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Abstract. We show that a metric space embeds in the rectilinear plane (i.&!-is
embeddable iR?) if and only if every subspace with five or six points does. A simple
construction shows that for higher dimensidnef the host rectilinear space the number
c(k) of points that need to be tested grows at least quadraticallykyitius disproving a
conjecture of Seth and Jerome Malitz.

1. Introduction

Recently, Malitz and Malitz{] have proven a Menger-type theorem for the rectilinear
planeRR? (endowed with the_‘-metric): a metric space is embeddable in the plane if
and only if every subspace with at mddtpoints is suchThey suspected that it would
even suffice to consider the subspaces having no more than six points but their method
of proof cannot settle this stronger assertion. In contrast to the two-dimensional case,
no corresponding result bounding the size of the subspaces to be tested is known for
L1-embeddability ifR¥ (thek-dimensional rectilinear space) whier- 3. It was further
conjectured inT] thatc(k) = 2k + 2 is the smallest number such that every metric space
embeds in the rectilinear spa& whenever all subspaces with at maesk) points
embed.

In this note we contribute to the two conjectures. First, the bad new&)ifexists,
then

ck)>k?® for k> 3odd
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In particular,c(3) > 9 holds, thus exceeding the value 8 predicted|nd further exam-
ple shows that(3) must even exceed 9. The good news concerns the two-dimensional
case, confirming(2) = 6:

Theorem A. A metric space embeds in the rectilinear plane if every subspace of size
at most6 does

The two-dimensional case is really special in that we can take advantage of the
decomposition theory for finite metric spaces developed by Bandelt and RieSsdry
finite subspace ofthe rectilinear plane is “totally decomposaB]eThis property entails
embeddability in some higher-dimensional rectilinear space and is fully described by
a five-point condition. The structure of a totally decomposable space is completely
determined by the combinatorial properties of its ordered system of half-spaces, so
that we can actually confine ourselves to (unweighted) graphs. Guided by van de Vel's
Theory of Convex Structur¢s?] we can readily discern the required grid embedding
by checking a number of forbidden six-point configurations.

2. Total Decomposability

The ingredients of the decomposition theatjdre the following. Let X, d) be a finite
metric space, where howevd(x, y) = 0 need not implyx = y. For any honempty
subsetsA and B of X define thdsolation indexby

anp = 3+ Min(maxd(@ b) +d(@.b). d@b) +d@.b).de@. a)
ade

bbreB
+d(b, b} —d(a,a) — d(b, b’)).

The unordered pafifA, B} is asplit if it constitutes a partition oX into two nonempty
parts. It is said to be d-split exactly wherxa g > 0. Either partA, B is then called a
d-half-spaceof X. The spacéX, d) is calledtotally decomposabli

d=) aas-das. ()

where the sum extends over dlsplits ands g denotes thaplit metricassociated to
{A, B}:

0 if x,yeA or X,yeB,

8 X9 = .
AB(X.Y) 1 otherwise

Note thatd-splits are necessarilyeakly compatiblsplits, in the sense that there are no
three of them{As, B1}, { A2, By}, { A3, Bz}, together with three pointg, x,, X3 such that

X € Aj exactly wheri # j. Now, departing from any collection of weakly compatible
splits of the selX, any positive linear combination of the associated split metrics yields
a totally decomposable metriton X such that thel-splits are exactly the splits from
the given collection].



Embedding Metric Spaces in the Rectilinear Plane: a Six-Point Criterion 109
Fact1l [2]. A finite metric spacd X, d) is totally decomposable if and only if

otu), fv,w) = Qtux){v,w) T t,ul fv,w,x)

forallt,u, v, w, x € X.

