below are taken from Kay and Womble [25], Jamison [24], Soltan [31], and
van de Vel [34,36]. The rest of the paper is organized as follows. In Section 2 we give the
necessary definitions. Section 3 presents the separation theorems for alignments and n-ary
convexities, Section 4 for interval convexities. In Sections 5 and 6 we study the Sy graph
convexities; in particular, we characterize the bipartite spaces and weakly modular spaces
with Sy convexity.

2 BASIC NOTIONS
A convex structure consists of a set X together with a collection C of subsets of X, henceforth
called convex sets, such that

(a) the empty set and the set X are convex;
{b) the intersection of convex sets is convex.

We often identify the pair (X,C) with C . If, moreover,
{c) the union of an updirected collection of convex sets is convex,
then (X,C) is called an alignment space (or alignment).
Axiom (b) allows the construction of an associated convex hull operator h defined on A C X
by
R(AY={C:ACCeC}

The hull of a finite set A is called a polytope, and the hull of an n—point set A is called an
n-polytope. The points of A are called the vertices of a polytope A{A).

A pair (X,C) is called an n-ary convexity structure if
AeCe (VO CAIC| <n=hC)C A),
Le. A is convex iff A contains any n-polytope with all the vertices from A.

Let (X,C) be a convex structure. A convex subset of X with convex complement is called
a half space. Let us say that two disjoint sets A, B in X are separated by a half space H
provided A C H and B C X\ H. (X,C) is said to fulfil the separation axiom Sy, if any pair
of disjoint convex sets in X can be separated by a half space. Axiom S, is usually called the
Kakutani separation property. For sets A and B define

A/B={ze X :h{AUz)n B # 0}.

Remark that B C A/B and AC B/A .
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3 ALIGNMENT SPACES AND n-ARY CONVEXITIES

We begin with an auxiliary result.

LEMMA 1 For an alignment space {X,C) the foillowing assertions are equivalent:
(1) (X,C) is a Sy convexity structure;
(11) for any two convex sets A and B and an arbitrary point z € X if z € h{(A U 2),
y € h{(B U z), then

R(AUy)NA(BUZ) # B

(#22) for any two convex sets A and B the set A/ B is convex.

PROOF. (z) = (iz). Assume the contrary, and let y € A(BU z),z € R(AU z) be the points
for which the convex sets h(AUy) and A(BUz) are disjoint. Then there exist complementary
half spaces Hy, Hy of X such that #(AUy) C H, and A(BUz) C H,. Suppose that z € Hy.
Since z € A{A U 2) and H, is convex, it follows that z € h(A U z) € Hy, a contradiction.

(17) = (2). Let Ag, By be disjoint convex sets in X. As C is an alignment, there exist
maximal convex sets A D Ag, B D By with AN B = 0. We claim that AU B = X. Assume
the contrary and let z € X\(A U B). Then by maximality of the pair A, B, there exist
points * € h(AU 2)N B and y € A(BU z)N A. Then A(AUy) Nh(B U z) # ) whereas
R(AUy) = A and h(BUz) = B, yielding a contradiction.

(¢) = (443). Suppose that z € h(A/B)\(A/B), i.e. the convex sets h(AUz) and B are disjoint.
Let Hq, H; be complementary half spaces of X with R(AU z) C Hy and B C H;. Observe
that A/B C H,, and therefore A{A/B) C H,. This yields z € L N R(A/B) C Hy N H;, a

contradiction.

(431) = (¢). It is sufficient to prove that any two maximal disjoint convex sets A and B
are complementary half spaces. Assume the contrary, and let z € X\(AU B). Then by
maximality of the pair A, B there exist points z € h{(BUz)NA and y € A{(AUz)N B. Hence
z € (A/BYN (B/A). Since A C B/A and B C A/B we conclude that

y € h(AUz) C h(BJA) = BJA,z € h(BUz) C h(A/B) = A/B.

On the other hand, since € A,y € B and the sets A and B are convex, it follows from the
definition of the sets A/B and B/A that AN B # §, a contradiction O

THEOREM 1 For an alignment space {X,C) the following assertions are equivalent:

(1) (X,C) is a S4 convexity structure;

(¢3) [24] any two disjoint convex polytopes can be separated by complementary half spaces;
(442) for any two polytopes Py, P, the set P,/ P, is convex.

PROOF. (i) = (i) is evident, (22) = (144) is a consequence of the proof of Lemma 1.

(433) = (4). According to Lemma 1 it suffices to prove that for every two convex sets A
and B the set A/B is convex. Let z € h(A/B). Since C is an alignment, there exist
points z1,...,zx € A/B such that z € h(z,...,2). Let 2; € h{(AUz) N Bye = 1,... k.
Further, there exist finite subsets A; C A,i = 1,...,k, such that z; € A(A; U 2;). Hence
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z; € h{A'U z;), where A’ = UF_| A;. Therefore, by the condition (122) of the theorem it

follows that A(A'Uz)Nh{z1,...,z¢) # 0. We conclude that A(AUz)N B # @ , showing that
z € A/B, as desired O

The following natural question arose. For which classes of convexities is it true that the
separation property of disjoint polytopes with a prescribed numbers of vertices implies the
separation property of all pairs of disjoint convex sets. For the class of all alignments the
answer is negative, while for n-ary convexities we obtain the following result.

THEOREM 2 For an n-ary convexity structure (X,C) the following assertions are equi-
valent:

(1) (X,C) is a Sy convex structure;

{12) any two disjoint k-polytope and m-polytope, where k < n,m < n, can be separated by
complementary half spaces;

(#12) for any (n — 1)-polytope Py and any n-polytope P the set Py /P is convex.

PROOF. (i) = (i1) and (i1) = (iz7) are evident.

(z2¢) = {¢). As C is an alignment, then according to Theorem 1 it is sufficient to establish
that for any polytopes P, and P, the set P;/P, is convex. Recall, that the convex hull of
any set A C X may be constructed in the following way (consult [31] and [36]):

R(A) = Uiso hi(A), where h,(A) = U{h(B): B C A with |B| <n},

RO(A) = A RSHA) = ha(Bi(A)),i=1,2,. ...

