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Abstract

We bring bgether algebraic concepts such as equational class and various concepts from graph theory for
developing a structure theory for graphs that promotes a deeper analysis of their metric properties. The basic
opeators are Cartesian multiplication and gated amalgamation or, alternatively, retraction. Specifically,
finite weakly median graphs are known to be decomposable (relative to these operators) into smaller pieces
that in turn are parts of hyperoctahedra, the pentagonal pyramid, or of certain triangulations of the plane.
This decomposition scheme can be mteted as Birkhoff's subdirect regsentation in purely algebraic
terms.
© 2006 Elsevier Ltd. All rights reserved.

0. Introduction

Structure heories for graphs that directly allude to algebraic concepts, such as variety and
subdirect representation, have been developed rather sporadically. In universal algebra, a variety
(alias primtive class) is a class of algebras endowed with any finitary operations that is closed
under taking homomorphic images, subalgebras @irect) products. By Birkhoff's theorem,
varidies are exactly the equational classes, i.e. they consist of all algebras of the same type
satisfying a (possiy infinite) number of equation8B,57]. In graph theory, varieties have rather
been understood to be classes closed under retracts and products, but then an equational theory |
not necessarily in sight. The choice of productis not unique here: it could e.g. either be the strong
product or the Cartesian produdt]. In the former case, absolute retracts (of reflexive graphs)
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come into play 40], whereas for the latter product one is dealing with median graphs and their
generalizations12]. Subdirect representation in the algebraic context is an embedding into a
product such that the projections onto the factors are surjective. By another theorem of Birkhoff,
every algebra admits a subdirect representation by subdirectly irreducible algebras (characterized
as the algebras for which the nontrivial congraes do not intersect in the equality relation).
There have been attempts to imitate subdirect representation for categories of g8aiT ([

but they seem to be somewhat too general (i.e. with too few subdirectly irreducibles) in order to
be useful for specific graph-theoretic questions. There were also approaches to go from graphs
to algebras: the so-called graph algebras, introducedi), [use a (quasi-trivial) partial binary
operation on the vertex set of a graph for codifythe @lges that is extended to a full operation

by adjoining a zero. This has served as a framework for constructing algebras with unusual
properties (cf.29)) rather than for a deeper understanding of graphs.

Some classes of graphs, possessing distinaiaeifes of the geometry of their shortest paths,
can be interpreted in algebraic terms quite naturally. Median graphs and their algebras constitute
the simplest instance: the ternary openatam the vertex set associates to each tripigt, w
theuniquemedan x = (uvw), i.e. the vertex lying simultaneously on shortest paths between
the three pairs from the triplet; se&,2,49-5]1, cf. [9]. The median algebras resulting from
this association are all subdirect products of the two-element algépr&xtending the list of
subdirectly irreducible algebras in order to engpass all complete graphs then yields quasi-
median algebras or isotropic medi[43]. What is remarkale in this contexts$ that he purely
algebraic avenue leads to objects that can be regarded as particular graphs in the finite case, which
admit quite a number of alternative characterizations. Now that quasi-median graphs have been
genedized further to weakly median graphs, thereby maintaining a decomposition into simple
building stones (“pime graphs”) 7], one may wonder whether the algebra goes along with it,
too. Somewhat surprisingly, it does—although the list of prime graphs includes quite different
types of graphs: induced subgraphs of hyperoctahedra and triangulations of certain plane graphs.
Itis perhaps no accident that the prime migddl have some geometric interpretation.

The paper is organized as follows. In the next section, definitions are provided that are
necessary for dealing with weakly median graphs and their prime constituents. Then Qection
describes the intrinsiclgebras associated with any graph. Particular interest attaches to those
(“apiculate”) graphs for which there is a unique intrinsic algebra. Some basic equations can
readily be established for the corresponding ternary algebras. In S&ctienprove the main
resultof this paper Theorem Itogether withCorollary 2): successive gated amalgamations lead
to the subdirect representation of the resultisgaiated algebra by subdirectly irreducibles
whenever they begin with a class of (“prime”) graphs that possess only trivial gated subgraphs
(and hence yield simple algebras). If these prime building stones have some additional properties,
all fulfilled for prime weakly median graphs, then this subdirect representation can also be
interpreted in terms of retracts (and Cartesian products), as is demonstrated in Skection
(Corollary 4). Although for infinite weakly mediagraphs one does not necessarily have a
finite decomposition schean the subdirectly irreducibles (viz., the prime constituents) can be
retrieved as the weak Cartesian factors of the blocks relative to a canonical tolérhaossn 2
in Sections). Much of this follows from the elegant theory of fiber-complementedness developed
by Chastand19.

In the follow-up paper (part 1), we further elaborate on the geometric structure of weakly
median graphs, especially in the planar caBeis enables us to establish equations in four
variables in érms of the ternary imprint operation, lyhich we can evenally characterize
weakly median gaphs in a purely equational way among discrete ternary algebras.
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1. Preliminaries

All graphsG = (V, E) occurring here are undirected, connected, and without loops or
multiple edges. Thalistance du, v) between two verticea andv is the length a shortest
(u, v)-path, and thénterval | (u, v) betweenu andv consists of all vertices on shortgst, v)-
pathsthat is, of all vertices (metricallyhetween wandv:

I (u,v) ={x eV :du,x)+dX,v) =d(u,v)}.

An induced subgraph @ (or the corresponding vertex s&j is cdled convexf it includes the

interval of G between any of its vertices. By tleenvex huliconuyW) of W in G we mean the
smallest convex subset ¥f (or induced subgraph @) that ontainsW. An isometric subgraph

of G is an induced subgraph in which the distances between any two vertices are the same as in
G. In particular, convex subgraphs are isometric. A gré&fs weakly modular[6,11,22] if its
distance functioml satisfies the follwing conditions:

Triangle condition(T): for any tiree verticesl, v, w with 1 = d(v, w) < d(u, v) = d(u, w)
there exists a common neighboof v andw suchthatd(u, X) = d(u, v) — 1.

Quadrangle conditionQ): for ary four verticesu, v, w, z with d(v,2) = d(w,2) = 1 and
2=d,w) <d(u,v) =d(u, w) =d(u, 2) — 1, there exists a common neighboof v andw
suchthatd(u, x) = d(u, v) — 1.

These two conditions are fulfiled by modulat4, pseudo-modular 10], quasi-median
graphs 12,42], pre-median graphdlp], incidence graphs of dual polar spac#&g][ and bridged
graphs B352]. Recall that a graph is calldatidgedif it doesnot contain any isometric cycle of
length greater than 3, or alternatively, if theighborhood NA) = {y € V : y is adjacent to
somex € A} of every convex sef of G is convex.(T) and(Q) can be merged into a single
condition; namely, a grap® is weakly modular if and only if it satisfies

(T Q): for any three vertices, v, w suchthatv andw are at distance 2 and have some common
neighborz with 2d(u, z) > d(u, v) + d(u, w), there exists a common neighbomf v andw
with 2d(u, X) < d(u, v) +d(u, w).

Indeed,(Q) is a trivial mnsequence ofT(Q), and in order to derivéT) from (T Q) proceed
by induction ond(u, v) = d(u, w). First choose some neighbar of v in | (u, v): if V' is
also adjacent tav, thenv’ is a vertex as required b§T ). Otherwse, gply (T Q) to the tiplet
u, v/, w, which then yields a common neighbaef of v" andw suchthatd(u, v") = d(u, w’).
Next gpply (T Q) to the tipletv, w, u’ whereu’ is the common neighbor of’ andw’ in | (u, v’).
This establishesT). Conversely, in a weakly modular graph, Q) evidently holds for those
tripletsu, v, w whered(u, v) = d(u, w), by virtue of (Q). Now, if d(u, w) = d(u, v) + 1 and
2d(u, 2) > d(u, v) +d(u, w) for some common neighbarof v andw, then emppoying (T) and
(Q) yields verticesy andt suchthatt is a neighbor ofv in | (u, v) andy is a @mmon neighbor
of w, z, andt; the required vertexx is a mmon neighbor of, v, andw provided by(T).