Particular instances of totally decomposable spacesegeapaces.e., finite metric
subspaces oflendrons(the latter being compact connected spaces in which any two
distinct points get separated by removing some third point). Whether or not a totally
decomposable space is a tree space can be read off frasrsihies. Two splits{ A, B}
and{C, D} are said to beompatibleif one of the four intersection& N C, An D,

B N C, andB N D is empty; otherwise, the splits are callestompatible The tree
spaces are exactly the totally decomposable spaces in which ardr$piids are com-
patible 2, Corollary 7]. In general, theompatibility graphof the space has thksplits

as its vertices and pairs of compatiltlesplits as its edges; the graph complementary
to the former is called themcompatibility graph The totally decomposable spaces with
bipartite incompatibility graphs are exactly those which embed in the product of two
dendrons. A characterization in terms of forbidden configuration is recorded next.

Fact2 [2]. Afinite metric spac&X, d) embeds in the product of two dendrons if and
only if it is totally decomposable and satisfies the following two conditions:

(1) There is no six-point subspadé = {vo, ..., Y5} such that{{y;, Vii1, Yii2},
{Vits, Vita Yias}} (i =0,1,...,5;indices modulo 6) ard-splits ofY.

(2) There is no(2p + 1)-point subspac& = {zo,...,Zp} (p > 2) such that
{z,z41},Z2—{z,z41}} (1 =0,1,...,2p; indices modulo p+ 1) ared-splits
of Z.

This fact suggests that there is ngpoint criterion for embeddability in the product
of two dendrons. Indeed, consider the spAcith 2p + 1 pointsxg, ..., X2p (P > 2)
such that the distanakbetweerx; andx; is 2 ifi andj differ by 1 modulo 2 + 1 and
equals 4 otherwise. This space is totally decomposable hfuing 1}, X —{X, Xi+1}}
(i =0,...,2p; indices modulo p + 1) asd-splits with isolation indices equal to 1.
Removing a single point fronX results in a space that embeds in the product of two
dendrons (each having endpoints). It is conceivable that bounding the number of
endpoints of the dendrons under consideration could lead to sgmt criterion for
embeddability. A necessary condition that might be of use in this respect is the following
observation.

Lemmal. Let(X,d) be a finite subspace of the product of two dendrons having p
and g endpointsrespectivelyThen for any choice of i p + g + 1 distinct d-splits
{A1, B1}, ..., {An, By} thecollection of half-spaces;A . ., A,, By, ..., B, ordered by
inclusion has at most p- g minimal members

Proof. ProjectingX onto the two factors (dendrom¥; and D) yields two tree spaces
(X, dp) and(X, dp) with d = d; + dy. Everyd-split is then either a;-split or ad,-split,
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and vice versa], Corollary 8]. Consider the metrit’ obtained frond by removing all
d-splits that are not among?;, B}, ..., {An, Bn}, i.e.,

n
d/ = ZaA"B‘ '5A4‘~,Bi'
i=1

The metric spaceX, d’) embeds in the product of two dendrobg and D, obtained

from D; and D, by contradicting some segments (namely, those corresponding to the
eliminated splits).D; and D, have at mosip andqg endpoints, respectively. The pro-
jections of (X, d’) to D] and D5 yield tree metrica; andd;, with sumd’ such that

{Aq, B1}, ..., {An, By} comprise ald;-splits andd;-splits taken together. Since among
the d;-half-spaces (or thej-half-spaces, respectively) we can have at npgor q,
respectively) minimal half-spaces, there are at mwst g minimal members of the
ordered set of half-spacds, ..., Ay, B, ..., By. O

The preceding proof indicates that a number of properties of a totally decomposable
space do not depend on the actual (positive) values of the isolation indices of its splits.
If dis composed as described(i#), we may consider the integral metéiclefined by

8= Z 3B, (k)
d-splitg A, B)

which has the same splits dslf the number ofd-splits ism in this case, then we can
embed the integral spac¢¥, §) in anm-dimensional cub®). In order to represent thte
splits graphically, it typically suffices to employ only a minor partafA median graph