For a proof of our claim it is enough to show that A.(P/FP) = P/P,. Choose any point
z € ho(P/P;). Since € is an n-ary convexity, we can find n points zj,...z, € P;/P,, such
that z € h,(zy,...,2z,). Since for each ¢ = 1,...,n we have A(P; U z;) N P; # 0 then the
inclusion z € P/ P, is an immediate consequence of the following assertion:

for arbitrary points y; € (P U z;),1 = 1,...,n, we have
h(Pl Ux)ﬂh(y;,,yn) % @

To establish this statement, we proceed by induction on %, k;, where y; € A5 (P U z,),1 =
1,...,n. The assumption is evident when y; € P, U {z;},7 = 1,...,n. Now, suppose that
the collection of points y; € h{ Py U z;),t = 1,...,n satisfles the following conditions:

Dy ebk(Puz),i=1,...,n;
2) for any collection of points y! € AT (P Uz;),5=1,...,n, such that 30, m; < 37, ki,
we have the desired property
WP U ) (bl £ 0.

At least one k; is positive, otherwise y; € P U {z;} for all i. Assume that z,...,2, €
hff—l(Pl U z;) have been chosen so that y; € A(zy,...2,). Using our induction hypothesis,

for each 7 € {1,...n}, select a point v;, such that
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Vi € h(Pl Um)mh(ylv"'7yj~l7zi7yj+l7"'7yn)-

It is evident that A(vy,...,v,) C (P U=z). So, it is enough to prove that h{vy,...,v,) 1
h{yr, .- yn) # 0. Let V= h(vy,...,vs) and Y = A(y1,. .., ¥j-1,Yj+1,- - -, ¥Yn) (¥ is omitted).
By the condition (ii¢) of the theorem for n-polytope V and (n — 1)-polytope ¥ the sct
Y/V is convex. Since v; € (Y U z) NV, all points z,...,2, belong to the set Y/V.
Therefore for the point y; € 2(z1,...,2,) CAMY/V)=Y/V we have R(Y Uy; ) NV #£ B, ie.
B(viy...yvn) N A{y1, .., yn) # 8. This completes the proof of the theorem O

The next example shows that the bounds in the Theorem 2 are sharp.

EXAMPLE 1 Let X = {z1,...Za4-2,a1,a3,b} and pick Xy = {z1,.. ., 2202},
A = {a1,a3}. Define

Co={MCX:b¢gM} Co={MyC X:beM,|MNXo|<n—22U{M:be M AC M}

Let C =C; UC, U {X}. Then (X,C) is a convexity structure: each of the families £; and 5
is closed under intersections, while the intersection of sets from different families C; and C,
belongs to Cy. For the set M = {zy,... 2,1, b} we have

h(M)=MUA#M=U{A(M): M' C M with | M |[<n—1}.

Therefore C is not an (n — 1)-ary convexity. Now we assert that C is an n-ary convexity. If
b¢ M then h(M) = M, otherwise, if b€ M, then A(M)C MUA. Soifz € A(MI\M C A
then | MN X, |> n—1 and for any subset M' C MNX,| M' |=n—1, wehave z € A(M'Ub).
Hence C is an n-ary convexity.

Now assume that P is a polytope with at most n — 1 vertices and M is a convex set disjoint
with P. We wish to show that P and M can be separated by complementary half spaces
Hi,H,y, where P C Hy and M C Hy, f PN A = § then put H; = P and H, = X\P. To
prove the convexity of the set Hy it suffices to remark that H; € C; if b€ P and H, € C;
otherwise.

Now let PN A # §. Then |P N Xy < n - 2. Hence, if b ¢ M we may assume that
H; = PU{b} € Cy. Otherwise, if b € M, then either MNA = § and then put H; = PUA €
or MNA # § and |MNX,| < n—2. In the second caselet H, = M and H; = PU(Xo\M) € (.
So, in any case the sets P and M are separated by complementary half spaces. On the other
hand, disjoint polytopes P; = {z1, ..., Z—1,a1} and Po = {Zn, Tny1, ..., T2n—2, G2} can not be
separated by such half spaces. This is a consequence of next inclusions a; € h{(P; Ub),a; €
R(PUD). O

Following [26,34-36], a pair {X,C) is called a topological convexity structure, if X is a
topological space, C is an alignment on X, and each polytope is closed. Two sets A, B in X
are screened with the sets S, R of X provided that

SUR=X,ACX\R,BCX\S

A topological convex structure X is called:
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a) normal [34] if every two disjoint convex closed sets can be screened with convex closed
sets;

b} regular [34] (n-regular) if every polytope P (m-polytope P, m < n} and convex closed set
(' can be screened with convex closed sets.

The following result of M. van de Vel ([34], Lemma 2.1) play a fundamental role in proving
the analogies of Hahn-Banach theorem for topological convexities. We give here a short
proof of this proposition and some its refinements for n-ary convexities.

LEMMA 2 1)[34] Let C be an alignment on X, such that every two disjoint convex sets
can be screened with convex sets. Then C is a Sy convexity.

2) Let C be an n-ary convexity on X, such that every m-polytope and every k-polytope
disjoint with it, m,k < n, can be screened with convex sets. Then C is a Sy convexity.

PROOF. According to Theorems 1 and 2 it is enough to show that the set P/ P, is convex
if Py is a (n—1)-polytope and P; is a n-polytope. Assume the contrary, i.e. there is a point
z € h(Pi/Py)\(P1/P2). Set P = h{z U P1). By our assumption the disjoint polytopes Py
and P, can be screened with the sets S and R, where P € X\R, P, ¢ X\S,SUR = X.
So PC S, CRand PNR=0,P,NS = 0. Pickanyv € P,/P,. Since P, NS = {
and A(PyUv)N P, # @ from the convexity of sets S and R we conclude that v € R. Hence
P1/P; C R and therefore z € A(P/P;) C R, yielding a contradiction with PNR =0 O

THEOREM 3 {) [34] (Hahn-Banach Theorem) Let (X,C) be a regular convexity such
that the closure of a convex set is convex.

1) If C, D are disjoint convex sets with C closed and D compact, then there exists a closed
half space HC X withCNH=0,DC H .

2) If O, D are disjoint convex sets with O open and D closed, then there exists a closed half
space HC X withONH=0,D C H.

it) If (X,C) is an n-regular n-ary convexity such that the closure of a convex set is convex,

then (X,C) satisfies 1) and 2).

THEOREM 4 i) [34]Let X be compact space, and let C be a topological convexity on X
such that the closure of a convex set is convex.Then (X,C) is normal iff it is regular.

i2) Let X be a compact space, and let C be a topological n-ary convexity on X such that
the closure of a convex set is convex. Then (X,C) is normal iff it is n-regular.

The proof of these results for n-ary convexities is the same as the proof of van de Vel results |
using only Lemma 2.2) instead of Lemma 2.1).