A weaklymedan graph is a weakly modular graph that does not contain any two distinct
vettices x, y with an unconnected triplet, v, w of common neighbors; se€ig. 1L Weakly
median graphs thus satisfy the stronger variafty, (Q!), and (T Q!), of the above conditions
(T),(Q), and (T Q) which additionally require uniqueness of that neighkpseeFig. 2 for two
(minimal) instances fulfilling(Q) butnot (Q!). Indeed, if a weakly modular graph violates!)
or (Q!), we obtain one of the graphs &fg. 1 as an induced subgraph; if in some instance of
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Fig. 1. Weakly modular graphs that are not weakly median.
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Fig. 2. Graphs fulfilling(Q) butnot (Q!).

(T Q) there was gt another vertex’ having the sam digances tai, v, w asx, then éther (Q!)
would be vidated orv, w, together with some common neighlioof x andx’ in | (u, x) would
constitute an unconnected triplet of common neighborsfandx’. Since, on the other hand,
(T Q) rejects any of the four graphs indicatedrig. 1, we can therefore state that a gra@his
weakly median if and only if it satisfieS(Q!).

An induced subgraphl of a graphG is calledgatedif for every vertexx outsideH there
exids a vertexx’ (the gateof x) in H such that each vertey of H is connected withx by a
shortest path passing through the gatecf. [31]. G is agated amalganof two graphsG; and
G2 if G1 andG; are (isomorphic to) two intersecting gated subgraphs efhose union is all of
G. In regard to a decomposition scheme involving multiplication and amalgamation, a graph with
at least two vertices is said to ppeimeif it is neither a proper weak Cartesian produtd][nor
a gaed amalgam of smaller graphs. For instance, the only prime median graph is the two-vertex
complete graplKy; see f#355]. More generally, the prime quasi-median graphs are exactly the
complete graphsip,43); see B2 for more information about quasi-median graphs.j yve
established that the prime weakly median graphs are precisely (-tieeel(a 5-cycle plus a
pivot vertex adjacent to all vertices of the cycle), (ii) tubhyperoctahedréinduced subgraphs
of hyperoctahedra, that is, multipartite graphs of the fétni,.i,,.. with 1 <i; < 2) different
from the singleton grapKi, the3-vertex pathP, = K1 2, and the 4cycleC4 = Ko 2, and (iii)
the 2-connected K- and Kj 1 3-free bridged graphswhich are exactly the graphs embeddable
in the plane such that all inner faces are trigsgand all inner vertices have degrees larger
than 5.
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X = (uvw)

x = (uvw) = (vuw)
z = (wuv) = (wuv)
v w v w

(a) Non-symmgic. (b) Symmetric.
Fig. 3. Apex operation.

2. Intrinsic algebrasand apiculate graphs

Every graphG with vertex setv can be turned into a ternary algebra, callechpax algebra
of G [12]: an apex operatior(...) : V3 — V maps any tripletsi, v, w andu, w, v to a vertex
X = (Uvw) = (Uwv) € | (U, v) NI (u, w), called au-apex relative ta andw, such hatl (u, x)
is maximal with respect to inclusion; ség. 3for an illustration (where the twiggled lines and
their concatenations via int@ediate vertices indicate shortest paths). Consequently,

I (u,v) = {(uvx) : x € V} = {(UXv) : X € V},
I ((uvw), v) N I ((Uvw), w) = {(Uvw)}.

The following equations then trivially hold:

(A1) (uvv) = v (right majaity),

(A1) (uuv) = u (left majority),

(A2) (uvw) = (Uwo) (right symmetry),

(A3) (vu(uvw)) = (Uvw) (twisted left absorption),
(A3) (uv(uvw)) = (uvw) (left absorption),

(A4) ((uvw)vw) = (Uvw) (right absorption),

(A4) ((uvw)uv) = (uvw) (left-right absorption).

Here and in all subsequent equations for teynaperations the variables are understood to
run through the whole (vertex) set, unless specified otherwise. Not¢Ahgt(A2), and(A4’)
are exactly the axioms of 2, 1, and 5, respectively, of sl p. 322], whereas his axiom 4b is
a onsequence of (A2) and (A3). Note tH&3') follows from (A3) because

(uv(uvw)) = (Uv(vu(uvw))) = (vu(uvw)) = (Uvw).
Further,(Al), (A2), and (A3) together implyAl’):
(uuv) = (uvu) = (uv(vuu)) = (vuu) = U.

The inherent non-uniqueness of apicesgloet permit a canonical choice fguvw), but
at least one could employ a priority rule. Naly assume that the vertices are enumerated by
some odinal, providing the vertex set with a priority order. Then, if the vertices, w admit a
median, definéuvw) = (Uwv) = (vUuw) = (vwu) = (wuv) = (wvu) as the median of, v, w
having highest priority; else, l€tivw) = (Uwv), (vuw) = (vwu), and(wuv) = (wvu) each be
a respective apex of highest priority. We will refer to the resulting apex algebra aprioray
apex algebra.
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v (vuw) (wuv) w

(uvw)

(a) house (b) (c)
Fig. 4. Apiculate graphs.

When a graplG admits several distinct apex operations, these operations can be iterated to
generate further ternary operations in the following way. ¥gtv, w) be the smbest setS
minus{v, w} suchthat S includesv, w, and(uxy) for all x, y € S and apex operations..)
of G. Then any terary operation...) on V suchthat (uvw) € Vy(v, w) is called anintrinsic
operationof G, and the seW together with this operation is antrinsic algebraof G. The
intervall (u, v) can be recovered from any intrinsic algebra just as in the case of an apex algebra.
Observe that any intrinsic operatigdisfies the abovequations (A1)€A4’) except possibly
(A4). Trivially, there exists a unique vertexe Vy (v, w), referred to as th@amprint of v, w with
respect tau, that is at nmimal distance tau, saisfyings € I (u,t) forallt € Vy(v, w). For
exampe, the imprint ofv, w with respect tai in the gaphs ofFig. 1 equalsu, whereas an apex
operation would select eitheror y for this particular tripletu, v, w. Theimprint operationof
G then assigns to each triplet v, w the impint of v, w with respect tau. It fulfills all of the
above equations including (A4). This imprint function was introduced by Fe&#39] as the
appropriate generalization of the inpirfunction d a quasi-median grap?p,42] to arhtrary
graphs. A different generalization is used k6] under the same name, which constitutes the
“median function”m of Tardif [54]: m(u, v, w) is the gate ofu in the smallest gated set
containingv andw; seeLemma Xe) below. Particular irerest attaches to the case where imprint
and apex operations coincide, that is, when the graph possesses a unique intrinsic algebra. In this
case, we say that the graptaigicuate; seeFig. 4for examples. In other word§ is apiculate if
and only if for any vertexa the vertex set o6 is a meet-semilattice with respect to the base-point
order=<, defined byu <5 v < u € I (@, v), thatis,l (a, v)N 1 (a, w) = | (a, (avw)). Then every
principal ideall (a, b) of the meet-semilatticéV, <) is a lattice, where thb-apex relative to
w, X € | (a, b) is their join. Each of these lattices is modular wh@rs weakly median. Indeed,
thequadrangle and triangle conditions imply tliata, b), <5) is lower and upper semimodular,
which is equivalent to modularity because of finite length; €a& [This (semi)lattice condition
alone, of course, does not characterize weakly median graphs. For instance, all base-point orders
in a geodesic graph (e.g. an odd cycle or the Petersen graph) yield tree semilattices, whence
geodesic graphs are apiculate.

Proposition 1. A graph G is apiculate if and only if some intrinsic operation of G satisfies one
of the equations

(A5) (Uuv(uwx)) = (Uu(uvw)X) (associativity,

(A5) (u(uvw)(Uv(uwx))) = (Uv(uwx)) (monotonicity.

Proof. In order to verify (A5) for an apiculate grajih, seta := (uv(uwx)) andb := (u(uvw)Xx).
Note thata, b € | (u, v) N I (U, w) N1 (u, X). Since(uvw) and(uwx) are theu-apices r&tive to
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v, w andw, X, resgectively, we also obtain that
a,b e l(u, (uvw)) NI (U, (Uwx)).