G is a connected graph in which for each triplev, w of vertices a unique (“median”)
vertex exists that simultaneously lies on shortest paths between any two vertices from
u, v, w (see B] and [L2]). A connected induced subgraghof G is called a median
subgraph ofG if for any three vertices of their “median” vertex inG belongs to
F. For the above graph-theoretic representation ofdtfsplits of (X, d) it suffices to
consider the smallest median subgraph ofrtiheube Q that includesX. This graph,
referred to as the median graph generated by the integral a8k can be constructed
directly from the collection ofi-splits of X; see [L]. The d-splits of X then extend to
the pairs of complementary half-spacesGyfa half-spaceof G is a setH of vertices
that includes every shortest path @fbetween any two vertices dfl and is disjoint
from any shortest path @ between two points outsidd. That(X, §) generate$s is
reflected by the intersection pattern of the half-spaces:@ny nonempty intersection
of two half-spaces o6 contains some point of [1]. Observe thatX, d) embeds in a
product of two dendrons (witp andqg endpoints, respectively) if and only@ embeds

in a Cartesian product of two trees (withandq end vertices, respectively). Recall that
in a Cartesian product of graphs two vertex-tuples are adjacent when they are adjacent
in exactly one coordinate and identical otherwisg [We summarize the consequences
of the preceding discussion in the following lemma.

Lemma 2. Let(X, d)be atotally decomposable spaead let G be the median graph
generated by the associated integral spakes). The embedding of X into G induces
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isomorphisms

(i) between the ordered sets of d-half-spaces of X and half-spaces of G and
(i) between the incompatibility graphs of the d-splits of X and the splits consisting
of complementary half-spaces of G

Moreover (X, d) embeds in a rectilinear plane exactly when G emhb@dsa median
subgraph in a grid (i.e., a Cartesian product of two paths

3. A Structural Characterization of Subspaces of the Plane

The structural result paving the way to Theorem A characterizes the totally decomposable
spaces that embed in the rectilinear plane in terms of forbidden configurations of half-
spaces:

Theorem B. A totally decomposable spa¢X, d) embeds in the rectilinear plane if
and only if for any d-split$As, B1}, ..., {An, Bn} (n < 5) the ordered set of half-spaces
A1, ..., Ay, By, ..., By has at most four minimal members

Necessity is covered by Lemma 1. To prove the converse, we proceed by induction on
the number ofl-splits. As discussed in the preceding section we may pass from the metric
d to the associated integral metsigiven by éx), in order to decide the embeddability
question. In view of Lemma 2 we may thus replacge d) by the median grapl®
that is generated b§X, §). Then, by virtue of the induction hypothesis, every maximal
half-spaceF of G embeds in a (two-dimensional) grid, that is, the Cartesian product of
two paths. This grid has at most four distinct minimal half-spaces, each constituting a
boundary path. This property is inherited by its median subgFaph

Lemma 3. If a median subgraph F of a grid has at most three distinct minimal half-
spacesthen it has a pendant vertex(such that the vertex-deleted subgraph-Fv is
included in a smaller grij

Proof. The grid in whichF embeds may be assumed as small as possible. Then each
of the boundary paths of the grid includes a minimal half-spade dfi the case that not

all of these half-spaces are different, then at least one of them is a sinf¢t@o that

v is a corner vertex of the grid). Theh — v lies in a subgrid obtained from the given
grid by removing one boundary path. O

The obvious strategy to establish the grid embedding of first to embed a suitable
maximal half-spacé of G in a grid and to extend the grid accordingly by attaching a
new boundary path. Three main cases have then to be distinguished.

Casel: Removing some minimal half-space H from G results in a median graphiG
having four distinct minimal half-spaces AP, Ps, Py. If each of the (distinct) half-
spaces o6 extendingPy, P2, P3, P4, respectively, isincomparable with, then we would
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Fig. 1. Extending the grid embedding in Cases 1 and 2.

obtain five distinct minimal half-spaces @, contrary to the hypothesis. Consequently,
someP; extends to a half-space Gfthat includesH . The neighbors of the vertices bff
in G then induce a subpath &f (isomorphic toH). SinceP, is located on the boundary
of the grid, we can simply extend the grid by a new boundary path contattiag a
subpath; see Fig. 1. This settles Case 1.