4 INTERVAL CONVEXITIES

Let X be any {not necessarily finite) set. For each pair z,y of points in X, let zy be a subset
of X, called the interval between z and y. Then X is an interval space if and only if
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a) z € zy and zy = yz ;
b) if u € zy then uy C zy ,

for all z,y € X. Every interval space gives rise to a convexity C on X :
a subset C of X is convex if and only if zy C C for all z,y € C.
Then (X,C) is called an interval convex structure.

Obviously, each 2-ary convexity C on X is an interval convexity: it suffices to consider
zy = h(z,y) for all z,y € X. Inversly, let (X,C) be an interval convex structure. For any
subset A C X the convex hull A(A) may be constructed in the following way:

h{A) = Uisop'(A4), where p(A)=U{zy:z,y € A}

P(A) = AP (A) = B (A)),i = 1,2,...

Hence, if C is any convex set of C, then for all z,y € C' we have zy C C. Thus any interval
convexity C is an 2-ary convexity, i.e the class of the interval convexities is identical with the
class of 2-ary convexities.

A particular instance of an interval space is any metric space (X, p}: the intervals are the
metric intervals

vy = {z: p(z,2) + p(2,y) = p(z,y)}-

THEOREM 5 For an interval space X the following assertions are equivalent:
(¢) the convexity C on X is a Sy convexity;

(i¢) any two disjoint 2-polytopes can be separated by complementary half spaces;
(iii) (Pasch axiom) if z € h{a,b) and y € h(a,c) then h(a,y) N h(b,z) # 0;

(1) if b € h(a,z),c € h(a,y),z € h(z,y) then h(a,z) N h(b,c) # 0.

PROOF. Implications (i) = (i) and (i7) = (i) are evident. The Pasch axiom is a
particular case of the condition (1v), thus (tv) = (iiz). Further, condition 7v) is equivalent
to the convexity of the set a/h(b,c). From Theorem 2 we infer that (i) & (iv).

(#41) = (iv). By the Pasch axiom we can find a point v € h(z, c)Nh(a, z). Repeated aplication
of this axiom yields that there exists a point w € h(a,v) N k(b,c). Since k(a,v) C h{a,z) we
conclude that w € h{a, z) N h(b,c) O

<

Figure 1 Figure 2
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As a consequence of the Theorem 5 we obtain that for interval spaces the Kakutani separation
property and the Pasch axiom are equivalent. This is a generalization of a well-known result
of Ellis [19], which states that any convexity structure satisfying the Pasch axiom and the
join-hull commutativity property is a Sy convexity. Using this result, Ellis {19] presented a
common generalization of the Kakutani separation property in real vector spaces and of the
Stone theorem in distributive lattices.

Now, consider the interval analogous of the conditions (¢} and (iv) of the Theorem 5 :
(173)" (Interval Pasch axiom) if z € ab and y € ac then ybN zc # 0;
(iv) if b € az,c € ay,z € zy then az N bc £ §.

Our next example shows that these conditions are more restrictive than the conditions of
Theorem 5.

EXAMPLE 2 Let X = {z;:i=1,...,7}. For any points z;,z;, € X we use the notation
(ziz;) = ez \{z;, z;}. Define

(z122) = {24}, (2123) = (2126) = (z227) = {5}

(z225) = {6, 27}, (w425) = (z4z6) = (w427) = (we27) = {23},
and (z;z;) = @ for any other pair of points. A resulting interval convexity C satisfies the

Pasch axiom and therefore C is a S; convexity. On the other hand, since z3zs N z4z5 = 0,
then the interval Pasch axiom fails for points z4 € 225 and z5 € z173.

THEOREM 6 For an interval space X the following implications hold: (ii1) & (1v)' = (7).

PROOF. The interval Pasch axiom is a particular instance of the condition (v)’ and thus
(1v)’ = (di1)’. The proof of the implication (z47)' = (iv)’ coincide with the proof of implica-
tion (7it) = (v).

(iv)’ = (7). In view of Theorem 2 it is enough to show that for any points z;, 23,73 € X
the set z1/h(zs,z3) is convex. Observe that this assertion is a consequence of the following
claim:

if b€ hia,z),c€ h{a,y) and z € zy then h{a,z)Nbc#£ 0 .
Assume that b € p*(a,z),c € p'(a,y), where
P+ A) = p(p'(A)) and p(A) = U{uv : u,v € A}.
For a proof of this claim we proceed by induction on k+r. If k =r =0 then b € az,c € ay.
By invoking the condition (iv)" we obtain that az Nbe # . Now suppose that k+r > 0 and
let, for example, k > 0. Then there exist points b;,b, € p*~!(a,z), such that b € b;b,. By
the induction hypothesis we can find points vy € h{a,z) N cby and vy € A(a,z) Ncby . Then,

by virtue of (:v)’, there exists a point v € ¢b N vyvg. Observe that v € vivy C A(e, z) and
therefore v € ¢bN h(a,2z) O

A convex structure (X,C) is called binary [26,34-36], if each finite collection of pairwise
Intersecting convex sets has a nonempty intersection. The binary convexities may be defined
also as convexities, satisfying the following property:
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for any points a,b,c¢ € X the set h(a,b) N (b, c) N A{c,a) is nonempty.

Binary convexities, and in special, binary convexities on topological spaces, have been studied

by M. van de Vel [34-36].

Following [4,22], a space X endowed with a binary convexity C is called a median space if
for any a,b,c € X the set h{a,b) N A{b, ¢} N h{c,a) has exactly one point, which is denoted
by m{a, b, ¢). Recall that convex structure has the property 5y if all singletons are convex.

As an example of application of our Theorem 5 we present a characterization of 8 binary
convexities, satisfying the separation property Sy.

COROLLARY 1 [35] Let (X,C) be a Sy binary convexity. Then C is 54 if and only if X

is a median space.