Henceb € | (u, v) N | (u, (uwx)). Sincea is theu-apex relative tay and (uwx) and the graph
G is apiculate, we conclude that € | (u, a). Analogously, one can show thate | (u, b).
Evidently, this implies thaa = b.

When (A5) is satisfied, then in the particular instance

(U(uvw) (U(uvw)X)) = (U(Uvw)X)

of (A3’) we can replacéu(uvw)x) by (uv(uwx)) and thus obtaifA5’). Herce (A5) implies
(AS).

Finally, if (A5) holds, then consider anyapexx relaive to v andw. Then(u(uvw)x) = X
holds by(A5"), whencex = (uvw) follows and thereforé& is apiculate. O

A graphG is aPasch gaph[8,56] if it satisfies the following analogue of the Pasch axiom of
elementary geometry: for any five verticesv, w, X, y with x € I (u, v) andy € | (u, w), the
intervalsl (v, y) andl (w, X) intersect. This in turns equivalent to the requirement that for any
three verticesl, v, w the(interval-)shadow

l(w,w)/u={xeV:Iux)Nl(,w)#d}

is convex R3]. Recall that a subseA of V is calledconvexif | (x,y) € Aforall x,y € A

The key feature of Pasch graphs is the following separation property (by which they are actually
characterized): each pair of disjoint convetssean be extended to a pair of complementary
convex sets, callefialfspacessee P3]. Since weakly median graphs are exactly the weakly
modular Pasch graphg3], all subsequent properties established for Pasch graphs thus hold for
weakly median graphs as well. For instance, intervéls v) are convex$6, Proposition 4.15]

and, trivially, every(point-)shadow/u = {v}/u (also called extension af from u [4€]) is
convex in a Pasch graph.

Proposition 2. Every Pasch graph G is apiculate.

Proof. Pick an arbitrary triplet, v, w and letx be a vertex inl (u, v) N | (u, w) furthest away
fromu. Suppose by way of contradiction that there exists a veytex! (u, v) N | (u, w) outside
the intervall (u, x). By the Pask axiom, the intervald (x, w) and | (y, v) haw a vertexz in
common. From the choice afandy we infer thatz # x, y. Sincex, y € | (u, v) N | (u, w) and
ze I (x,w)NI(y,v), we onclude thak, y € 1(z,u) andz € | (u, v) N | (U, w), contrary to
the choice ofx andy. O

By this observation, the weakly modular apiculate graphs are exactly the weakly median
graphs (as the four forbidden five-vertex graphs are not apiculate). The Petersen graph shows
that an apiculate graph is not necessarily a Pasaph even when intervals and point-shadows
are convex. The latter condition can be turned into an equation, as we see next.

Proposition 3. An apiculate graph has convex point-shadows exactly when its imprint operation
satisfies
(A6) (u(uvw)(vwXx)) = (Uvw).

Proof. Assume that (8) holds. Ifv, w € y/uandx € | (v, w), then

(U(uvw)x) = (U(uvw)(vwX)) = (Uvw),
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whencex € (Uuvw)/u C y/u becauses is apiculate. Conversely, convexity fvw)/u yields
(vwx) € (uvw)/u, which isexpressed by (A6). O

Three (not necessarily distinct) verticesy, z of a graphG are said to form andric triangle
xyzif the intervalsl (x, y), I (Y, 2), and | (z, x) pairwise intersect only in the common end
vertices. Ifd(x,y) = d(y,z) = d(z,x) = k, then his metric triangle is calle@gquilateral
of size k A (degererate) equilateral metric triangle of size 0 is simply a single vertex. We say
that a metric triangleyzis aquasi-mediarof the tripletu, v, w if

d(u,v) =d(u,x) +d(x, y) +d(y, v),
d(v, w) =d(v,y) +d(y, 2) +d(z, w),
d(w, u) =d(w, 2) + d(z, x) + d(x, u).

Note that this definition is more general than the specific notion used in the context of quasi-
median graphs124244] in that herequasi-medians are not necessarily equilateral (or of
minimum size). Observéhat, for every tripleu, v, w, aquasi-mediarxyzcan be constructed in

the following way: first select any vertexfrom | (u, v) NI (u, w) at maximal distance to, then

sekct a vertexy from | (v, X) N 1 (v, w) at maximal distance to, and findly select any vertex

from | (w, X)N 1 (w, y) at maximal distance t@. In thecase that the quasi-median is degenerate
(X =y = 2), it is a mediarof the tripletu, v, w.

Proposition 4. An apiculate graph G has unique quasi-medians, thatusw), (vuw), (wuv)
form the quasi-median for any triplet,w, w of vertices, if and only if

(A7)  (u(uvw)(vuw)) = (Uvw),

or equivalently,

(A7)  (U(vuw)w) = (Uvw).

Proof. First observe that (A7) an@\7’) are equivalent:

(U(uvw) (vuw)) = (U(vuw)(Uvw)) by (A2)
= (U(u(vuw)v)w) by (A5)
= (Uu(uv(vuw))w) by (A2)
= (u(vuw)w) by (A3).

As noticed above, one can alwagsnstruct a quasi-median af v, w of the form (uvw)yz
Hence, ifu, v, w admit a unique quasi-median, then it must be of the faumnw) (vuw) (wuv).
Conversely, if the latter is a quasi-median wfv, w, then anyquasi-medianxyz satisfies
X € | (u, (uvw)) etc., so thak = (Uvw) etc. follows becausryzis a metric triangle. O

Observe that (A6) together with (A2) implies (A7) (simply bet= u), thatis, an apiculate
graph with convex point-shadows has unique quasi-medians. An apiculate graph with unique
guasi-medians need not have convex shadgitgFig. 4(b)), and an apiculate graph may have
multiple quasi-mediansHig. 4(c)).

All the properties discussed in this section (apiculate, Pasch, convexity of point-shadows,
unigueness of quasi-medians, etc.) are prestwnder Cartesian multiplication (understood as a
finitary operation for graphs) and gated amalgamation (for the latter, the proofs are similar to the
one for the Pasch property; sé] Theorem 5.14]).
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Fig. 5. k-house.

3. Gated amalgams as subdirect products

For the algebraic framework we will assume throughout (unless stated otherwise) that the
graphs under consideration are endowed with their imprint operations. The vertéxagsther
with the imprint operation, v, w — (Uvw) then constitutes thenprint algebraof the graph
G = (V, E). If the graphG has a name or an acronym, its imprint algebra will be referred
to by the same name or arym; thus, the imprint algebra of the triangke; is then the
triangle algebra oKg algebra, for short. The algebraic terms “subalgebra”, “direct product”,
“homomorphism”, “congruence”, “subdirect produdatc. that refer to the imprint algebra(s)
have the usual meaning9], and we will briefly speak, for example, of the congruences etc. of
the graphG that carries the imprint algebra. The direct product of graphs in this algebraic sense
is, of course, traditionally referred to as the Cartesian produat:. I§ ahomomorphism from
G into another graph, then the congruence®rassociated withy, called thekernelof v, is
denoted by kap = {(x,y) € V2 : yx = yy}. A toleranceof G is a reflexive and symmetric

binary rdation& onV compatible with the ternary operation:
UEX, vEY, wEz implies (Uvw)&(XY2).

A blockof £ is any maximal set of pairwise tolerant tiees. The transitive tolerances are then
the congruences. By virtue of transitivity and (A2), an equivalence relatid®a congruence
exadly when

vOw implies (vxy)0 (wxy) and(Xyv)6 (Xyw).

The congruence block containingis denoted by[x] (usudly with a suffix referring to the
congruence).