In what follows we may therefore assume that every maximal half-spaGeooin-
stitutes a median subgraphof a grid such that has at most three distinct minimal
half-spaces. We then choose a half-spicef G with the smallest number of vertices.

Case 2 The half-space H of minimum size has at least two vertsesxeG — H has

some pendant vertaxby Lemma 3 and thus possesses a singleton half-space, we infer
thatH contains a neighbor of v (for otherwise{v} would also constitute a half-space

of G, contrary to the choice dfl). Then{v, x} is a half-space o6, whenceH consists

of exactly two adjacent vertices,andy, so thaty is adjacent to the unique neighhor

of vin G — H. The vertice, X, y, w thus induce a 4-cycle intersecting with the grid

in an edge of the boundary. The grid can then be extended to incorporate this cycle as
well; see Fig. 1.

Case 3 The half-space H is a singletoRemovingH yields a median subgraph of a
grid that again has a pendant vertex. Successively dropping pendant vertices eventually
results in either a singleton or in a median subgripsf some grid such thdt has four
distinct minimal half-spaceB;, P,, Ps, P4, each being paths of length at least 1 located
on the boundary of the grid. In the former caSes a tree which cannot have more
than four end vertices (according to the hypothesig&Gynclearly such a tree embeds

in a grid. Therefore assume the latter caSeconsists ofF and a number of pairwise
disjoint treesTy, ..., T, emanating fronF, that is, each having exactly one vertex in
common withF, the “root” of the respective tree. Each raomust belong to one of

the pathsP,, ..., Py; indeed, otherwise the following five pairs of complementary half-
spaces would violate the hypothesis: attifi.e., an end vertex different from the root)

of the treeT; incident withz, the complemen® — t, and the half-spaces & extending

P1, ..., P4, respectively, and their complements. More generally, if we select any subset
of k tips from the rooted tre€g,, ..., Ty, the total number of paths amomy, ..., Py

that are incident with the root of a tree from which a tip was selected must be at least
k. Thus, Hall's condition of the matching theorem is satisfied, and we can match the
tips to the paths?, ..., P4 (connected via the trees). In particular,< 4 holds, each
treeT; has at most two tips, and in ca$ghas two tips the root must be located on a
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" T .

Fig. 2. Extending the grid embedding for each of the three generic instances in Case 3.

corner vertex of the grid, being incident with two paths fréf . .., Ps. When a tipt

is matched to a patR;, we let the terminal path of the tree leadingttbe orthogonal

to B in order to achieve a grid embedding (where we have to deal with three generic
situations according to the number of trees with two tips); see Fig. 2. This concludes the
proof of Theorem B. O

4. Proof of Theorem A

It suffices to prove the theorem for finite metric spa¢¥sd) according to ]. Our
proof of the six-point criterion assumes finiteness but otherwise does not make use of the
eleven-point criterion established il [ First note that the five-point condition recorded
in Fact 1 guarantees total decomposability. We thus have to check that any violation of
the half-space condition in Theorem B could be detected within some subspace of at
most six points.

Assume that thel-splits { A, B1}, ..., {An, Br} (n < 5) violate the condition of
Theorem B. We distinguish three cases.