PROOF. If zy,zy € h{a,b) N hlc,a), 71 # x2, then the convex sets {z,} and {z3} can
not be separated by complementary half spaces. Conversely, let X be a median space. As
any median space is an interval space, then it is enough to verify that the Pasch axiom is
fulfilled. Assume the contrary and choose points a,b,c € X,z € h(a,b),y € h{a,c) such
that h(z,c) N Ay, b) = §. Denote by zo and yo the medians m(a,z,c) and m(a,y,b). As
zo € h(a,z) C h(a,b),y0 € h(a,y) C h(a,c) and h(zo,c) C h(z,c), h(yo,b) C Ay, c), then,
without loss of generality, we may assume that z = zo,y = yo. Thus z,y € h{a,b)N h{a, c).
Put m; = m(z,b,¢c),m; = m(y,b,c). Since h(z,c) U h(y,b) C h(a,b) and h(z,c) U h(y,c) C
h(a,c) we conclude that my,my € m(a,b,c), yielding a contradiction O

5 BIPARTITE SPACES

Let X be an interval space. An interval uv is called an edge if u = v and uv = {u,v}; the
edges then form the graph G of the interval space X. In order to ensure that the graph
of a space X is connected some additional conditions are necessary. First, call X' geometric
[36] (or orderable [3,21]) if for any three points z,y,z with y € zz, there exists a partial
order < on X such that z < y < z and, for < 2,y € zz is equivalent to z <y < z. A
partial instance of a geometric interval space is any metric space (X, p).

A chain R in an interval space X is a totally orderable subspace, that is, there exists a
partial order < on R such that for v,v,w € R one has v € uw if and only if u v <w. If
R admits a least element a and a largest element b, then B is called bounded [3]. Now, X is
said to be discrete [3] if all bounded chains in X are finite. As was shown in [3] the graph G
of a discrete geometric interval space is connected. The graph G can be regarded as a metric
space, where the metric d accounts for the lengths of shortest paths. The corresponding
intervals

I{u,v) = {z : z is on a shortest path between u and v}

have to be distinguished from the intervals wv of the given interval space. Now, call an
interval space X graphic [3] if the equality uv = I{u,v) holds for all u,v of X.
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For graphic spaces the results of the previous sections may be refined in the following way.

THEOREM 7 For a graphic space X the following assertions are equivalent:

(1) convexity C on X is Sy;

(17) any two disjoint intervals ab and cd can be separated by complementary half spaces;
(11¢) X satisfies the interval Pasch axiom.

PROOF. First, note that the implication (42) = (4it) is trivial and that (iiz) = (7) is a part
of Theorem 6.

(z) = (12). It is sufficient to verify that in a graphic space X with a 54 convexity any interval
uv is convex. Assume the contrary, and let zy be a non-convex interval for which the distance
d(z,y) in the graph G is as small as possible. Let 2,2, C zy for some points 21,2, € zy.
Without loss of generality, assume that these points zq, z5 are chosen in zy at the minimal
distance too. Then v € zy for any point v € z122,v # 21,23 . Let z be any neighbour of
z1 € z1z. Since z € zy and X is graphic, z; € zz U yz. Assume, for example, that z; € zz.
Since d{z1,y) < d(z,y) in G, the interval yz; is convex. Consider any disjoint half spaces
Hi and H, separating the convex sets yz; and {z} : let yz1 C Hy and z € H,. Il z € Hy,
then z; € zr, yielding a contradiction. Therefore z € Hy. However in this case z,y € H;
and z € h(z,y) C Hy, which is impossible O

An interval space X is said to satisfy the triangle condition [3,13] if for any three points
u,v,w in X with

woNuw = {u},vuNow = {v},wv Nwu = {w},
the intervals uv, uw, vw are edges whenever at least one of them is an edge.

THEOREM 8 [3] Any discrete geometric interval space X satisfying the triangle condition
is graphic.

Let X be a discrete orderable interval space. For any edge uv set

Wuv)={zec X ueazv}, W,u)={z€X:ve€zu}

Then call the discrete orderable interval space X bipartite if for any edge uv of this space we
have W(u,v)U W{(v,u) = X. From the Theorem 8 we conclude that any bipartite space is
graphic. Next we present a recursive characterization of bipartite spaces, whose convexities
are Sy.

Recall that a hypercube is the undirected Hasse diagram of the lattice of all finite subsets
of some set. A subgraph H of the graph G is an isometric subgraph of G if the distance
dr(u,v) between any two points v and v in H equals their distance dg(u,v) in the larger
graph G. A graph H can be embedded isometrically into a graph G if H may be represented
as an isometric subgraph of G.

In addition to Sy , we consider the following separation properties (cf. [24],[31],[36]):
Szt Any two distinct points are in complementary half-spaces.

S3: Any convex set is an intersection of half-spaces.
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The following proposition is essentialy based on a Djokovic {16,30] characterization of 1so-
metric subgraphs of hypercubes.

LEMMA 3 [2,11] The convexity C of a bipartite space X is Sa (or S; respectively ) if and
only if the graph G of this space is isometric embeddable into a hypercube.

In order to characterize median graphs M. Mulder [27] introduced the concept of a convex
expansion of a graph. A similar construction was introduced in [12], with the purpose to
characterize isometric subgraphs of hypercubes and Hamming graphs.

Let G = (Xg, Eo) be a connected graph, and let W} and W} be two subsets of Xo such that

DWeNW2£0; OWPUWd =Xo; 3){(z,y) € Bz € WAWS,y € WH\WP} = 0.

4) subgraphs Go(W?) and Go(Wy), induced by sets WP and Wy, are isometric subgraphs of
the graph Gb.

An isometric expansion of G with respect to WY and W2 is a graph G = (X, E) constructed
in the following way from Gq :

(¢) replace each point z € W N W3 by two points z; and z; which are joined by an edge;
(1) join z; to all neighbours of ¢ in WP\W2 and join z, to ail neighbours of z in W\ WY
(wiyifz,y € W20 W) are adjacent in Gg, then join z; to ¥y and g to ya.

Let Wi be the subset of G which consists of W]\WJ together with the "first” copy z: of
each point z € W2 N W,. The set W, is described similarly. We illustrate this construction
in Fig.3.

—

Figure 3

The isometric expansion of a graph Gq with respect to the sets Wy and WY can be defined
as a multivalued mapping ¢ : Xo — X :

for any z € X, define 9(z) = {21, .} if 2 € WP N W} and ¢(z) = {z} otherwise.
For any subset Aqg C Xp put

’(/)(/&0) = {l € Xz S l,b(ﬂig),xo S AO}
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It is not difficult to observe that the sets W) and W, are complementary half spaces of the
graph G. The inverse mapping A = ¥~! is called an isometric contraction of the graph G
with respect to the half spaces Wi and W;. Since the graph G is bipartite, any point of W
1s adjacent to at most one point of W,, and viceversa. Hence, the graph G is obtained as
a result of identification of all pairs of adjacent points (z1,2,), where 21 € Wy, z, € Wi,
For any point z € X set A(z) = {2z}, where z € ¥(z). Tor a subset A C X denote
AA) = U{A(z): 2 € A} .