To give an eample, consider thk-house(k > 1) in Fig. 5, generalizing the house. For any
tolerancet of this graph different from the “all” relation, pairsx, y of distinct vertices can be
tolerantonly if {x, y} C {vo, ..., vk} or{x, y} C {wo, ..., wk}. Indeedv; £ w; for some implies
v = (vwv))é(vwwi) = w, whenceu = (Uvw)é(Uww) = w, and analogouslyié v; moreover,

v = (wkvv)é(wkUv) = wg and, similarly,wé v, yielding & = « (because tolerance blocks are
convex; seeeemma 1b) below), a contradiction. In the same waylifs tolerant withvy or wy,
thenux andwy are tolerant, and we are back in the poas case. This proves the claim. It is easy
to see that; andvj for some 0<i < j < k are tolerant exactly whem; andw; are tolerant.
Therefore the tolerances of tlehouse different from are in one-to-one correspondence with
the tolerances of the pat with k edges. Hence the total number of tolerances oktheuse

equals the Catalan numbé?kﬁrf /(k+ 2) plus 1; see 4.

Thek-house is directly indecomposable (with respto Cartesian multiplication) but it can
be decomposed subdirectly. For eackli < k, thek-houseG, lakelled as inFig. 5, adnits
a wongruencey; with blocks {vo, ..., vi—1}, {vi, ..., w}, {wo, ..., wi—1}, {wi, ..., wk}, and
{u}. Thus, each homomorphic ima@/6; constitutes a house. Sinée, . . ., 6k intersect in the
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equality relatiornw, the inprint dgebra ofG is embedded as a subalgebra in the product of the
house algebraG /01, ..., G/6k, that is, thek-house is a subdirect productlohouses (by virtue

of Birkhoff’s theorem; cf. Bg]). The house itself is subdirectly irreducible but not simple, as it
has a single nontrivial congruence.

Gated sets are readily described in termthefimprint ajebra. We say that a subsebf the
vertex setV is anideal if (VAA) = {(vab) : v € V,a,b € A} C A, note thatA C (VAA
holds trivially by right majeity. The smallest ideak W > that contains a nonempty subs#t
of V is generated as follows:

Wo := W andW := (V Wk—1Wk_1) fork > 1, so that < W >>:= Ui>1 Wk.

We employ tle folowing notation in the case of a gated amalg&n= (V, E) of two
graphsG; = (V1, E1) and G, = (Vo, E») along their (nonempty) intersectidd; N G =
(V1iNVa, E1N Ey). For a gated subgraph = (W, F) of G, we saythatW is agated seind the
mapping fromV to W which assigns to every vertex &fits gate inH is thegate mapf H (and
W). SinceG1 N G2 is a gated subgraph oB, both G; andG» are gated subgraphs &. The
gates of a vertex of G in G1, G2, andG1 N G» are denoted by, X2, andx’ = (X1)2 = (X2)1,
respectively. Fou, v, w € V one hag{u, v, w} NV;| > 2 for somei = 1,2, and therefore
(Uvw) = (Ujvi wi).

Lemmal. Let G be a graph.

(a) Anonempty subset A of V is gated if and only if it is an ideal of the imprint algebra of G.

(b) Every block of a tolerance of G is gated.

(c) Thegate mapya of a gated set A is characterized as the mappingV — A that satisfies
anyoneof the two identitieguvx) = (uvy¥x) and (xuv) = (¥xuv) for all u,v € A and
XxeV.

(d) Every tolerancet of G is compatible with every gate mafpa, that is, véw implies
YavEyaw forall v, w € V.

(e) Every tolerancet of G is conpatible with the ternary operation m defined by letting
m(u, v, w) be the gate of un the smallest gated set v, w > containingv and w.

Proof. (a) If Ais gated, then any-apexx relaive to v, w € A necessarily cacides with its
gatein A, whence(uvw) € Vy(v, w) € A, whichproves thatA is an ideal. Conversely, ifA is
an ideal, then fou € V choosev € A nearest tal. For anyw € Awe get(uvw) € AN (u, v),
whencev = (uvw) is the gate ofiin A.

(b) If u, v, w € V andvéw, then(uvw)&(uvv) = v. Moreover, forx € V with v&x andwéx
we obtain (uvw)&(UxX) = X. This rows that every block of is an ideal and hence gated by
(@).

(c) SinceVy(v,x) € I(u,v) € Aforu,v € Aandx € V, one obtainsvy(v, yax) =
Vu(v, X) and hencéuvx) = (uviyraX). Similarly, asVx(u, v) C A, we getyax € | (X, (Xuv))
and thereforgéxuv) = (Yyaxuv). Conversely, ifyy : A — V satisfies at ledone of the two
identities, then substitutinggax for u andy x for v yieldsyax = ¥ x for x € V in either case
becausa/ax € | (X, ¥X).

(d) If v&w, then ndeed

Yav = (VA aw)§(WyavyaAw) = Yaw.

(e) By (a) and in view of the algebraic generationfv, w >, thegatem(u, v, w) of u can
be generated from a finite number of vertices intéily many steps by employing imprints, so
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that there is a polynomial function (called algebraic function38]) py, .., suchthat
Puv.w(,St)ekstx» forallr,s t € Vandpyyw(u, v, w) =m,v, w).
Given sixvetticesu, v, w, X, Y, Z with uéx, véy, andwéz, define another polynomial function
q by
qr, s, t) .= (Upy,v,w(, S, ) Px,y,z(r, S, t)).

Then, as tolerances are compatible with all polynomial functions, we infer that
m(u, v, w)ém(x, y, z) because

q(u’ v, w) - (u F)LJ,U,U)(U7 v, w) pX,y,Z(u’ v, w)) - (um(u7 v, w) pX,y,Z(u’ v, w))
= m(u, v, w)

and analogously(x,y,z) = m(x,y,z). 0O

The identities in (c) do not entail that a gate majs necessarilahomomorphism. Consider,
for instance, the gate majp from a6-cycle to any of its edges. In fact, all edges of a bipartite
graphG constitute gated subgraphs (isomorphitg, but the corresponding gate maps are all
homomorphisms exactly whe® is a median graph.

The operatiom : V3 — V defined in (e) is in fact éocal polynomial functior{30,41] of
the imprint algebra, that is, it can be interpolated by polynomial functions on all finite subsets
of V3. To e this, first note that a finitary meet operation in any meet-semilaiice,) is a
polynomial function. Hence, with the notation in the proof of (e), we can define a polynomial
functionqyw for every finite subsetV of V by lettingqw(r, S, t) be the meet opy, (I, S, t) for
all choices olu, v, w € W in the meet-semilatticév, <,). Then

QW(X’ y7 Z) fx pX,y,Z(X7 y7 Z) - m(Xs y’ Z)

andgw(x, Y, 2) €<y, z> yieldsqw(X, ¥, 2) = m(x, Yy, 2) forall x,y, ze W.

Lemma 2. Let the graph G be the gated amalgam of graphsdhd G; along G; N G2 such
that eitrer gate map from G(i = 1, 2) to G1 N G2 is ahomomorphism. Then the gate m@ap
of a gated set A of G is a homomorphism if and only if either gate fapV, — ANV for

ANV # ¢ is ahomomorphism.

Proof. Necessity is trivial, agjj is the concatenation af and the gate mag +— x; of Gj,
which is also a hommorphism since the gate map— x’ of G1 N Gz is such: if e.gmore han
one ofu, v, w belong toG, — G1, say the &tter two, then

(Uvw)1 = (Uvw)1 = (Upvw) = (UV'W) = (Uv1w1)

because; = v andwi = w'.

As to sufficiency, if somey; includesA, thenys is the concatenation of the gate map&f
andvs;, whence it is a homomorphism. Otherwisg,is a gated amalgam &N Vi and AN Va.
If {u,v} CV; forsome =1, 2, then

Y(Uvw) = Y (Uvwi) = ¥i (Uvwi) = (Yiuiviwi) = (Yiuyivwi)
= (Yiuyivw) = (Yuyow) = (Yuyvyw).
The casdv, w} C 'V, is settled analogously. O

Lemma 3. Let G be the gated amalgam of graphg @nd G,. For congruence8; and6, of G;
and G, respectively, that restrict to the same congruence eh&., the rdation 61 U 6, is the
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smallest tolerance of G extendifigand6z, and
0 =01UbrUB1062UB20061
is the gndlestcongruence of G extendirg and ..