Casel: n = 3. Since among the six half-spaces five are minimal, so are all six. Hence
the threed-splits are pairwise incompatible. The median graplgenerated by the
integral spacé&X, §) must contain a 3-cube that is cut by each of the thirsplits (see

[11] and [12]). Consider the coarsest partitionX¥frefining the three gived-splits. Each

block of this partition consists of the points frokclosest to one vertex of the 3-cube,
their “gate” in the 3-cube. Now the 3-cube can be partitioned into two (complementary)
sets of four pairwise nonadjacent vertices. Sidesplits are weakly compatible, at least

one vertex from either set does not occur as a gate of the blocks. These selected vertices
cannot be adjacent, for, otherwise, two of the given tliksplits would be compatible.
Hence these vertices are opposite (diametrical) in the 3-cube, and thus the remaining six
vertices form a 6-cycle and constitute the gates of six nonempty bloéksS#lecting one

point from each block then yields the forbidden six-point configuration (1) from Fact 2.

Case2: n = 4. Then the half-spaces of at least ahsplit, { A4, By} say, are both
minimal among the eight half-spacés, ..., A4, By, ..., Bs4. Hence the splif A4, By}
is incompatible with the other three splitéy, B;}. In view of Case 1 we cannot have
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three pairwise incompatiblg-splits. Therefore the split&A;, B1}, {Az, By}, {As, Bs}

are pairwise compatible, whence each of them comprises a half-siyage= 1, 2, 3)

say, which is minimal among the eight half-spaces. Then, necessarjlyy,, Az are
pairwise disjoint, whereas each intersectfom A, andA;NB,4 (i = 1, 2, 3) isnonempty.
Selecting a point oK from these six intersections yields a six-point subspace that violates
Theorem B.

Case3: n = 5. We may assume that the minimal members améag.. ., As,

By, ..., Bs are exactly the half-spacds, . .., As (for otherwise, we are back in one of

the previous cases). The incompatibility graph of the five sphts B; } is isomorphic

to the intersection graph of the half-spades. . ., As. Itis triangle-free by Case 1 and
has maximum degree at most 2 by virtue of Case 2. Hence the graph is a disjoint union
of paths and possibly one cycle. For each half-spigoaf degree at most 1 in the graph

we can select a point fromy; that does not belong to any other half-spageMoreover,

we select one point from each nonempty intersecApn Ay (j # k) for which at least

one of Aj, A has degree 2. The selected points altogether constitute a five- or six-point
setY on which the half-spaces show the same intersection pattern, so that th¥

(i =1,...,5) are minimal among the ten half-spaces restricted.to O

This completes the proof of Theorem A.

5. Forbidden Minors

The preceding proof also entails the necessary information abauitaél spaces, i.e.,

those which cannot be embedded inthe rectilinear plane but all of which proper subspaces
are embeddable. Since the decomposition of all five-point spaces as well as all totally
decomposable six-point spaces is kno&jnthe critical spaces could easily be described

in terms of their components. Of particular interest are those critical spaces for which
the collection of splits is minimal with respect to inclusion. This leads to the following
concept of “minor.” Every metrid on the finite seX has a unique decomposition into

a “split-prime” metricdy (admitting nody-splits) and a positive linear combination of

split metricss; = 84,5 [2]:

d = agdy + o181 + - - - + andn (o =1 andej > O fori > 1). (+)

We say that X, d") is aminorof (X, d) if d’ is obtained fromd by decreasing the weights
of some summands in (+), that is,

d’ = Bodg + B181+ -+ - + Bndn O<gi<ajfori=0,...,n). ++)

Two minors can be considered to be equivalent if they possess the same splits. Note that
a minor (X, d’) of a finite subspacéX, d) of the rectilinear plane also embeds in the
plane. Indeed, this embedding can be realized by successively contracting (finitely many)
horizontal or vertical strips in the plane to lines. Frdthje infer that every finite metric

space which is not totally decomposable has a minor equivalent to the metric space given
by the graphK, 5 (first graph of Fig. 3) with respect to the shortest-path metric, which
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O & O
Qg

Fig. 3. The five graphs constituting forbidden minors.

cannot be embedded in any rectilinear space. According to the proof of Theorem A, the
forbidden (totally decomposable) minors with at most fdaplits are equivalent to the
6-cycle and the Cartesian product of two complete graphs with two and three vertices,
respectively. There are six forbidden minors with fdxsplits (see Case 3 above): two

of them can be represented by graphs, namely, the 5-cycle and the complete graph with
five vertices, whereas the remaining four minors (displayed in Fig. 4 as subspaces of
median graphs) are nongraphic.