Let us denote by I{Gp) the class of all graphs, which can be obtained from the graph Go by
a sequence of isometric expansions. Let K; be an one-point graph.

THEOREM 9 [12] A graph G is isometric embeddable into a hypercube if and oniy if the
convex hull h(A) of any finite set A is finite and G(k(A)) € I(Ky). In particular, a finite
graph G is isometric embeddable into a hypercube if and only if G € I(K,).

By Theorem 9 any bipartite graph G with a Sy convexity is isometric embeddable into a
hypercube. Then each convex set of G is the intersection of a subcube with G. In particular,
each pair of complementary half spaces of G is generated by a pair of complementary maximal
proper subcubes. Therefore any isometric contraction of G is equivalent to collapsing one
dimension of a hypercube in which G is embedded.

A S3 convexity of a bipartite space is not necessarily Sy4. So, there are five isometric subgraphs
of the 4-dimensional cube, the convexity of which is not Sy (Fig.4). Denote these graphs by
Ly, Lo, Ls, Ly, Ls .

THEOREM 10 A convexity C of a finite bipartite space X is Sy if and only if the graph
of this space satisfies the following conditions:

a) G e 1(1{1)\]([/1)

b)if A€C then G(A)# L;,i=1,...,5.

In general, a convexity of a bipartite space X is S, if and only if the graph G of this space
is isometric embeddable into a hypercube and for each finite convex set A C X we have

G(A) & UL, I(Ly).
The proof of this theorem amounts to the following properties of isometric expansions of
graphs.
LEMMA 4 Ifz e W,y € W, and 25 € zoyo in Gy then ¥(z) C zy in G.
PROOF. Assume that z € ¥(z9) N W;. Then
dg(z,2) = dg, (20, 20), da (2, y) = dge (20, 90) + 1, da(2,y) = day (20, y0) + 1,
and therefore z € zy in G O

LEMMA 5 For any pair of points zq,yo € Xo there exist two points z € ¥(zo),y € ¥(yo)
such that zy = ¥(xeya), Where zy is an interval of G and oy Is an interval of the graph
Go. Inversly, for any points z,y of G we have zoyg = May), where zo = A(z) and yo = Ay).

2
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PROOF. First, assume that the sets ¢(zq) and 9 (yo} belong to the same half space. Then
for each point zy € zoyo we have |[ib(2p)] = 1. Therefore if z = 9 (z0),y = ¥(yo), z = ¥{20)
then

dg(z,2) = dg, (%0, z0), delz, ¥} = do, (20, Y0), de(z, y) = da, (20, yo),

and so z € zy. Next suppose that z1 € ¥(zo) N Wi, y2 € ¥{yo) N Ws. Using the preceding
lemma, we obtain that for any point zp € zoys we have 1(z9) C z1y2. Hence zyy, = ¢¥{zoyo)

A A A
A A

Figure 4

LEMMA 6 If a graph G is isometric embeddable into a hypercube Q). then any intervai
zy of G is convex.

PROOF. Any interval I = zy of a hypercube @, induces an n-cube [27], where n = d(z, y).
This interval is convex in @,. Now observe that the interval zy of the graph G coincide with
the set TN X and thus zy is convex in G O

Observe that, for any edge e = (z,y) of an isometric subgraph G of a hypercube, the scts
W(z,y), W(y, z) are complementary half spaces. In what follows we will use the shori-hand
G. = A (@), where G, is a graph obtained by an isometric contraction of the graph ' with
respect to the sets W (z,y) and W(y,z). Put also G = ¢.(G.).

PROOF of the THEOREM 10. Convexity in any graph L;,t = 1,...,5, is not Sy .
Therefore any bipartite space with Sy convexity satisfies condition b) of the theorem. Now,
suppose that a graph G is obtained from the graph Go € I(L;) by an isometric expansion
. We will show that if the convexity of Xj is not Sy, then the convexity of X is not .54 toc.
According to Theorem 7, there exist points ao, bo, co € Xo and zo € aocp, Yo € boco such that
boxo Nagyo = @. By the reference to Lemma 5 we are able to choose the points
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a € P(ao),b € ¥(ho), ¢, ¢ € (co),z € acNe(zo),y € b’ N P(yo).-

Then, by virtue of Lemma 4, at least one the relations z € ac’ or y € be is valid. Let, for
example, y € bc. First assume that there exists a point z € ay N bz. Then by Lemma 5
we have A(z) € aoyo N bozo, in contradiction with the choice of points ag, by, co, To, yo. So
ay N bz = § and therefore the convexity of X is not Sq. Thus any bipartite space X with 94
convexity satisfies all conditions of the theorem .

Conversly, assume that the graph G of a finite bipartite space X satisfies condition b) of
the theorem and is not S4. Before starting this part of the proof, we assume that the graph
G € I(K;) 1s maximally contracted to a non-Sy space.

Among all triples of points, which fail the condition 7:iz) of the Theorem 7, we choose a triple
A = {a,b,c} for which the perimeter p = d{a,b) + d(b,c) + d{c,a) is as small as possible.
Then there exist points z € ab,y € ac such that zcNyb = . We claim that points = and y
may be considered adjacent to a. Assume the contrary, and choose z and y in such a way,
that the sum d(z,a) + d{y,a) is minimal. Let v € ay be a neighbour of a. Since v # y, we
conclude that vb N zc # (. By z we dencte a point of this intersection. If v € ab then the
set A may be replaced by a triple {v, b, c} of perimeter p — 2, which fail the interval Pasch
axiom too. Thus a,z € vb. Therefore z,b € W{(a,v),y,c € W(v,a) . Set e = (v,a). By
Lemma 5 we conclude that zq € aobo, yo € @ocy and moreover zg # ag, by and ¥y # ao, o -
As the convexity of Xy is Sy, then there is a point wo € zoco N yobo. By Lemma 4 we have
te(wo) C zeNyb, yielding a contradiction. Hence, the points z and y are adjacent to a, and
moreover z,y € abN ac.