Proof. To prove the first asgéon, let u(61 U 62)X, v(61 U 82)y, w(f1 U 62)z, and &sume that,
say,u, v, X, y are fromG1 whereasw, z are fromG». Then he gate mapof G1NG» turnsworz
into w627, so thatw’#1Z' by hypothesis and hence

(Uvw) = (Uvw)b1(xyZ) = (Xy2),

as required.

Clearly the restriction ob to G; equalst; (i = 1,2). Note hatub; o ov exadly when
uf1u’62v, or equivalently, ud1v’'6v.

As to transitivity of6, assumeudvéw. Thenudw follows trivially if either bothu, v or both
v, w belong to one ofG; and G,. Therdore assume that, say, w are inG; — G2 andv in
Gy — G;1. Thenuf1v'81w and hencelbw.

To provecompatibility with the imprint operation of the amalgam, assw#e with u from
G1, say. Then/6w’ by Lemma 1d) appied to 1 andé,, sinceeitherudw or ubiw’dw. If G1
containsw and at least one of, y, then

(uxy) = (uxpy1)b1(wxay1) = (wxy).
Else, withw in G butx, y from G2 — G1, we obtain

(uxy) = (U'XY)B2(w'xy) = (WXY).

Therefore it only remains to consider the casgew’6,w. By what hasbeen shown, we infer
(uxy)f(w'xy)d(wxy) and hence(uxy)@(wxy) by trangtivity. Finally, (xyuéd(xyw) is
established analogously.(]

From the first assertion dfemma 3we obtain in particular (by letting; = (1 andfz = 2
bethe respective “all” relations) that the two constituents of a gated amalgam are the blocks of
a tolerance. This observation suggests a natural generalization of the notion of pairwise gated
amalgamation: a grap® is a “tolerance” amalgam of a graph famil@;|i € 1) if the graphs
Gi(i € ) constitute the blocks of a tolerance Gf that covers the edge set &. We will
investigate the finest tolerance of this kindtire case of weakly median graphs; see Sedion
below.

We will apply now the precedinggimma to the situation wherkis a gated set in the amalgam
G of G1 andGy. Let A; and A, be the sets of gates éfin G; andGy, resgectively. Consider
the relatiord = 6(A) onG to Gj (i = 1, 2) defined by

X0(A)Y & (Xyyay) =y and (yxyax) = X whereya is the gate map oA.

Thus,x6y means thax, y, ¥ ay, ¥ ax constitute andric rectanglewherex, ¥ay € | (y, ¥aX)
andy, yax € 1 (X, yay), implyingd(x, y) = d(¥aX, ¥ay) andd(x, ¥ax) = d(y, ¥ay). Then
6 = 61U 62 U671 062U 6 0 01 for the restriction®1 andfy of 6 to G; and Gy, respectively.
Indeed, if e.gx € G1 — G, andy € G, — Gy, then br the gatey’ of y in G1 N Gy it follows that
x61y'62y. Hence, under the hypothesis thaandd, are congruences &1 andGo, resgectively,
one infers fronLemma 3that6 is a mngruence of5. In thiscaseg is the snallest congruence
that hasA as one of its blocks.

“Prefiber” has origindy been employed byq3] as asynonym for “gated set”, thus alluding
to the fact that all “fibers” of a Cartesian product, which are the blocks of the kernels of

Please cite this article as: Hansrdén Bandelt, Victor Chepoi, The alya of metric betweenness |: Subdirect
representation and retraction, European Jourh@ombinatorics (2006), doi:10.1016/j.ejc.2006.07.003




H.-J. Bandelt, V. Chepoi / Europa Journal of Combinatoric (1K) in—aml 13

the projectbns onto the factors, are gated sets. We have seen above that gated sets need no
be congruence blocks. Even if they are, thiry not necessarily participate in a subdirect
representation of the graph. Take the housg.(4(a)) for instance: it has only one nontrivial
congruence, viz. the one with blockw,t}, {w, z}, {u}, S0 that the house is subdirectly
irreducible. The gated sefA = {u, z,t} (the triangle in the house) is thus not the block of a
congruence, but it has the following property, investigated by ChasteSjdthe pre-image of

every \ertex of A under the gate map is a gated set in the givemaph. We will refer to such

gated sets agsrefibers thus replacing the earlier redundant use of the name. Graphs in which all
gated sets are prefibers are callibé¢r-complementeith [19]. Every fiber of a direct product is

a prefiber in our sense. When we consider arbitrary subdirect products, then the pre-images of
single vertices under a canonical projection are trivially blocks of congruences (viz. the kernels
of the projection), but they are not necessarily prefibers. Take the gated amalgam of a 6-cycle and
a 4-cycle along an edge. This cditates a subdirect product @ andK, butone pre-image (an

edge) of a vertex from the factdt is not a prefiber because its gate map partitions the 6-cycle
into convex but not gated parts. We suggest to call a gated ¢et the corresponding induced
subgraph) diber if both the kernel kefa of the gate map/a of A and the relatior® (A) are
congruences. Thus, a prefibkiis a fiber exactly when there exists a congruefitlat includes

A x Abutintesects ket 4 only in theequality relatiorw. Indeed, for a fiber§ (A) is the desired
congruencd. Conversely, iixdy for 6 as described angt = 1o mapsx to a andy to b, then

Y (xyb) = (yxyyyb) = (abb) =b = yy

and(xyb)6(yyb) = y, whence(xyyy) = (xyb) = y because kera N6 = w. Analogously,
(yxy¥rx) = X, whenced < 6(A). The conerse inclusion is obvious sinagxdyy implies
(Y XXYO(YYXY).

If Ais a fiber, therthe mapingx +— ([x]kenrya, [X]0(A)) is an embdding of G into the
product of G/kernya (isomorphic to the subalgebrd) and G/6(A). Indeed, if (Xyyay) =
Y, (YXy¥aX) = X, andyax = ¥ay, thenx = y follows immediately. In this way, every nontrivial
fiber leads to a proper subdirect decomposition. If the flbés a separating set @, as is the
case whelt is amalgamated fror®1 andG; alongA, thenG/6(A) is an amalgam o61/61(A)
andG2/62(A) (whered; (A) is the restriction ob(A) to G; fori = 1, 2) along the cut vertex
A of G/6(A). Herce [X]0(A) — ([X1]61(A), [X2]62(A)) sds up a subdirect representation of
G/6(A) by G1/61(A) andGz/602(A).

The hierarchy between the various fiber contsdpom the most special “Cartesian factor”
to the most general term “convex” is depictedHiy. 6. Each arrow points from a stronger to a
weaker concept, and along each link, the grajith & subset highlighted constitutes a counter-
example br the converse, thus demonstrating that these notions are all different.

Note that the (finite) intersection of fibers is again a fiber. Trivially, fibers in a Cartesian
product are exactly the Cartesian products of fibers in the factors. Abgoamalgamation
that is, gated amalgamation along a common fiber, all fibers of the constituents stay fibers
in the amalgam, and the new fibers of the agaah are all gated amalgams of fibers in the
constituents. In particular, when we start fsfim graphs having no nontial gated subgraphs,
then Cartesian multiplication and gated anaaigtion produces gated subgraphs that are all
fibers. We summarize this discussion in the following result.

Theorem 1. Successive fiber amalgamations from Cartesian products constitute subdirect
products. Namely, lekC be a class of graphs having only trivial gated subgraphs, andClet
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Fig. 6. Implications between fiber concepts.

be the class of all graphs obtained via succesgated amalgamations from Cartesian products
of graphs from/C. Then &ery graph from. is a (finite) subdirect product of graphs froa
(which yield simple algebras). In particular, every finite weakly median graph is the subdirect
product of prime weakly median graphs.

The classC in Theorem lobtained from the clask of all finite graphs having only trivial
gated subgraphs has been studied by Chastejdif coincides with the class of finite fiber-
complemented graphs. These graphs can be characterized by a single equation in terms of the
ternary operatiom, which assigns to each triplat v, w the gate ol in < v, w >.

Corollary 1. For a (finite) graph G= (V, E) the following conditbns are equivalent:

(i) G isfiber-complemented,;
(ii) the ternary algebrgV, m) isisomorphic to the imprint algebra of a quasi-median graph;
(iii) the ternary algebrgV, m) satisfies Isbell’s isotropy law

m(m(u, v, w), X, y) = m(m(u, X, y), m(v, X, y), m(w, X, Y)).