6. Embedding ink-Dimensional Space

For a certain (rather narrow) class of metric spaces embeddabilit§y @an be decided
very easily, yet this class is large enough to comprise critical spaces confarckjng k>
for oddk.

The depthof a totally decomposable spack, d) is the largest number af-half-
spaces that are pairwise comparable with respect to inclusion. The depth of a median
graph (not necessarily totally decomposable) was defined].ilNpte that the depth of
(X, d) then coincides with the depth of the median graph generated by the corresponding
integral spacéX, 3).

el
el el

Fig. 4. The four nongraphical forbidden minors (being embedded in three-dimensional space).
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Lemma4. Let (X,d) be a totally decomposable space of depth at n2okaving
exactly g distinct d-splitslf a maximum matching in the compatibility graph of the
d-splits consists of p edgdglen g— p is the minimum dimension of a rectilinear space
in which (X, d) embeds

Proof. Consider the median graghgenerated by the integral spacé §) associated

to (X, d). Thed-splits then extend to the half-spaceghfAssume thatX, d) embeds in

R¥: thenG embeds as well. Each hyperplane perpendicular to some aRlsinfluces a

pair of complementary half-spaces®f The converse also holds true because any such
pair is determined by some edfie v} of G: embedded ifR¥, theith coordinates ofi

andv differ for some, so that the hyperplane perpendicular toitheaxis and separating
these coordinates induces the given pair of complementary half-spaces. Thus, the ordered
set of alld-half-spaces ofX, d) can be covered biypairs of “complementary” chains of
d-half-spaces. SincgX, d) has depth at most 2, each chain consists of no more than two
d-half-spaces. Therefore we obtain a matching of gize q — k in the compatibility
graph of thed-splits. Conversely, any such matching leads to a covering af-tha!f-
spaces b pairs of “complementary” chains, thus providing an embeddirgfin O

Notice that depth may increase when passing to subspaces. The following space and
all of its maximal proper subspaces, however, have depth 2(Xal) be the metric
space given by the Cartesian product of two complete graphs with12vertices each
(t > 1). The corresponding integral spag%, §) with § = 2d embeds in the product
of two stars with 2 + 1 end vertices eachX, d) has 4 + 2 distinctd-splits, the
compatibility graph of which is a disjoint union of two complete graphs of equal size. A
maximum matching in this graph then consists bé#éges. Since the depth OX, d) is
evidently 2,(X, d) embeds irR?+2 but not inR*+!, Removing a single point from X
solely affects the twd-half-spaces intersecting onlyand their complements (in that
the corresponding twd-splits become comparable). The resulting subspace also has
depth 2, and its comparability graph has an additional edge. This edge can now be used
to obtain a perfect matching (with 2- 1 edges), so that the subspace embed&iht.
Therefore in order to decide embeddabilityfih (wherek = 2t + 1) we must check the
subspaces having at le&stpoints. This establishes our claim thgk) > k? for k > 3
odd. The proof of the single cas€3) > 10 is also based on Lemma 4 and makes use of
the Cartesian product of two complete graphs with two and five vertices, respectively.
The quadratic bound might still be far too optimistic; although we are confidentat
exists for allk, we do not believe that its growth is actually bounded by a polynomial
ink.

Interestingly, this problem with rectilinear embeddability has its counterparts for
elliptic space: there is a seven-point condition for embeddability in the elliptic pdne [
[9], but the status of even the three-dimensional case remains opeh{kér ontrast,

(k + 3)-point criteria are known to exist for embedding krdimensional Euclidean,
spherical, and hyperbolic spaces, respectivély[p].
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