Next we wish to prove that d(b,z) = d{y,c) = 2. Assume the contrary and let d(b,z) >
d{c,y). First, consider the case when d(c,y) = 1. Since z € ac and d(a,¢) = 2 we conclude
that the point z is a neighbour of ¢. Necessarily, both points = and y belong to the interval
be. Otherwise, if y ¢ be then ¢ € yb N zc, which is impossible. If x ¢ bc then ¢ € zb C ab
since x 1s a neighbour of ¢. Hence, y € acN ¢b = ¢, a contradiction. If z,y € bc we have
a € zy C be (cf. Lemma 6), whence a € by Necz. So, d(z,b) > d(y,¢) > 2 and d(z,b) > 2.
Pick any point v € zb adjacent to z and let ¢ = (z,v). By the initial assumption the
convexity of a graph G. = A.(G) 1s S4. Thus for given points zq € apho and yo € ageo there
is a point zo € zocg M Yobo. Suppose that ¢ € W(v,z). Then y € W{(z,v), for otherwise the
points v and y will be adjacent and v € zc N yb. Therefore z,y € W(z,v),b,c € W(v,z).
By Lemma 4 v.(z0) C by N cz, yielding a contradiction. Hence ¢ € W(z,v). As the interval
ac is convex, then d(v,y) > 2 and so y € W(z,v). By Lemma 3 ¢.(20) C veN by. Let py be
a perimeter of the triple {a,v,c}. We prove that p, = p, i.e. b € ve. Obviously, py < p. Let
z € e(2z9). I p1 < p, then by our assumption there is a point w € az N xe. A perimeter of
the triple {a, z,y} is at most p; and thus weN zy # §. Since we C zc and zy C by we obtain
a contradiction. Hence b € ve and py = p.

Choose any point u € vb adjacent to v and set ¢ = (u,v). As we already proved, b,¢ €
W{u,v) and a,z € W{v,u). As the convexity of a graph G; = A\(@) is Sy, then for points
To € aobo, Yo € agco there exists a point zo € zoco N yobo. f y € W (v, u), then by Lemma
4 we have ¢,(z) C by N cz, a contradiction. Therefore y € W (u,v), so that d(u,y) = 2
and u € yb. Hence uy N zc = § and the point b may be replaced by a new point u. So,
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we can assume that d(z,b) = 2 = d(y,c). Then d(a,b) = d(a,c) = 3 and we conclude that
d(z,¢) =2 =d(y,b). As a & bc then d(b,c) <3, otherwise z,y € bc,a € zy C be (cf. Lemma
6), whence a € by Ncz. If d(b,c) = 3 or d(b,c) = 1 we obtain an odd cycle of the graph G.
Hence d(b,c) = 2,d(a,b) = d(a,c) = 3. Let

71 € 2b, 25 € ye,uy € zc,ug € yb,u € be.

Put S = {a,b,¢,x,y,21,23,u,uz,u}. First we show that d(u,a) = 4. Otherwise, if
d(u,a) = 2 then u,z,y € abn ac. By the convexity of intervals ab and ac we conclude
that u is adjacent to = and y. But then v € by Nece, in contradiction with the choice of points
a,b,c,z and y. Thus any common neighbour of points ¢ and b is at distance four from a.
In particular, d(a,u) = 4 and ¢,b € au. Hence G consists of the interval au only. This is
so, because the cube in which G is isometrically embedded, can be further contracted to a
four-dimensional subcube containing the interval au. By assumption, however, G has been
maximally contracted, so it is already embedded in four dimensions.

Next we claim that points of the set S are distinct. It suffices to prove this only for points
21, 72, u1 and ug. As G is bipartite, we deduce that uy # uy. Since each common neighbor of
b,cis at a distance 4 from a we get z; # uy and 23 # up. Since @ is at distance four from
any common neighbour of points b and ¢ then z # z;. Finally suppose that points v and
are adjacent. Then z; € zy. As the interval ac is convex and z,y € ac then points ¢ and 2z
must be adjacent, which is impossible. Hence, z; # uy. That z; # u; follows for reason of
symmetry.

Thus all points of S are distinct. As G is bipartite and all distances between points of
S, except d(a,u), are at most three then G(S) is an isometric subgraph of the graph G.
Moreover, G(S) = L;. Since graph G is an isometric subgraph of the four-dimensional
cube then the straightforward verification shows that G coincides with one of the graphs
L1, ..., Ls. However, in this case condition b) of the theorem would be violated.

The second part of the theorem is an immediate consequence of Theorem 7, of the first part
of this theorem and of the finiteness of the hull of any finite set A C X (Theorem 9). This
completes the proof of the theorem O

EXAMPLE 3 Figure 5 provides an example of a bipartite space which satisfies condition
a) and fails condition b) of Theorem 10. The convexity of this space is not S

Figure 5
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6. WEAKLY MODULAR SPACES

An interval space X is said to satisfy the quadrangle condition if v,w € uz and = € vw such
that vz and wz are edges implies that uv N uw N vw contains a point y such that vy and
wy are edges. Following [3], call a discrete orderable interval space X weakly modular if it
satisfies the triangle and quadrangle conditions (Fig.6-7).

Ik

\ v

Figure 6 Figure 7 Figure 8

In view of the Theorem 8, weakly modular spaces are graphical. Weakly modular graphs
were previously studied in [7] and [13]. Particular subclasses are formed by pseudo-modular
graphs (Bandelt and Mulder [5,6]), chordal graphs (Dirac [18}), bridged graphs (Farber and
Jamison [20] and Soltan and Chepoi {32]) and Helly graphs (Quilliot [29]).

Points z, y, z of an interval space X form a metric triangle (zyz) [3,13] if the following interval
conditions are satisfied:

zyNzz={z},yzNyz = {y},zaNzy = {z}.

A metric triangle (zyz) is equilateral if d(z,y) = d(z,z) = d(y, z) = k in the graph G of this
space. The number k is called the size of the metric triangle. Let u, v, w be three points of
X. Then z,y, z form a pseudo-median of size k of the triple u,v,w if (zyz) is an equilateral
metric triangie of size k and the following properties are satisfied (Fig.8) :

T,y €uv ; T,z cuw ; Y,z €vw

and

z€uyNuz; y€vzNuz; 2z € wrNwy .

Following [3], call a space X weakly median if X is weakly modular and the graph G of this
space does not contains any one of the graphs of Figure 9 as an induced subgraph.



46 Chepoi

Figure 9

THEOREM 11 A convexity C of a weakly modular space X is Sy if and only if X is a
weakly median space.

We commence by establishing a number of auxiliary results.

LEMMA 7 [13] Let X be a weakly modular space. Then

t) each metric triangle of X is equilateral ;

i) if (zyz) is a metric triangle of size k then d(z,v) = k for each v € yz;
1) if zuNyz = {y} and zv Nyz = {z} then d(u,v) > d(y, z).

Let a set A C X induce a connected subgraph in the graph G of a space X. Call the set A
locally convex if z,y € A,z € zy and z is a common neighbour for z and y, implies that
z € A

LEMMA 8 In a weakly modular space X any locally convex set A C X Is convex.