Proof. (i) implies (ii): By the preceding theorery is a subdirect product of graphs having only
trivial gated subgraphs (“elementary fiber-complemented gragi®§ [The ternary operatiom
on each subdirect factor is therefore theal discriminator[36], thatis, m(u, v, w) equalsv if
v = w and equalsi otherwise. Hencen coincides with the imprint operation of the complete
graph on the same vertex set. Since every congruenGd®élso compatible with the operation
m by Lemma 1e), the algebr&V, m) is a aubdirect product of dual discriminator algebras and
hence can be interpreted as the imprint algebra of a quasi-median §248].[

(ii) implies (iii): Quasi-median graphs are known to satisfy isotrop,43].

(i) implies (i): Suppose tha6 is not fiber-complemented. The@ includes a gated seA
such ttat the pre-imag@;l(y) of some vertexy € A is not gated. Thus there exist vertices

v, w € Y (y) and a vertexs of G suchthatyau = x # y and | (u,v) N I (u, w) = {u}.
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Clearlyu € Y2y ys (X) andv, w € ¥ o (¥), Whencem(m(u, v, w), X, y) = m(u, X, y) = x
butm(v, X, y) = m(w, X, y) =y, so that istropy is violated here. O

Contrasting with the partical situation of the preceding corollary, the algebfasm) in
general do not fit into the axiomatic framework of imprint algebras. For instance, the house
(Fig. 4a)) violates the twisted left absdipn law with respect to the operatiom because
m(, w, m(w, t,v)) = m{, w,v) =t # m(w, t, v).

Theorem ZJentails that every memb& of that classC is isomorphic to an isometric subgraph
of a Cartesian product of some graphs from the clas3his isoméric embelding may then
be compared with the so-callethnonical isometric embeddin@7], described as follows.

Two edgese = xy and f = uv of a graphG = (V, E) are in Winkler's relation® if
d(x,u) + d(y,v) # d(x,v) + d(y, u). This rektion on the edge s is trivially reflexive
and symmetric but not necessarily transitive. &t denote the transitive closure &, and
let Ey, ..., Ex be the ocks of ©*. Let G;(i = 1,...,Kk) be the graph having the connected
components of the graptV, E — E;j) as its vertices, with two different components being
adjacent when connected by an edge fr&m alternatively, one can views; as the graph
resulting from the contraction of all edges K. This mntraction induces a natural projection
a;j from G onto G;. Then he mape : G — G;10---0Gk defined byav = (a1v, - - -, akv)
constitutes an isometric embedding, which is the finest isometric embeddbigtd a Cartesian
product (whence the name “canonical”).

In general, a subdirectly irreducible apiaté graph may still have a nontrivial canonical
isometric embedding into a Cartesian product, since the kernels of the projections onto the factors
need not be congruences. For example, consider the 8-vertex Graptained from a 4-cycle
by gluing four triangles along its four edges (so that the edge set of the resulting graph can
be patitioned into the edge sets of the four triangles). Then the relafibron the edge set
has two blocks, with either block comprisingetedges of a pair of opposite triangles. Thus, the
weakly median grapK1,1,20K 1, 1,2 constitutes the Cartesian product for the canonical isometric
embedding of5, dthoughG itself has no nontrivial gated subgraphs.

In contrast to this example, all paiof edges in a 2-connected graghare @* relaed
whenever the graph has an ample supply of isometric odd cycles. In an odd cycle every edge
is in relation @ to its two “opposite” edges, so th@* has only one block. Now, if the cycle
space ofG has a basis consisting of isometric odd cycles, tBérmas a single block; this can be
proven by a straightforward induction, similarly as in the prooffllemma 3]. Such a graph
G has only trivial gated subgraphs, since any isometric odd cycle sharing an edge with a gated
subgraphH would be included irH, and theefore some cycl€ properly intersectindgd in an
edge (guaranteed by 2-connectedness) would not be the modulo 2 sum of isometric odd cycles.
Summarizing, we can recordeliollowing observation.

Corollary 2. Let Koqq be the class of graphs comprising and all 2-connected graphs for
which the cycle spaces have bases consisting of isometric odd cycles, @agddbe the tass of

all graphs obtained via successigated amalgamations from @asian products of graphs from
Kodd- Then br every graph Ge Loq4q the ubdirect representation fromhheorerl constitutes a
canonical isometric embedding. In particular, every finite weakly median graph has a canonical
isometric embedding into a Cartesian product of prime weakly median graphs.

A variant of Corollary 2 has been established itg Comllary 6.2] for pre-median graphs
G, whichgeneralize weakly median grapl:is pre-medianf G is weakly modular such that
nather Ky 3 (Fig. 1(a)) nor the graph ofig. 1(b) is an induced subgraph.
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4. Subdirect productsasretracts

A retraction ¢ of a graphH = (W, F) is an idempotent nonexpansive mappingtbfinto
itself, that is,p? = ¢ : W — W with d(px, ¢y) < d(x,y) for all x,y € W. The nduced
subgraph ofH constituting the image dfi undery is called aetractof H. Retracts are isometric
subgraphs, but the converse is not true in gen&gais an isometric subgraph but is not a retract
of the 3-cubeKoOK>0K2. The retracts of hypercubes are precisely the median gr&phend
more generally, the quasi-median graphs araiokd as the retracts of Hamming graphs, viz.
(weak) Cartesian products of complete graft&Hg].

A retract G of a graphH need not be a subalgebra df (that is, of the imprint algebra of
H); take, forinstance, a 3-staG = K13 in H = Ky 3. If, however,H is apiculate (so that
imprint and apx operations coincide), then the retré&hecessaly is a subalgebra ofl . Gaed
amalgams cannot in general beaibed as retracts of Cartesian products of the constituents. The
smallest counter-example is given by the gated amalga@s@ndK along a vertex: this graph
is a aubdirect product o€5 andK> but cannot be obtained as a retracGsf 1K».

The retractions from binary products yield the key information for deciding whether an
isometric subgrapts = (V, E) of a Cartesian produé¢d = H10- - - OH, is aretract. According
to the elegant result of Feder (Theorem 6.35 28]), G is a retract ofH exadly when the
following two projection criteria are met:

(1) G coincides with the largest induced subgraphbthat has the same images under the
projections onto alHi (1 <i <n)andHiOH;(1 <i < j <n) asG; and

(2) each of these images constitutes a retract of the corresponding fcimr product
H;OH;.

Unéler the additional requirement thatbe a subdirect product ¢y, ..., Hp, condtion (1)
is automatically fulfilled; moreover, if the factors have no nontrivial gated subgraphs, the images
of G in the bnary products that remain to be checked for retractions are unions of two fibers.
These observations essentially follow from purely algebraic results, the first of which is due
to Bergman 15]: a subdirect producV of ternary dgebrasVs, ..., V, satisfying the majority
law (aab) = (aba) = (baa) = a is uniquely determined by its images under the canonical
projections ontd/j xVj forl <i < j < n.Namely, every poink = (X1, ..., Xn) € V1x---XVp
for which all coordinate pair&;, xj) have pre-images iW under the canonical projections must
belong toV. The straightforward proof is by induction an Forn = 3, to stat with, any three
pre-imagesxi, X2, €), (X1, b, X3), (@, X2, X3) € V of points(x1, X2), (X1, X3), (X2, X3) projected
from V immediately restore

X = (X1, X2, X3) = ((X1X1a@), (X2bx2), (CXax3)) € V

by means of the majay law. The second result (also formulated here only for ternary algebras)
generalizes an observation of Fried and Pix[&§] pn dual discriminator algebras.

Lemma4. Let aternary algebra V be a subdirect product of two algebrasavid \% that satisfy
the majority law and have only trivial ideals. Then either the factorization is triviaE\W/; or

V = V), or V = Vi x Vzis the whole direct product, or V is the union of two ideals (fibers) of
the form{v1} x Vo and M x {vz}.

Proof. If (uy, up), (v1, v2), (v1, w2) € V, then(vy, (U2vow2)) = ((Urv1v1), (U2vow?)) € V.

Hence, the pre-imagi1} x W- of vy (for somed # W> C V) under the (first) projection of

V ontoV; is an ideal ofV/, whence it is either a singleton or equals by the hypothesis. The
analogous statement holds with respect to the second projection. It is then easy to see that only
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three cases can occur for the pineages of single points i3 andVs: (i) they are alkingletons,
(ii) they are equal to the associated fiberd/pfx Vo, and (iii) they are singletons except for two
fibers{v1} x Vo andVy x {v2}. This pioves the assertioof thelemma. O

Returning to graphs, we thus have the following result that specifies Feder’s theorem in the
algebraic scenario.

Corollary 3. Every subdirect product of graphsiH.., H, that have no nontrivial gated
subgraphs is a retract of HJ---OHy if and only if for alll <i < j < n thegated amalgam
of two copies of iHand H; along a single common vertex is a retract of (#;.

In general, it is difficult to decide whether the gated amalgam of two graphs along a vertex is
a retmact of the two graphs: even when the second graph is fixdthathis decision problem
is as difficult as the SAT problem and hence NP-complé&® [Lemma 6.32]. As we will
show below, these retraction questions dosely related with a colying property of graphs
which comes from the geometric theory of grou@]. Let b be a distinguished vertex (“base
point”) of a graphG and letk be an integer. Two pathB(x, b), P(y, b) in G connecting two
vetrticesx, y to b are calledk-fellow travelersif d(x’, y’) < k holds for each pair of vertices
x" € P(x,b),y € P(y, b) with d(x, x") = d(y, ¥'). A geodesic kcombingof G with respect to
the bag pointb comprises shortest patfgx, b) betweerb and all verticex suchthat P(u, b)
and P (v, b) arek-fellow travelers for any edgev of G. Onecan select the combing paths so
that theirunion is a spanning tre&, of G that is rooted ab and preserves the distances from
b to all vertices. The neighbof (x) of x in the ungue path ofT, connectingx with the root
will be called thefather of x. A geodesic 1-combing o5 with respect td (also referred to as
a mooring in G onto{b}; see PQ]) thus amounts to a trel, preserving the diances to the root
b such that if u andv are adjacent irG then f (u) and f (v) either coincide or are adjacent in
G. Thek-houses fok > 1 admitgeodesic 1-combings with respect to all base points2in [
25] it is noticed (using 24]) that for bridged graphs every spanning tree returned by Breadth-
First-Search (BFS) starting fromprovides a geodesic 1-combing. Trivially the same holds for
hyperoctahedra and 5-wheels.

For any two grgphsG; = (V1, E1) andG2 = (V2, E2) with basepointsa andb, respectively,
we denote byG; 44,p G2 the gated amalgam of the two fibers®{JG> that share the vertex
(a, b), i.e., the subgraph @db10G> induced by({a} x V2) U (V1 x {b}). The guivalence of the
first two conditions in the following lemma is due 84, Theorem 2.3.1].

Lemmabs. For graphs G = (V1, E1) and & = (Vo, E2) with at least two vertices the
following conditionsare equivalent:

(i) G1+a,pG2isaretract of GOG for each vertexa, b) of G1OGy;
(i) G14+a0K2 and G +p oKz are retracts of GOK2 and GOKj, respectively, for all
vertices a of G, b of Gy, and vertex0 of Ky;
(i) G1 and G each have geodesic 1-combings with respect to all base points.

Proof. (i) implies (ii): Take a neighbot of b in Gy, so that ve can regard the eddec as a
copy ofK». Then tie given retractiop from G10G2 to G1 +a.pn G2 restricts to a retraction from
G10K2 to G1 +a,b K2 because the convex hull &1 44,p K2 in G10G2 equalsG10K2, which
is therefore mappkintoitself by ¢.

(ii) implies (iii): Let K> have the vertices 0 and 1. Since the retractiofrom GOK3 to
G1 +a,0 K2 maps(V1 — {a}) x {1} into V1 x {0} we can define a “father” mafy : V1 — Vi that
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preserves or collapses the edgesafvia
fi@ =a and (fi1(X),0) =¢(x,1) forx+#a.

Then, f1 maps the base poiatto itself and any other vertex of G1 to a reighbor f1(x) of x
in I (a, x). Let the spaning treeT, of G; consist of all edged;(x)x for x € V1 — {a}. This
tree olviously preserves the distances frano all vertices, and moreover, the paths have the
1-fellow property. Hence the pathsTy emanating froma provide a geodesic 1-combing Gf;.
Analogously, one obtains a geodesic 1-combin&Gef

(iii) implies (i): Let f; and f, denote the two father maps in the spanning tréeand Ty
that yield he geodesic 1-combings &; and G,. We onstruct a reractiong from G10G2
to G1 +ap G2 as follows. For each vertefu, v) of G100G;, take the smallesk > 0 such
that either f(u) = a or fX(v) = b; theng(u, v) is set to(f{(u), fX(v)). In other words,
we repeatedly apply the father map péfi, f2) to (u, v) until we first reach one of the two
fibers @ntaining(a, b). By defnition, ¢ is an idempotent map t61 +a,p G2. To shav thatg
is nonexpansive, that ig3 preserves or collapses edges, assume without loss of generality that
vw is an @lge of G with d(b, v) < d(b, w). Letp(u, v) = (fX(u), fX(v)) with k minimal.
Since both father maps preserve or collapse edges, the only nontrivial case to check is when
fX(u) # aand fX() = b # fX(w). Asvw is an edge, it follows that <1 (w) = b, whence
o(u, w) = (1), b) is adjacent tp(u, v). O

From this lemma ath Lemma 6.32 of 85 we mnclude that recognizing graphs which have
a gendesic 1-combing is NP-complete. For some classes of graphs the lemma provides us
with geodesic 1-combings that are not simply constructed via BFS. For instance, the class of
Helly graphs (alias lasolute retracts of reflexive graph%3]) is trivially closed under gated
amalgamations along vertices. Therefore tkistence of geodesic 1-combings is guaranteed
for Helly graphs.

Corollary 4 ([20Q]). LetK 4 be the class comprising all subhyperoctahedra, 2-connected bridged
graphs, and 2-connected Helly graphs, and &t be the class of all graphs obtained via
successive gated amalgamations from Cartesian products of graphd@enThen eery graph

from L 4 is a retract of a Cartesian product of graphs frafdl . In particular, every finite weakly
malian graph is a retract of a Cartesian product of prime weakly median graphs, and vice versa.

5. Subdirect representation of infinite weakly median graphs

In establishing the subdirect representation for finite fiber-complemented giidpeém J,
we havenot yet employed the full information provided ihg], which extends téhe infinite case
as well.

Lemma6 ([19). Let S be the smallest gated subgraph that contains the edgef a fiber-
complemented graph G. Then the bloclgsﬂvwgl(s) (s € S) of the kernel of the corresponding
gate mapy's contain isomorphic gated subgraphs(d € S) such hat their union induces a
gated subgraph H= SU (where U ma be any W), which togethewith all blocks Wi(s € S)
covers the edge set of G. If H is notall of G, then G is a gated amalgam-ef\& — Us) and
Ws along Us for some se S with Ug # Ws.

Proof. The prime gated subgraphs Gf are precisely the smallest gated subgraphs generated
from single edges o, by virtue of [19, Lemmas 4.4 and 4.8]. The Cartesian decomposition
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H = SOU follows from [19, Theorem 5.2], and the amalgamation®f— (Ws — Us) andWs is
established in the proof olp, Theorem5.4]. O

For the particular case of weakly median grapthe preceding lemma can also be inferred
from [7]. Namely, by [7, Lemmas 3 and 5]S either comprises the edgev or is 2-connected
and null-homotopic. It is explicitly shown in the proofs af Lemma 8 and 10] that alls are
gated and each vertex ¢f belongs to an isomorphic copy &which is a transversal for the
subgraphdJs(s € S). This immediately implies that for any vertexoutsideH the gate of in
Ui, wheret is the gate ok in S, serves adie gate ok in H.