PROOF. For any points z,4 € A by {(z,y) denote the length of a shortest {z,y)-path L
inside A. Obviously {(z,y) > d(z,y). In order to prove that zy C A we proceed by induction
on [(z,y). Since A is a locally convex set then zy C A if I(z,y) < 2. Now assume that
ab C A for any a,b € A with l(a,b) < n.

Let z,y € A,l{z,y) = n and choose any point v € zy. Denote by z a neighbour for 2 in
the path L. Let w be a neighbour for z in the interval zv. By induction hypothesis we have
2y C A I d(z,y) > d(z,y) then v € zy C zy C A. Thus d(z,y) < d(z,y) .

If d(z,y) = d(z,y) — 1 then the points w and z are equidistant from y. By the quadrangle
condition there is a point u € wy N zy adjacent to w and z. As u € zy C A and set A is
locally convex we conclude that w € zu C A. Since l{w,y) < n by the induction assumption
it follows that v € wy C A.

We next consider the case when d(z,y) = d(z,y), i.e. L is a path of length d{z,y) + 1. By
the triangle condition there exists a common neighbour u € zy N zy of the points z and z.
Then u € zy C A and there exists a (z,y)-path Ly C A of length d(z,y). This path Lo
consists of the edge (z,u) and some shortest path between v and y. Thus, we arrive at a
final contradiction O

LEMMA 9 For any two points z,y of a weakly median space X the set z/y = {z € X :
y € zz} is convex.
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PROOF. We proceed by induction on d(z,y). First assume that z and y are adjacent. If
z € z/y then yz C z/y and thus the set z/y induces a connected subgraph of a graph G.
By Lemma 8 it suffices to show that the set z/y is locally convex.

Let z1,23 € z/y,d(z1,22) = 2 and z € z123. We prove the inclusion z € z/y by induction
on p = d(z1,y) + d(z2,y). If p = 2 then either z; = y or y is adjacent to 2z, and z,. Either
case forces y € 129,z € Yz and thus y € zzy. In the second case y ¢ zz. This implies that
either z and z are adjacent and we get a forbidden graph, or d(z,z) = d(y, z) = 2. By the
triangle condition there exists a point w, adjacent to z,y, 2. Then w must be adjacent to z;
and zg, otherwise the points y, z, 21, z2, w induce a forbidden graph. But in this case points
z,y,W, 21, 23 induce a forbidden graph too.

Next assume that d(z1,y) + d(z2,¥) = p > 2 and let d(z,z2) > d(z,21). If d(z,2) >
d(z,7z1) + 1 then z123 C z1y U 29y and so z € z/y. Hence d(z,2;) < d(z,z) + 1. Moreover,
d(z,z) < min{d(z1, z),d(z0,y)}, for otherwise at once z € z/y. We distinguish two cases.

Case 1. d(z,z) = d(z,z2) = k.

Then d(y, z1) = d(y,2;) = k — 1 and the size of the pseudo-median of the triple y, 2,25 15 0
or 2. In the second case this pseudo-median is the metric triangle (yoz122), where d{yq, #1) =
d(yo, z2) = 2. By the triangle condition and Lemma 6, ii) we deduce that d(yo,z) = 2 and
therefore there is a point u € ypzy N yoz adjacent to yo, 2z and z. Since (yoz122) is a metric
triangle, we have d(z,u) = 2.

Now suppose that the triple y, 2,z has a pseudo-median of size 0, i.e. there is a point
s € yz1 Nyz N zy123. In this case s is a pseudo-median of the triple x, 21, 22 too. Necessarily,
s = z, for otherwise y € zz and z € z/y. So d(z, z) = a and points z and s are non-adjacent,
otherwise s € zz and thus y € zs C zz. Hence the triple z, s, 2z has a pseudo-median zo, s, 2
of size 1. Since the point zg is adjacent to s and z, then z; must be neighbour to z; and zg,
otherwise the points z1, 23, $, 2, z Induce a forbidden graph. Further, observe that the points
Zg, 8, Zo, 71, 72 Induce a forbidden graph, except the case when z4 is adjacent to z; and 2.
But in this case g € z129N 212N 222 and the triple z, 21, z; has two distinct pseudo-medians,
contradicting our assumption.

Case 2. d(z, 1) = d(z,22) — 1 = d(z, 2).

In this case both triples z, #1, z and y, z, z have one and the same pseudo-median yg, 25, v of
size 1, where yg is adjacent to z; and v,and v to yg,21,20. fv =z then y € zz and 2z € z/y.
So, v # z. Since z,v € zz by the quadrangle condition there exists a point w € vz N zz ,
adjacent to v and z. Certainly, points w and 2z;,v and z must be adjacent, for otherwise the
points 21, 29, 7, v, w induce a forbidden configuration. Further, as w and 2z, are non-adjacent,
then we would get one of the forbidden induced subgraphs, a contradiction. This settle the
case 2.

Finally, assume that d(z,y) > 1 and let zo be any neighbor of z in the interval zy. If
71,22 € x/y then 2o € zy C 221 N 227 and y € zozy N To2zg. S0 21,23 € T/30 N T0/y. By the
induction assertion the sets z/z and z¢/y are convex. Thus if z € 212, then y € zo2,20 € 22
and hence y € zoz C 7z, l.e. z € z/y O

LEMMA. 10 For any metric triangle (zyz) of size 1 of a weakly median space X the set
z/yz = z/y Uz/z is convex.
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PROOF. The set z/yz induces a connected subgraph in G. According to Lernma 8 it suffices
to prove that the set z/yz is locally convex. Since z/y and z/z are convex sets it is enough
to show that vives C z/yz if v1 € 2/y,v2 € 2/2 and d(v1,v2) = 2. We proceed by induction
on p = d(y,vi) + d(z,v2).

If p =1 then either y = v, or z = v,. Assume, for example, that ¥ = vy. Then either y € zv
for any v € vyvs or  is adjacent to any point v € viv, and thus the points z, ¥, z, v, vy induce
one of the forbidden graphs.

Now consider the case p == 2 , i.e. assume that y is adjacent to v; and z is adjacent to vy.
Then the triple z,v;, v, has a pseudo-median of size 0 or 2. In the first case there exists
a point w adjacent to z,v; and v;. Then w must be non-adjacent to points z and y, for
otherwise one of the sets {z,y,z,w,vi} or {z,y,7,w,v;} induce a forbidden graph. By the
triangle condition there is a point zy adjacent to v,z and vy. If 2 is non-adjacent to z or vy,
then points z, z, 2o, v, v2 induce one of the first two graphs of Fig.9. However in the second
case the points z, ¥, z, 29, v; induce one of the graphs of Fig.9, thus leading to a contradiction.