Lemma 7. The sndlest gated subgraph S that contains the edge of a fiber-complemented
graph G is a prime subgraph giving rise to a minimal nontrivial tolerance/congruénee
0(S), which has S as one of its blocks. Théen/s is a congruence, which equals the
pseudocomplement of 6 in the tolerance lattice of G, that i&enys is the largest tolerance
intersecting in the equality relation. Thus, @* is isomophic to S.

Proof. Sis a prime graph according td9, Lemma 4.8]. In view of the product representation
H = SU described in the previous lemm&, is a Hock of the canonical congruence
On(S) = keryy|y of the Cartesian produdtl. We can trivially extenddy to the required
congruence o6 so thatd — 6y is the equality relation o — H. Clearly,6y (S) is a minimal
nontrivial congruence, and hence s@is

The smallest gated subgraphgenerated from any edgey of the subgrapWs = wgl(s),
wheres € S, dther coincides withS (if xy belongs toUs € H) or is induded inWs such
that |T N Us| < 1 (cf. [19, Lemma 4.9]). Thereforéd(T) < kenys, andhence keys equals
the union of all (finitary) relational products of minimal congruences that are contained in
kerys. Thisqualifies ketys as a congruence, which intersegts) in the equality relation. Since
every minimal nontrivial congruence different frof(S) is contained in keys, it follows that
kerys=0(9*. 0O

Algebraically, fiber amalgamation is determined by a tolerance with exactly two blocks that is
not trandtive (i.e. with two intersecting blocks). Thusiccessive fiber amalgamation is manifest
in a particular tolerance with several blocks, by virtud.efmma 3 The smé#est tolerances of
this kind will then testify to all possible decompositions via fiber amalgamation, just as in the
particular case of median grapt.[Its blocks are isomorphic to weak Cartesian products of
prime constituents; see the next theorem.

Let | be an infinte index set, and leE; = (Vi, Ej), i € |, be any grphs with at least two
vertices. Aweak Cartesian producof this family of graphs is any connected componknof
the “infinitary Cartesian product” with vertex sgf; ., Vi and edgesy for which

Xjyj € Ej forsomejel and x =y foralli el —{j}.

Thus, each graphk; forms a Cartesian factor df, andH itself constitutes a directed union of
(finitary) Cartesian products. Namely, select a base gowit H and consider the fibers; (b)

of the infinitary Cartesian product that correspond=oand contairb. Then the component

F = F(b) that containsb comprises those vertices which differ fromin only finitely
many coordinated- is thus the directed union of the convex hulls of all finite subfamilies of
(Fi(b)|i € 1), which constitute (finitary) Cartesian prodacAlgebraically, he imprint algebra

of F isa weak direct product (sens8§, p. 139]) of the imprint algebras of the fami(¥i |i € I).
Bergman’s theorem for finitary direct products of ternary algebras (satisfying the majority law)
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immediately extends to weak direct products by virtue of a trivial induction. Then, in particular,
anonempty subsal/ of the imprint algebra of is a subalgebra if and only if its projection on
each binary productj x Vj (i # j from |) conditutes a subalgebra; moreover, it is uniquely
determined by these projections. Therefore the congruehees (F)( € 1) of H, whichare
complementary irH to the canonical congruences, permute in pairs, tha is§; = 0j o 6; for

i # j.This congruence permutation property is characteristic of the weak Cartesian pirbduct
among all subgraphs of H that constitute subdirect products of the graph$ < 1).

Theorem 2. Every fiber-complemented graph G is a subdirect product of the prime fiber-
complemented graphs /8* associated with the minimal nontrivial congrueneesf G. The
smallest tolerancg of G that covers the edge set of G equals the intersection of all tolerances
with two intersecting blocks and can also be expressed as the union of all relational products
of pairwise commuting minimal congruences. Hence the block8 afe the maximal gated
subgraphs of G isomorphic to weak Cartesian products of prime fiber-complemented graphs.

Proof. The intersection of alh (S)*, with Srunning through the gated subgraphs generated from
single edges, equals the equality relatigrfor otherwise, some minimal nontrivial congruence
6(T) would be contained in this intersection and hence in its pseudocompléifierit which

is absurd. TiereforeG is a aubdirect product of those grapsby Birkhoff's theorem (see38s,
Section 20;Theorem 1]).

Firstnote that for any two tolerancésandé, with £1N& = w the relation(&10&2)N(E20€1) IS
the smallest tolerzce containing botly andé; because the imprint algebra satisfies the majority
law [28, Lemma 3.8]. Hence, if1 and&; commute, this tolerance equdlso &2 = & 0 £1. A
straightforward induction shows that for any toleranéegs. . ., &, that pairwise commute and
intersect inw the relational product; o - - - o &, is the smallest tolerance containing them since
it is easy to see tha&t o - - - 0 &n—-1 N &y = w. Applied to the minimal nontrivial congruences of
G, this yidds that he requirement to cover all edges forget contain all relational products
010 --- o Op(n > 1) of minimal nontrivial congruence% that commute in pairs.

Now, assume that some pdi, x) of vertices is not a member of any of those relational
products. Take a shortest path = u, ug, ..., Ux—1, Ux = X in G (necessarilyof lengthk > 2)
and consider the (not necessarily distinct) gated subgrgpgsnerated from the edgesu; 11
(i=0,...,k— 1), respectively. For the associated congruerces 6(S), choose < j with
j — i minimal such thafj andfj do not commute. Then

Udpo---o0bi—100iy10---00j_1v0iwljuj10jr10--- 06X

for some vertices andw from | (u, x). Sinced; andd; do not commutel, (v, w) and! (w, Uj41)
generate gated subgraphsandTj, resgectively, such thaf(Ti) = 6(S), 0(Tj) = 6(5j), and

Ty N Tj = {w}. Thus, vhenT; plays the role oS andw the rok ofs in Lemma 6 we infer that

G is a gated amalgam @ — (Ws — Us) andWs alongUs. Sinceuj 1 is contained inWs — Us,

so isx, whereasu belongs tow, and hence t&s — Ws. Therdore (u, X) is not a member of the
tolerance havings — (Ws — Us) andWs as its two blocks. This proves thét being sadwiched

by the union of all (finitary) relational pducts of commuting families of minimal nontrivial
congruences and the intersection of all tolerances with exactly two blocks that intersect, must
coincide with both relations, thus establishing the theorem.

From Corollary 4 and the preceding theorem we can ligaderive the retract theorem of
ChastandZ0].
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Coroallary 5 ([20Q]). Let(Gili € I) bethe family of prime constituents of a fiber-complemented
graph G such that every @ < |) has a geodesic 1-combing. Then G is a retract of a weak
Cartesian product H of(Gjli € I).

Proof. For each paifi # j from | there is a retractiogij from H to the pre-imageGj; of
the canonical projection ofs onto GiOGj, by virtue o the hypothesis antiemma5 The
intersection of all subgraph&;; of H thus includesG and has the same projection to each
GiOGj asG, whence it must equaG by Bergman’s theorem. Since every vertexf G has
finite distance to a fixed vertdxof G, there areonly finitely many map&mong the retraction
mapsypij (i # j) for which the estrictiongij || 1,x) is not the identity map. Hence we can define
the infinitary concatenatiop of the family (¢jj|i # j from 1) with respect to some (well-)
ordering< of | x | by lettingpx = ¢i,j, o - - o ¢i;j,Xx where(iy, j1) < --- < (in, jn) CONstitute
the index pairs for whichy;, j, is not the identity orl (b, x). O

In the infinite case, one is interested in conditions of local finiteness &&dédr an exensive
treatment), which involve finite subsaié of the vetex setvV and their convex hulls, for instance.

Corollary 6. The convekull of a finite set F of vertices in a fiber-complemented graph G is the
subdirect product of finitely many prime fiber-complemented graphs.

Proof. For evey vertex pairu, x there are at mosti(u, x) distinct minimal nontrivial
congruence$ such that any shortest path from to x passes through an edge with vow.
This follows fromLemma 7 Hence for all but finitely many minimal nontrivial congruenees
the vertices inF are all congruent modulo the pseudocomplengént O
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