Next we assume that the points z,v; and vy form a metric triangle of size 2. Let v € v,
If v is non-adjacent to the points y and z, then by the triangle condition there is a point w,
adjacent to 2,y and v. First suppose that = and w are adjacent. Then at least one of the sets
{v1,¥,w, x, 2} or {vs,y,w,z, 2} induce a forbidden configuration unless w is non-adjacent to
v; and v,. Since v is non-adjacent to y and z, and y is non-adjacent to vy, there exists a point
u # w adjacent to y,v and ve. Then points vy, v, w,y,u induce a graph of Fig.9, unless u is
adjacent to w and vy. Then, however, the points vy, u, v, w, v; induce the forbidden graph,
thus giving a contradiction.

Now we consider that z and w are non-adjacent. Then vi,w € z/y and vy, w € /2. By the
convexity of these sets we deduce that either v € vjw U vpw and so v € z/y 1) x/z or the
point w is adjacent to v; and v,. In the second case we can find a common neighbour s of
points z,v; and v. Since {zvvs) is a triangle, s and v, are non-adjacent. If the points s and
z are adjacent, then points z,s,w,v,v; induce a second or a last forbidden graph of Fig.9.
Therefore, d(s, z) = d(vq, 2z} = 2 and by the triangle condition we can find a point 7 adjacent
to z,5 and v;. If £ = w then s and w are adjacent and the points vy, s,w,v, vy induce a
forbidden graph. Thus ¢ # w. If ¢ is adjacent to z then the points z,y, 1, z,v; induce a graph
of Fig.9. So t and z are non-adjacent. Further, if ¢ is non-adjacent to w then t,w € z/z
but v; € tw\(z/z), ylelding a contradiction with Lemma 8 On the other hand, if ¢ and
w are adjacent, then the points y,¢,w, z,v; induce one of the last two forbidden graphs,
unless t and v; are adjacent. In order to avoid forbidden configurations induced by points
v1,t,w, z, Uz, the point v must be adjacent to both y and z. Thus v € z/yz. This settles the
case p = 2.

Finally assume that d(y,v;)+d(z,v;) = p > 2. Denote by 2 the furthest from z point of the
intersection zvy N 2wy . As max{d(z,mn),d(z,vs)} > 2 then o = z. Let z,; be a neighbour
of  on the interval zzg. The set z/zy is convex and 2y € zv; N xw, thus z; € zv. By the
quadrangle condition there exist points y1 € zyv1 Nyv; and z; € T1v2 N 20z, such that y; 1s
adjacent to @1,y and 2 is adjacent to 2, z (Fig.10) . Sincey € zy1,z € 12; and z ¢ z/yz, in
virtue of case p = 2 we deduce that y; and z; must be adjacent. Hence vy € z;/yy,v2 € T1/7
and d{vq,y1) +d(v2, 1) < p. By the induction hypothesis we have v € z1/yy Uz /2. Let, for
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example, v € 7, /y1, 1.e. y1 € vz, As 7y € zv,y; € vey and y € zy, we deduce that y € zv
and thus v € z/yz O
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PROOF of the THEOREM 11. If the convexity of X is Sy, then the graphs of Figure 9
cannot occur as induced subgraphs in the graph G of this space. Indeed, the crossing edges
in all diagrams can not be separated by complementary half spaces.

Conversly, assume that a space X is weakly median and we wish to show that the convexity
of X is S4. In virtue of Theorems 5 and 6 it suffices to prove that the set z/yz is convex
for arbitrary three points z,y,z € X. Since z/yz induce a connected subgraph, by Lemma
8 it is enough to show that the set z/yz is locally convex. Let vy, v2 € &/yz,d{vi,v:) = 2
and pick any point v € vyvs. Without loss of generality, we may assume that zv; Nyz =
{y},zvs Nyz = {z}, otherwise we can replace the points y and z by the nearest pair of
points from these intersections. Assume also that zy N zz = {z}, otherwise for any point
xo € zy N xz we have v1,v3 € z/z0. By Lemma 9 the set z/zo is convex and thus zo € zv.
As y € zgu; and z € zov, we can replace ¢ by z¢. (Remark that if zgv N yz # § then the
intersection zv N yz is non-empty too.) So (zyz) is a metric triangle of the space X. By
Lemma 6 iii) d(y, z) < d{v1,v2) = 2 and thus the size of the metric triangle (zyz) is 1 or 2.
In the first case from Lemma 10 we infer that the set z/yz is convex.

Next assume that (zyz) is a metric triangle of size 2. By Lemma 7 ii) we have d{z,u) = 2
for each point u € yz. By the triangle condition there exist a point yo adjacent to z,y,u
and a point zp adjacent to z, z,u (Fig.11). We claim that d(yo,v2) = d(z,v;) and d(z,v1) =
d(z,v1). Assume the contrary and let d(yo,v2) < d(z,v2). Then yo,z0 € zv;. By the
quadrangle condition there is a point w € yovy N zvq, adjacent to yg and zp. fw = u
then u € yz N avy, yielding a contradiction to the assumption that yz N zv, = {z}. Thus
d(yo,v2) = d{z,v2),d(z0,v1) = d{z,v1), L.e. u € ygv2 N 2ovy and so vy, vz € {yo/yu) N {20/ zu).
By Lemma 9 the sets yo/yu and zo/zu are convex, that is yov Nyu # 0 and zev N zu # §.

Note that either the points yo and zp are adjacent or by the triangle condition we can find
a new point z; adjacent to z,z and yo. In the either case vy € z/yo, vz € /20. By Lemma
10 we conclude that v € z/yo U ©/2z5. Assume, without loss of generality, that v € z/y, l.e.
Yo € vz. Since you N 2190 # 0 and u € yz we deduce that zv N yz # 0. In the second case
we have vy,v; € z/2,y0. By Lemma 10 we conclude that v € z/2,yq, 1.e. vz N 21y0 # 0 .
I yo € vz then vz N zy D yov Nyu # §. Now let 2, € vz . Note that d(z1,v;) = d{z,v()
(the proof of this fact is similar). Hence v € z;97 and therefore by Lemma 9 we obtain
avNzu#£ . SoveNyz D vz Nzu# §, thus completing the proof of the theorem O
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